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Abstract. By means of the concentrated compactness method of Bahouri-Gerard [J and Kenig-Merle [13) . 
we prove global existence and regularity for wave maps with smooth data and large energy from R-^+'^ — > 
. The argument yields an apriori bound of the Coulomb gauged derivative components of our wave map 
relative to a suitable norm || • ||s (which holds the solution) in terms of the energy alone. As a by-product 
of our argument, we obtain a phase-space decomposition of the gauged derivative components analogous 
to the one of Bahouri-Gerard. 



1. Introduction and Overview 

1.1. The main result and its history. Formally speaking, wave maps are the analogue of harmonic 
maps where the Minkowski metric is imposed on the independent variables. More precisely, for a smooth 
u : M"+^ — > Al with {Ai,g) Riemannian, define the Lagrangian 



C{n) := ^^^^ (|5,u|^ - |Vu|^) dtdx 



Then the critical points are defined as C'{u) = which means that Ou ± TuAi in case A4 is imbedded in 
some Euclidean space. This is called the extrinsic formulation, which can also be written as 

□u + A(u)(aaU,a"u) = 

where A{u) is the second fundamental form. In view of this, it is clear that 7 o is a wave map for any 
geodesic 7 in and any free scalar wave (j). Moreover, any harmonic map is a stationary wave map. The 
intrinsic formulation is D^daU = 0, where 

is the covariant derivative induced by u on the pull-back bundle of TAi under u (with the summation 
convention in force). Thus, in local coordinates u = (u^, . . . , u'') one has 

(1.1) Ou^ +T{^oudau'd"'u'' ^0 

The central problem for wave maps is to answer the following question: 

For which A4 does the Cauchy problem for the wave map u : M"+^ — > M with smooth data (u,u)|t=o = 
(uo,Ui) have global smooth solutions? 

In view of finite propagation speed, one may assume that the data (uq, Ui) are trivial outside of some 
compact set (i.e., Uq is constant outside of some compact set, whereas Ui vanishes outside of that set). 
Let us briefly describe what is known about this problem. 

First, recall that the wave map equation is invariant under the scaling u i~> u(A-) which is critical 
relative to ijt(M")^ whereas the conserved energy 



1 " r 

^(") = 2 5I / \dau{t,-)\^dx 
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is critical relative to ij^(K"). In the supercritical case n > 3 it was observed by Shatah [39] that there 
are self-similar blowup solutions of finite energy. In the critical case n = 2, it is known that there can be 
no self-similar blowup, see [40]. Moreover, Struwe [47] observed that in the equivariant setting, blowup 
in this dimension has to result from a strictly slower than self-similar rescaling of a harmonic sphere of 
finite energy. His arguments were based on the very detailed wellposedness of equivariant wave maps 
by Christodoulou, Tavildar-Zadeh [4], [5], and Shatah, Tahvildar-Zadeh [41], [42] in the energy class for 
equivariant wave maps into manifolds that are invariant under the action of 5*0(2, R). Finally, Rodnianski, 
Sterbenz [35], as well as the authors together with Daniel Tataru [53] exhibited finite energy wave maps 
from IR2 ^ 52 ^Yia,t blow up in finite time by suitable rescaling of harmonic maps. 

Let us now briefly recall some well-posedness results. The nonlinearity in (jl.ip displays a nullform 
structure, which was the essential feature in the subcritical theory of Klainerman-Machedon [17]-[T5], and 
Klainerman-Selberg [19], [20]. These authors proved strong local well-posedness for data in i?''(K") when 
s > ^ . The important critical theory s = § was begun by Tataru |61| , [60] . These seminal papers proved 

global well-posedness for smooth data satisfying a smallness condition in i32^j^(K") x B21 ^(M"). In a 
breakthrough work, Tao [56], [55] was able to prove well-posedness for data with small x norm 
and the sphere as target. For this purpose, he introduced the important microlocal gauge in order to 
remove some "bad" interaction terms from the nonlinearity. Later results by Klainerman, Rodnianski [18| , 
Nahmod, Stephanov, Uhlenbeck [34], Tataru [58], [57], and Krieger [22], [23], [24] considered other cases 
of targets by using similar methods as in Tao's work. 

Recently, Sterbenz and Tataru [H], [JS] have given the following very satisfactory answer to the above 
question: // the energy of the initial data is smaller than the energy of any nontrivial harmonic map 
R" —>■ J\A, then one has global existence and regularity. 

Notice in particular that if there are no harmonic maps other than constants, then one has global existence 
for all energies. A particular case of this are the hyperbolic spaces H" for which Tao [54]-[5^ has achieved 
the same result (with some apriori global norm control). 

The purpose of this paper is to apply the method of compensated compactness as in Bahouri, Gerard [1] 
and Kenig, Merle [13], [S] to the large data wave map problem with the hyperbolic plane as target. 
We emphasize that this gives more than global existence and regularity as already in the semilinear case 
considered by the aforementioned authors. The fact that in the critical case the large data problem should 
be decided by the geometry of the target is a conjecture going back to Sergiu Klainerman. 

Let us now describe our result in more detail. Let be the upper half-plane model of the hyperbolic 
plane equipped with the metric ds^ = '^^ pf^ ■ Let u : ^ be a smooth map. Expanding the 
derivatives {daVL}a=o,i,2 (with da ■— dt) in the orthonormal frame {61,62} = {y9x,y(?y} gives rise to 
smooth coordinate functions </)^,0^. In what follows, ||9au||x will mean II^qII^ for any norm || • ||x 

on scalar functions. For example, the energy of u is 

2 

Q=0 

Similarly, suppose tt : — > M is a covering map with M some hyperbolic Riemann surface with the metric 
that renders tt a local isometry. In other words, M = H^/F for some discrete subgroup F C PSL{2,M.) 
which operates totally discontinuously on H^. Now suppose u : — > M is a smooth map which is constant 
outside of some compact set, say. It lifts to a smooth map u : ^ uniquely, up to composition with 
an element of F. We now define ||9qu||x :— \\daU.\\x- In particular, the energy E{u) E{\i). Note that 
due to the fact that F is a group of isometrics of H^, these definitions are unambiguous. Our main result 
is as follows. 

Th6or6m 1.1. The exists a function K : (0, cxd) —> (0,cxd) with the following property: Let M he a 
hyperbolic Riemann surface. Suppose (uo,Ui) : — > M x TM are smooth and Uq — const, Ui = 
outside of some compact set. Then the wave map evolution u of these data as a map K.^+^ M exists 
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globally as a smooth function and, moreover, for any ^ + 1^ j with 2 < q < oo, 7 = 1 ~ ^ ^ |; 

2 

(1-2) ^||(-A)-ia„uLPi, <c,i^(£;) 

Moreover, in the case when M > is a compact Riemann surface, one has scattering: 

max \\da'VL{t)~daS{t)[f,g)\\i^2~^Q as t ±oo 

a— 0,1,2 ^ 

where S{t){f,g) = cos(t|V|)/ + ""[^j^'^ g and suitable {f,g) G {H^ x L^){R^;R^). Alternatively, if M is 
nan- compact, then lifting u to a map M}^'^ — !■ with derivative components 0^ as defined above, one has 



max Ui{t) - d^S{t){f^,g^)U. ^0 as t ^ ±^ 

a— 0,1,2 ^ 



where if^,g^) G (H^ x L^){1 



We emphasize that p.2p can be strengthened considerably in terms of the type of norm apphed to the 
Coulomb gauged derivative components of the wave map: 

2 

(1.3) Y.\\^"\\s<CK{Er 

a=0 

The meaning ipa as well as of the S norm will be explained below. We now turn to describing this result 
and our methods in more detail. For more background on wave maps see |12j . |58j . and [40j . 

1.2. Wave maps to H^. The manifold H'^ is the upper half-plane equipped with the metric ds^ — '^^ yf^ . 
Expanding the derivatives {9qu}q,=o,i.2 (with do dt) of a smooth map u ; R^+^ in the orthonormal 

frame {61,62} = {yd^,ydy} yields 

2 

dau = {dax, day) 

whence 

(1.4) y = e^.-i.^^"^^-*?, x= ^ A-ia,(0]y) 

J = l,2 

Energy conservation takes the form 

2 2 

(1.5) 



where x = {xi,X2) and do — dt- If u{t,x) is a smooth wave map, then the functions {0^} for < a < 2 
and j = 1, 2 satisfy the div-curl system 

(1-6) dpcl>i - da<l>l = <t'l>l - ^0^1 

(1.7) dp4>l - da(t>l = 

(1.8) - 

(1.9) ^ 0i 

for all a, /3 = 0, 1, 2. As usual, repeated indices are being summed over, and lowering or raising is done via 
the Minkowski metric. Clearly, (|1.6p and (|1.7p are integrability conditions which are an expression of the 
curvature of H^. On the other hand, (II. 8p and p.9p are the actual wave map system. Since the choice of 
frame was arbitrary, one still has gauge freedom for the system (|1.6p - (|1.9p . We shall exclusively rely on 
the Coulomb gauge which is given in terms of complex notation by the functions 

(1.10) := + = (0i + ''"^^ 
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If are Schwartz functions , then '^3'^] mean zero whence 

2 2 

(1.11) (A-i^9,0i)(^) = ^ /■ log|z-C|^9,0](C)dCAdC 

is well-defined and moreover decays hke \z\~^ (but in general no faster). The gauged components {V'q}q=o,i,2 
satisfy the new div-curl system 

(1.12) a„V/3 - dp^^ = li^pA-' ^^(^^^1 - ^'^D - i^aA-' 9,0,1^] - V-^Vj) 

i=i,2 
2 

(1.13) d,r = iV^'A-i ^5,(^>| - ^^^j) 

i=i 

In particular, one obtains the following system of wave equations for the ^pa- 
(1.14) 

i=i,2 

Throughout this paper we shall only consider admissible wave maps u. These are characterized as smooth 
wave maps u : / x — ^- on some time interval / so that the derivative components 0^ are Schwartz 
functions on fixed time slices. 

By the method of Hodge decompositions fronfl j22j-|24| one exhibits the null-structure present in (|1.12p - 
(|1.14p . Hodge decomposition here refers to writing 

2 

(1.15) V-/? = XI ^fc^fc + 

k=l 

where Rp :~ 9/3|V|^^ are the usual Riesz transform. Inserting the hyperbolic terms X]fc=i Rk4'k into 
the right-hand sides of (|1.12p - (|1.14p leads to trilinear nonlinearities with a null structure. As is well- 
known, such null structures are amenable to better estimates since they annihilate "self-interactions" , or 
more precisely, interactions of waves which propagate along the same characteristics, cf. |17]-|16), as well 
as [T^, [5D], [TUj. Furthermore, inserting at least one "elliptic term" X/3 from (|1.15p leads to a higher 
order nonlinearity, in fact quintic or higher which are easier to estimate (essentially by means of Strichartz 
norms). To see this, note that 

2 

djXP - 9(3X3 = 9j^l3 - 9(3^3 



whence 



2 

(1.16) X/3 = * E yjpA-^9k{^P]i^l - V'fcV'l) - i^jA-^dki^Pjs^Pl - ^Plijl)] 

Since we are only going to obtain apriori bounds on i/)^, it will suffice to assume throughout that the 0^ 
are Schwartz functions, whence the same holds for ipa. In what follows, we shall never actually solve the 
system (jl.l2p - (jl.l4p . To go further, the wave-equation p.l4p by itself is meaningless. In fact, it is clear 
that pTT^ and pTTO)) will hold for all t e (-T, T) if and only if they hold at time t = and pm]) holds 
for all t G {—T,T). This being said, we will only use the system (|1.14p to derive apriori estimates for 
tpa, which will then be shown to lead to suitable bounds on the components </)^ of derivatives of a wave 



In these papers this decomposition is also referred to as "dynamic decomposition' 
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map u. This is done by means of Tao's device of frequency envelope, see [56] or [22] . This refers to a 
sequence {ck}kei- of positive reals such that 

(1.17) Cfe 2-'^l'=-^l < Q < Cfe 2'^l'=-^l 

where cr > is a small number. The most relevant example is given by 

c, :=(^2-^l'=-^l||P,^(0)||^)^ 

which controls the initial data. While it is of course clear that (|1.6p - p.9p imply the system (|1.12p - 
(jl.l4p . the reverse implication is not such a simple matter since it involves solving an elliptic system 
with large solutions. On the other hand, transferring estimates on the tpa in H'^{M.'^) spaces to similar 
bounds on the derivative components (/i^ does not require this full implication. Indeed, assume the bound 
||'(/'||l~((-To,Ti);H*i (R2)) < oo for some small Si > (we will obtain such bounds via frequency envelopes 
with < (5i < cr). For any fixed time t £ (—To, Ti) one now has with Pk being the usual Littlewood-Paley 
projections to frequency 2^^, 

k>l+10 

^ \\P[e-W,i+W]iJa\\HS2 + \\P[e-W,i+W]{e' ^^ = ^ ''^Olln^a |1-P«!+15i/'q|1oo 

+ \\Pkie'^'^-'^'''''^'')\\H^2\\Pk+0(l)^a\\oo 
k>l+10 

Next, one has the bounds 

where the first one is admissible due to energy conservation for the derived wave map, see (jl.Sp . In 
conclusion, 

\\PiK\\H^2 < \\Pi+Oil)CbjH^2+2'-''-''^'\mLl\mHH 

Summing over £ >0 yields 

ll0llL~((-To,Ti):fl'^2(R2)) < OO 

By the subcritical existence theory of Klainerman and Machedon, see [T7]-[TS] as well as [TH], [10] j the 
solution can now be extended smoothly beyond this time interval. More precisely, the device of frequency 
envelopes allows one to place the Schwartz data in ^^(M^) for all s > initially, and as it turns out, also 
for all times provided s > is sufficiently small. The latter claim is of course the entire objective of this 
paper. We should also remark that we bring (|1.14p into play only because it fits into the framework of the 
spaces from [SB] and [BD]. This will allow us to obtain the crucial energy estimate for solutions of (|1.14p . 
whereas it is not clear how to do this directly for the system (|1.12p . (|1.13p . As already noted in [22,, the 
price one pays for passing to (|1.14p lies with the initial conditions, or more precisely, the time derivative 
dtipaiO, ■)■ While V'a(0, •) only involves one derivative of the wave map u, this time derivative involves two. 
This will force us to essentially "randomize" the initial time. 

1.3. The small data theory. In this section we give a very brief introduction to the spaces which are 
needed to control the ip system (|1.12l) . (|1.13p . and (|1.14p . A systematic development will be carried out 
in Section [5| below, largely following [SS] (we do need to go beyond both [55 and 22J in some instances 
such as by adding the sharp Strichartz spaces with the Klainerman- Tataru gain for small scales, and by 
eventually modifying || • \\s[k] to the stronger ||| • \ls[k] which allows for a high-high gain in the S x S L^^ 
estimate). First note that it is not possible to bound the trilinear nonlinearities in this system in Strichartz 
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spaces due to slow dispersion in dimension two. Moreover, it is not possible to adapt the X'*'''-space of the 
subcritical theory to the scaling invariant case as this runs into logarithmic divergences. For this reason, 
Tataru [60] devised a class of spaces which resolve these logarithmic divergences. His idea was to allow 
characteristic frames of reference. More precisely, frx. uj (£ and define 

which are the coordinates defined by a generator on the light-cone. Now suppose that ipi are free waves 
such that ipi is Fourier supported on 1 < |^| < 2, and both ip2 and ip3 are Fourier supported on |<^| ~ 2*^ 
where k is large and negative. Finally, we also assume that the three wave are in "generic position", i.e., 
that their Fourier supports make an angle of about size one. Clearly, 2~''ipiilj2ip3 is then a representative 
model for the nonlinearities arising in ()1.14|) . With 



we perform the plane-wave decomposition i(j3{t, x) — J 0a)(v^iw) duj where 



By inspection, 

(1-19) j ||<^^||l?^l- rfw<2^||^3|U-L^ 

Hence, 

\<i)u'4>2'ip:i\\Ll duj<2~^ I ||(/>c^||i,2 dtj 1 1 ^1-02 1 1^2 ^2 



< IIV'sIIl-ls ||-0i||l~l2||V'2||l-l2 

which is an exampl^ of a trilinear estimate which will be studied systematically in Section [5l Here we 
used both (|1.19p and the standard bilinear L^^ bilinear L^-bound for waves with angular separation: 

This suggests introducing an atomic space with atoms ip^ of Fourier support |^| 1 and satisfying 

as part of the space iV[0] which holds the nonlinearity (the zero here refers to the Littlewood-Paley 
projection Pq. Below, we refer to this space as NF). In addition, the space defined by (|1.19p is also an 
atomic space and should be incorporated in the space S[k] holding the solution at frequency 2'° (we refer 
to this below as the PW space). By duality to L^^L^^ in N[0], we then expect to see Lf^L^.^ as part 
of S[Q\. The simple observation here (originating in |60j ) is that one can indeed bound the energy along a 
characteristic frame {ti^^Xuj) of a free wave as long as its Fourier support makes a positive angle with the 
direction uj. Indeed, recall the local energy conservation identity dtc — diY^dtipVip) = for a free wave 
where 

e=^(|5tVP + |V0n 

is the energy density, over a region of the form {— T < i < T} n {t^ > a}. From the divergence theorem 
one obtains that 



J t^—a 



where is the planar Lebesgue measure on {t^ = a}. Sending T — > cxd and letting p denote the distance 
between oj and the direction of the Fourier support of ip\t=o, one concludes that 

< 



■^Note that one does not obtain a gain in this case. This fact will be of utmost importance in this paper, forcing us to use 
a "twisted" wave equation resulting from these high-low-low interactions in the linearized trilinear expressions. 
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Hence, we should include a piece 

sup d{uj, k)\\iP\\ LoaL2^ 

in the norm S'[0] holding PqV' provided i/; is a wave packet oriented along the cone of dimensions 1 x 2*^ x 2^*^, 
projecting onto an angular sector in the ^-plane associated with the cap k C S*^, where k is of size 2^ (this 
is called NF* below). 

Recall that we have made a genericity assumption which guaranteed that the Fourier supports were well 
separated in the angle. In order to relax this condition, it is essential to invoke the usual device of nullforms 
which cancel out parallel interactions. One of the discoveries of is a genuinely trilinear nuUform 
expansion, see (|5.39p and (|5.40p . which exploit the relative position of all three waves simultaneously. It 
seems impossible to reduce the trilinear nonlinearities of (|1.14p exclusively to the easier bilinear ones. 

It is shown in [60] (and then also in [55] which develops much of the functional framework that we use, 
as well as [22]) that in low dimensions (especially n = 2 but these spaces are also needed for n = 3), these 
nuUframe spaces are strong enough — in conjunction with more traditional scaling invariant X""'' spaces 
— to bound the trilinear nonlinearities, as well as weak enough to allow for an energy estimate to hold. 
This then leads modulo passing to an appropriate gauge to the small energy theory. 

The norm || • \\s in iLg) is of the form \\ip\\s ■= (Efeez \\Pk->P\\l[k]) ' '^^'^re S[k] is built from LfLl, 
critical X"''', 1^1"^ Strichartz norms, as well as the null-frame spaces which we just described. 

1.4. The Bahouri-Gerard concentrated compactness method. We now come to the core of the 
argument, namely the Bahouri-Gerard type decomposition and the associated perturbative argument. 

In [11] P. Gerard considered defocusing semilinear wave equations in M'^+^ of the form Du + f{u) — 
with data given by a sequence ((/>„, ipn) of energy data going weakly to zero. Denote the resulting solutions 
to the nonlinear problem by u„, and the free waves with the same data by w„. Gerard proved that provided 
/(u) is subcritical relative to energy then 

II Uri " W« II L~ as n CX) 

where £ is the energy space. In contrast, for this to hold for the energy critical problem he found via the 
concentrated compactness method of P. L. Lions that it is necessary and sufficient that ||fn||L°°(/;L8(R3)) 
0. In other words, the critical problem experiences a loss of compactness. 

The origin of this loss of compactness, as well as the meaning of the condition were later made 
completely explicit by Bahouri-Gerard [1]. Their result reads as follows: Let {{4'n,ipn)}?^=i C x 
L^(R"^) be a bounded sequence, and define w„ to be a free wave with these initial data. Then there exists 
a subsequence {v'^} of a finite energy free wave v, as well as free waves and (e(j),a;(j)) € 

(R"*", M'^)^* for every j > 1 with the property that for all £> 1, 

(1.20) v'^it, X) ^v{t,x)+Y: -^V(^^ (^1^, + {t, X) 

limsup ||wi^^||L5(Rj;,io(R3)) -> as £^ oo 

n — >OQ 

Jj) Jk) _ ^Wl , UO) _y-W| 



where 



and for any j ^ k, 



OO as n ^ OO 



Furthermore, the free energy Eq satisfies the following orthogonality property: 

£ 

Eoiv'J = Eo{v) + Eo{V^'^) + EMn^) + o(l) 



Note that this result characterized the loss of compactness in terms of the appearance of concentration 
profiles V'^^\ Moreover, [T] contains an analogue of this result for so-called Shatah-Struwe solutions of the 
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semi-linear problem Ou + = which then leads to another proof of the main result in [TT]. One of 
the main applications of their work was to show the existence of a function A : [0, oo) —^ [0,oo) so that 
every Shatah-Struwe solution satisfies the bound 

(1-21) \MLi{M-M°im) ^ ^(-^(")) 

where E{u) is the energy associated with the semi-linear equation. This is proved by contradiction; indeed, 
assuming (|1.21|) fails, one then obtains sequences of bounded energy solutions with uncontrollable Strichartz 
norm which is then shown to contradict the fact the nonlinear solutions themselves converge weakly to 
another solution. The decomposition (|1.20p compensates for the aforementioned loss of compactness by 
reducing it precisely to the effect of the symmetries, i.e., dilation and scaling. This is completely analogous 
to the elliptic (in fact, variational) origins of the method of concentrated compactness, see Lions ^22) and 
Struwe [46]. See P for more details and other applications. 

The importance of [T] in the context of wave maps is made clear by the argument of Kenig, Merle [13], 
[14j . This method, which will be described in more detail later in this section, represents a general 
method for attacking global well-posedness problems for energy critical equations such as the wave-map 
problem. Returning to the Bahouri-Gerard decomposition, we note that any attempt at implementing this 
technique for wave maps encounters numerous serious difficulties. These are of course all rooted in the 
difficult nonlinear nature of the system (|1.6p - (|1.9p . Perhaps the most salient feature of our decomposition 
as compared to [T] is that the free wave equation no longer capture the correct asymptotic behavior for 
large times; rather, the atomic components V^^'' are defined as solutions of a covariant (or "twisted") wave 
equation of the form 

(1.22) □ + 2iA„a" 

where the magnetic potential Aa arises from linearizing the wave map equation in the Coulomb gauge. 
More precisely, the magnetic term here captures the high-low-low interactions in the trilinear nonlinearities 
of the wave map system where there is no apriori smallness gain. 

In keeping with the Kenig-Merle method, the Bahouri-Gerard decomposition is used to show the following: 
assume that a uniform bound of the form 

ms<c{E) 

for some function C{E) fails for all finite energy levels E. Then there must exist a weak wave map Uditicai : 
{—Tq,Ti) S to a, compact Riemann surface uniformized by H^, which enjoys certain compactness 
properties. In the final part of the argument we then need to rule out the existence of such an object. 
Arguing by contradiction, wc now assume there is a sequence of Schwartz class (on fixed time slices) wave 
maps u" : (-TJ', T^") x ^ with the properties that 

. \m\Ll^E,„t 

• lim„^oo ||V'"'lls((-To",Tf)xR2) = OO 

Thus all these wave maps have t — in their domain of definition. Roughly speaking, we shall proceed 
along the following steps. First, recall that the Bahouri-Gerard theorem is a genuine phase-space result in 
the sense that it identifies the main asymptotic carriers of energy which are not pure radiation, which would 
then sit in Wn'' . This refers to the free waves V'^^^ above, which are "localized" in frequency (namely at scale 
(d^'V^) as well as in physical spaces (namely around the space-time points {tn \ Xn ^)). The procedure of 
filtering out the scales Sn ^ is due to Metivier-Schochet, see [5T] . 

(1) Bahouri-Gerard I: filtering out frequency blocks. 

If we apply the frequency localization procedure of Metivier-Schochet to the derivative compo- 
nents 0^ = ( '^"^ , ) at time t = 0, we run into the problem that the resulting frequency 
components are not necessarily related to an actual map from . We introduce a procedure 
to obtain a frequency decomposition which is "geometric", i.e., the frequency localized pieces are 
themselves derivative components of maps from ^ H^. 

(2) Refining the considerations on frequency localization; frequency localized approximative maps. In 
order to deal with the non-atomic (in the frequency sense) derivative components, which may 
still have large energy, we need to be able to truncate the derivative components arbitrarily in 
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frequency while still retaining the geometric interpretation. Here we shall use arguments just as in 
the first step to allow us to "build up" the components from low frequency ones. In the end, we 
of course need to show that for some subsequence of the tp"^, the frequency support is essentially 
atomic. If this were to fail, we deduce an apriori bound on ||i/'2IIs((-t^,Tj")xR2)- 

(3) Assuming the presence of a lowest energy non-atomic type component, establish an apriori esti- 
mate for its nonlinear evolution. This requires deriving energy estimates for the covariant wave 
equation (|1.22p . 

(4) Bahouri-Gerard II, applied to the first atomic frequency component. Here, assuming that we have 
constructed the first "low frequency approximation" in the previous step, we need to filter out the 
physically localized pieces. This is where we have to deviate from Kenig-Merle: instead of the free 
wave operator, we need to use a covariant wave operator to model the asymptotics as t — > ±oo. 
Again a lot of effort needs to be expended on showing that the components we obtain are actually 
the Coulomb derivative components of Schwartz maps from — » H^, up to arbitrarily small 
errors in energy. Once we have this, we can then use the result from the stability section in order 
to construct the time evolution of these pieces and obtain their apriori dispersive behavior. 

(5) Bahouri-Gerard II; completion. Here we repeat Steps 3 and 4 for the ensuing frequency pieces, to 
complete the estimate for the ip^. The conclusion is that upon choosing n large enough, we arrive 
at a contradiction, unless there is precisely one frequency component and precisely one atomic 
physical component forming that frequency component. These are the data that then gives rise to 
the weak wave map with the desired compactness properties. 

1.5. The Kenig-Merle agument. In [14], [T^, Kenig and Merle developed an approach to the global 
wellposendess for defocusing energy critical semilinear Schrodinger and wave equations; moreover, their 
argument yields a blowup/global existence dichotomy in the focusing case as well, provided the energy of 
the wave lies beneath a certain threshold. See [6j for an application of these ideas to wave maps. 
Let us give a brief overview of their argument. Consider 

Ou + u^ = 

in R^+^ with data in x L^. It is standard that this equation is well-posed for small data provided we 
place the solution in the energy space intersected with suitable Strichartz spaces. Moreover, if / is the 
maximal interval of existence, then necessarily ||m||lS(j.^s(j{3')') = oo and the energy E{u) is conserved. 

Now suppose Ecrit is the minimal energy with the property that all solutions in the above sense with 
E{u) < Ecrit exist globally and satisfy ||it||j;,8(R.j;,8(K3-)) < oo. Then by means of the Bahouri-Gerard 
decomposition, as well as the perturbation theory for this equation one concludes that a critical solution 
uc exists on some interval I* and that ||it||^8(-j,.2^8(R3)) — oo. Moreover, by similar arguments one obtains 
the crucial property that the set 

K ■.^{{xi{t)u{X{t){x~yit)),t),xl{t)dMX{t){x~y{t)),t)) : t e 1} 

is precompact in x i^(K'^) for a suitable path X{t),y{t). To see this, one applies the Bahouri-Gerard 
decomposition to a sequence it„ of solutions with energy E{un) — > Ecrit from above. The logic here is 
that due to the minimality assumption on E^rit only a single limiting profile can arise in (|1.20p up to 
errors that go to zero in energy as n — > oo. Indeed, if this were not the case then due to fact that the 
profiles diverge from each other in physical space as rt — )■ oo one can then apply the perturbation theory 
to conclude that each of the individual nonlinear evolutions of the limiting profiles (which exist due to the 
fact that their energies are strictly below E^rit ) can be superimposed to form a global nonlinear evolution, 
contradicting the choice of the sequence it„. The fact that t — 1 allows one to rescale and re- translate the 
unique limiting profile to a fixed position in phase space (meaning spatial position and spatial frequency) 
which then gives the desired nonlinear evolution uc- The compactness follows by the same logic: assuming 
that it does not hold, one then obtains a sequence uc{-,tn) evaluated at times i„ £ I* converging to an 
endpoint of/* such that for n ^ n' , the rescaled and translated versions of uc(-,t„) and uc{',tn') remain 
at a minimal positive distance from each other in the energy norm. Again one applies Bahouri-Gerard and 
finds that £ = 1 by the choice of Ecrit and perturbation theory. This gives the desired contradiction. The 
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compactness property is of course crucial; indeed, for illustrative purposes suppose that uc is of the form 

uc{t,x) = X{t)^U{X{t){x - x{t))) 

where X{t) — c» as i — *■ 1, say. Then uc blows up at time t = 1 (in the sense that the energy concentrates 
at the tip of a cone) and 

x{ty^ucixity^x + x{t)) = u{x) 

is compact for < i < 1. Returning to the Kenig-Merle argument, the logic is now to show that uc acts 
in some sense like a blow-up solution, at least if /* is finite in one direction. 

The second half of the Kenig-Merle approach then consists of a rigidity argument which shows that a 
Uc with the stated properties cannot exist. This is done mainly by means of the conservation laws, such 
as the Morawetz and energy identities. More precisely, the case where /* is finite at one end is reduced 
to the self-similar blowup scenario. This, however, is excluded by reducing to the stationary case and an 
elliptic analysis which proves that the solution would have to vanish. If /* is infinite, one basically faces 
the possibility of stationary solutions which are again shown not to exist. 

For the case of wave maps, we follow the same strategy. More precisely, our adaptation of the Bahouri- 
Gerard decomposition to wave maps into leads to a critical wave map with the desired compactness 
properties. In the course of our proof, it will be convenient to project the wave map onto a compact 
Riemann surface S (so that we can avail ourselves of the extrinsic formulation of the wave map equation). 
However, it will be important to work simultaneously with this object as well as the lifted one which takes 
its values in (since it is for the latter that we have a meaningful wellposedness theory for maps with 
energy data). 

The difference from ISJ lies mainly with the rigidity part. In fact, in our context the conservation laws 
are by themselves not sufficient to yield a contradiction. This is natural, since the geometry of the target 
will need to play a crucial role. As indicated above, the two scenarios that are lead to a contradiction are 
the self-similar blowup supported inside of a light-cone and the stationary weak wave map, which is of 
course a weakly harmonic map (which cannot exist since the target S is compact with negative curvature). 
The former is handled as follows: in self-similar coordinates, one obtains a harmonic map defined on the 
disk with the hyperbolic metric and with finite energy (the stationarity is derived as in [13j). Moreover, 
there is the added twist that one controls the behavior of this map at the boundary in the trace sense (in 
fact, one shows that this trace is constant). Therefore, one can apply the boundary regularity version of 
Helein's theorem which was obtained by Qing [35]. Lemaire's theorem i26j then yields the constancy of 
the harmonic map, whence the contradiction (for a version of this argument under the apriori assumption 
of regularity all the way to the boundary see Shatah-Struwe [10] )• 

1.6. An overview of the paper. The paper is essentially divided into two parts: the modified Bahouri- 

Gerard metliod is carried out in its entirety starting with Section [2l and ending with Section [9] Indeed, 
all that precedes Section [5] leads to this section, which is the core of this paper. The Kenig-Merle 
method adapted to Wave Maps is then performed in the much shorter section [TO] We commence by 
describing in detail the contents of Section [2] to Section [9] 

1.6.1. Preparations for the Bahouri- Gerard process. As explained above, we describe admissible wave maps 
u : mostly in terms of the associated Coulomb derivative components Our goals then are 

to 

• (1): Develop a suitable functional framework^ in particular a space-time norm 11-011 5(r2+i), together 
with time-localized versions ||'0IIs([/xK2) for closed time intervals /, which have the property that 

limsup ||^/'||s(/xR2) < oo 

ICI 

for some open interval / implies that the underlying wave map u can be extended smoothly and 
admissibly beyond any endpoint of /, provided such exists. 

• (2): Establish an a priori bound of the form 



MsiixR-)<C{E) 
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for some function C : K+ ffi.+ of the energy E. This latter step will be accomplished by the 
Bahouri Gerard procedure, arguing by contradiction. 

We first describe (1) above in more detail: in Section we introduce the norms || • \\s[k]: II ' \\N[k]: 
fc e Z, which are used to control the frequency localized components of ip and the nonlinear source terms, 
respectively. The norm || • \\s is then obtained by square summation over all frequency blocks. The basic 
paradigm for establishing estimates on ip then is to formulate a wave equation 

aip = F 

or more accurately typically in frequency localized form 

□PoV' = PoF, 

and to establish bounds for ||-Po-P"ll Af[o] which may then be fed into an energy inequality, see Section 12.31 
which establishes the link between the S and A'^-spaces. In order to be able to estimate the nonlinear 
source terms F, we need to manipulate the right-hand side of (|1.14p . making extensive use of (jl.lSp . The 
precise description of the actual nonlinear source terms that we will use for F is actually rather involved, 
and given in Section [3l In order to estimate the collection of trilinear as well as higher order terms, we 
carefully develop the necessary estimates in Sections 01 El as well as [HI We note that the estimates in [52] , 
while similar, are not quite strong enough for our purposes, since we need to gain in the largest frequency 
in case of high-high cascades. This requires us to subtly modify the spaces by comparison to loc. cit. 
Moreover, the fact that we manage here to build in sharp Strichartz estimates allows us to replace several 
arguments in [22] by more natural ones, and we opted to make our present account as self-contained as 
possible. 

With the null-form estimates from Sections IHElIll in hand, we establish the role of || • ||5 as a "regularity 
controlling" device in the sense of (1) above in Section [71 see Proposition 17.21 The proof of this reveals 
a somewhat unfortunate feature of our present setup, namely the fact that working at the level of the 
differentiated wave map system produces sometimes too many time derivatives, which forces us to use 
somewhat delicate "randomization" of times arguments. In particular, in the proof of all apriori estimates, 
we need to distinguish between a "small time" case (typically called Case 1) and a "long time" Case 2, by 
reference to a fixed frequency scale. In the short time case, one works exclusively in terms of the div-curl 
system, while in the long-time case, the wave equations start to be essential. 

Section [T] furthermore explains the well-posedness theory at the level of the tpa , see the most crucial 
Proposition 17.111 Wc do not prove this proposition in Section [T] as it follows as a byproduct of the core 
perturbative Proposition 19 . 1 21 in Section [U Proposition [7Tl] and the technically difficult but fundamental 
Lemma 17.101 allow us to define the "Coulomb wave maps propagation" for a tuple ipa, oi — 0, 1,2 which 
are only I? functions at time t = 0, provided the latter are the L^-limits of the Coulomb components 
of admissible maps. Indeed, this concept of propagation is independent of the approximating sequence 
chosen and satisfies the necessary continuity properties. 

We also formulate the concept of a "wave map at infinity" at the level of the Coulomb components, 
see Proposition 17.151 and the following Corollary 17.161 Again the proofs of these results will follow as a 
byproduct of the fundamental Proposition 19. 121 and Proposition 19.281 in the core Section [5] 

In Section [5] we develop some auxiliary technical tools from harmonic analysis which will allow us to 
implement the first stage of the Bahouri Gerard process, namely crystallizing frequency atoms from an 
"essentially singular" sequence of admissible wave maps. These tools are derived from the imbedding 
B\ oo(K^) BMO as well as weighted (relative to A^) Coifman-Meyer commutator bounds. 

As mentioned before. Section [S] is the core of the present paper. In Section 19.21 starting with an 
essentially singular sequence u" of admissible wave maps with deteriorating bounds, i.e., HV'Slls' ~* ^ 
as rt — > CXI but with the crucial criticality condition lim„^oo i?(u") = Ecrit , we show that the derivative 
components (j>^ may be decomposed as a sum 

A 

a=l 
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where the are derivative components of admissible wave maps which have frequency supports "drifting 
apart" as n ^ oo, while the error w^.^ satisfies 

limsup llw^^lUo <5 

provided A > Aq{S) is large enough. 

In Section [9731 we then select a number of "principal" frequency atoms 0"", a = 1,2, . . . , Aq, as well as a 
(potentially very large) collection of "small atoms" 0'"^, a ^ Aq + 1, . . . , A. We order these atoms by the 
frequency scale around which they are supported starting with those of the lowest frequency. The idea now 
is as follows: under the assumption that there are at least two frequency atoms, or else in case of only one 
frequency atom that it has energy < Ecrit , we want to obtain a contradiction to the essential criticality 
of the underlying sequence u" . To achieve this, we define in Section 19.31 sequence of approximating wave 
maps, which are essentially obtained by carefully truncating the initial data sequence (/)'"^ in frequency 
space. 

In Section [9. 41 we establish an apriori bound for the lowest frequency approximating map which comprises 
all the minimum frequency small atoms as well as the component of the small Besov error of smallest 
frequency, see Proposition l9.9l The proof of this follows again by truncating the data suitably in frequency 
space, and applying an inductive procedure to a sequence of approximating wave maps. This hinges 
crucially on the core perturbative result Proposition 19.121 which plays a fundamental role in the paper. 
The main technical difficulty encountered in the proof of the latter comes from the issue of fungiblitj^: 
given a schematically written expression 

V.Ad^eA,] 

which is linear in the perturbation (so that we cannot perform a bootstrap argument based solely on the 
smallness on e itself), while A^ denotes some null- form depending on apriori controlled components ip. 
Fungibility means the property that upon suitably truncating time into finitely many intervals Ij whose 
number only depends on HV'lls? one may bound the expression by 

||V^,t[9''e^^]||jv(/^.xR2) < ||e||s 

In other words, by shrinking the time interval, we ensure that we can iterate the term away. While this 
would be straightforward provided we had an estimate for |j AjyU^i^^oo (which is possible in space dimensions 
n > 4), in our setting, the spaces are much too weak and complicated. Our way out of this impasse is to 
build those terms for which we have no obvious fungibility into the linear operator, and thereby form a 
new operator 

□ ^e ae + 2id''eAt, 

with a magnetic potential term. Fortunately, it turns out that if Ai, is supported at much lower frequen- 
cies than e (which is precisely the case where fungibility fails), one can establish an approximate energy 
conservation result, which in particular gives apriori control over a certain constituent of || • jj^. With this 
in hand, one can complete the bootstrap argument, and obtain full control over ||e||s. 
Having established control over the lowest-frequency "essentially non-atomic" approximating wave map in 
Section we face the task of "adding the first large atomic component", 0"^. It is here that we have to 
depart crucially from the original method of Bahouri-Gerard: instead of studying the free wave evolution 
of the data, we extract concentration cores by applying the "twisted" covariant evolution associated with 

□a"U = 0, 

which is essentially defined as above. The key property that makes everything work is an almost exact 
energy conservation property associated with its wave flow. This is a rather delicate point: it relies on 
the mixed-Lebesgue type endpoint bilinear improved Strichartz bound of Wolff [62] , Tao [49] , [48] , and 
Tataru [52]. 

It then requires a fair amount of work to show that the profile decomposition at time t = in terms of 
covariant free waves is "geometric" , in the sense that the concentration profiles can indeed by approximated 
by the Coulomb components of admissible maps, up to a constant phase shift, see Proposition 19 . 221 



'This term appears to have been coined by T. Tao 
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Finally, in Proposition 19 . 28l we show that we may evolve the data including the first large frequency atom, 
provided all concentration cores have energy strictly less than Ecrit ■ 

As most of the work has been done at this point, adding on the remaining frequency atoms in Section [9.91 
does not provide any new difficulties, and can be done by the methods of the preceding sections. 
In conjunction with the results of Section[7l we can then infer that given an essentially singular sequence of 
wave maps u", we may select a subsequence of them whose Coulomb components ■02: up to re-scalings and 
translations, converge to a limiting object which is well-defined on some interval / x where 

I is either a finite time interval or (semi)-infinite, and the limit of the Coulomb components of admissible 
maps there. Moreover, most crucially for the sequel, ^'^^(i, x) satisfies a remarkable compactness property, 
see Proposition 19.341 This sets the stage for the method of Kenig-Merle, which we adopt to the context of 
wave maps. 

2. The spaces S[k] and N[k] 

Sections HHS] develop the functional framework needed to prove the energy and dispersive estimates 
required by the wave map system p.l2p - (|1.14p . The Banach spaces which appear in this context go back 
to Tataru [60], but were introduced in this form by Tao [56 , and developed further by Krieger [22]. We 
will largely follow the latter reference although there is much overlap with [5S]. We emphasize that this 
section is completely self-contained and presents all estimates in full detail. The spatial dimension is two 
throughout. 

2.1. Preliminaries. As usual, Pk denotes a Littlewood-Paley projectiorQ to frequencies of size 2*^. More 
precisely, let mo be a nonnegative smooth, even, bump frmction supported in |f| < 4 and set to(^) := 
moiO - mo (20- Then 

^m(2'=0 = l VeeM2\{0} 

fcez 

and PkfiO ■= 'Ti(2^'^^)/(^). The operator Qj projects to modulation 2^ , i.e., 

OT^itr) :=m{2-\\T\-m${T,0 
with " referring to the space-time Fourier transform. Similarly, 

g±0(e,T) := ™(2--'dT| - |e|))x[±r>o]0(r,6 
Then the relevant X^'^''^ spaces here are defined as 

ii'^iix-- ■.^r'{Y.2^iPkQ,m.^.y 

3 

liPk(t) = (j), then ||<?!>||l~l2 < |10|| .o,i.i as well as < .1.1,1. 

In what follows, Ce is a collection of caps k C 5*^ of size C^^2^ and finite overlap (uniformly bounded in £ 
and with C some large absolute constant). There is an associated smooth partition of unity X^ksc^ ^k{^) = 

1 for all uj e S^, as well as projections PnfiO ■— o-K(i}fiO where ^ := ||| . By construction, P^.^ :— Pk^Pn 
is a projection to the "rectangle" 

(2.1) :={lel~2^ 

in Fourier space. For space-time functions F we shall follow the convention that 

We will also encounter other rectangles R which are obtained by dividing Rk,K in the radial direction into 
2-m jjja,ny subrectangles of comparable size where m < is some integer parameter (it will suffice for us 
to consider € < m < where n € Ci). The collection of these rectangles will be denoted by Tlk,K,m, and we 
introduce projections Pr so that J^ReiZk ^ Pk.K- Figure 1 exhibits such a collection of rectangles. 

'^Strictly speaking, these are not true projections since ^ Pj., but we shall nevertheless follow the customary abuse of 
language of referring to them as projections. The same applies to smooth localizers to other regions in Fourier space. 
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c 

Figure 1. Rectangles 



The sector ABCD is of length 2^ and width 2^+*^, whereas the shorter segments APi, P1P2 etc. are of 
length 2*^+". 

We shall frequently use Bernstein's inequality: if supp((?f)) C ft, where $7 C K.^ is measurable, then 
ll<^llp ^ 1^1 fo'' choice of 1 < p < g < 00. We shall also require the following variant of 
Bernstein's L°° bound, which is obtained by combining the standard form of this bound with the 

L(L^(M^+^)-Strichartz estimate for the wave equation. This type of estimate appears in [55], but the 
following formulation is from [22], which involves one further localization on the Fourier side. We present 
the proof for the sake of completeness. 

Lemma 2.1. Let Vk/ be a cover 0/ {|^| ^ 2'"'} by disks of radius 2'^+^. Then for all j < k, 
(2.2) ( ll^cQ,'/'llW)'^2i2T2^||0||^.^. 

for any (f> which is adapted to k. 

Proof. We follow the argument in [56 , but use the small-scale Strichartz estimate of Klainerman-Tataru 
at a crucial place, see Lemma [2 . 1 71 below. First, set j = 0, whence fc 1. Construct a Schwartz function 
a(t) whose Fourier transform is supported in |t| <C 1, and which satisfies 

for all t e M. Then 

s 

s s 

Now one notes that the function a{t — s)PcQo4' satisfies almost the same assumptions about modulation 
(~ 1) and frequency localization as PcQo'4'- Therefore, we can apply Lemma 12.171 to estimate 

||a(t-,s)P,go^|L4ioo <2^23||P,^|| .„ i_ 
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Thus 

WPcQo^h^L^ < 2T2^(^ \\a{t - s)QoPM'. o.^.J' 



s62 

3k I 



X, 



<2-2^||PeOo^||L?L^ 

The lemma follows via Plancherel's theorem. □ 

The previous proof was based on the following small-scale version of the usual L|L^-Strichartz estimate. 
It was obtained by Klainerman and Tataru [21j . 

Lemma 2.2. With 'Dk,i as above, one has 

(2.3) ( l|i'ce'*l^l/lli.,.so)'<2^2^||/|U. 
for any k- adapted f . In particular, 

(2.4) ( Il^c0|li.i=o)'< 2^11011^3,.,, 
for any Schwartz function cj) which is adapted to k. 

2.2. The null- frame spaces. In contrast to sub-critical H'^{M.'^) data with s > 1, it is well-known that 
X^''' spaces do not suffice in the critical case s = 1. Following the aforementioned references, we now 
develop Tataru's null-frame spaces which will provide sufficient control over the nonlinear interactions in 
the wave-map system. For fixccJl lu € define 

(2.5) 0± (l,±c^)/V2, t^:={t,x)-9+, := {t,x) ~ t^e+ 

which are the coordinates defined by a generator on the light-cone. Recall that a plane wave traveling in 
direction —oj e S"~^ is a function of the form h{x ■ u + t) (and h sufficiently smooth). We write a free 
wave as a superposition of such plane waves: with k (Z and Pk^K the projection to |^| ~ 2*^ and ^ G k 
as defined above, 

Pk,.^{t,x)= [ e*(*l«l+"-«)|W(?)de 

e'''^''-'^+'^f{ru)rdrdu 

Ik. J [r~2'=] 

(2.6) = / ^^k,Lo{t + X ■ uj) dio, 
where 

i^kAs) ■■= [ e'''f{ruj)rdr 
The argument of ipk.u in (|2.6p is \/2t^, whence 

(2.7) j UkA\Ll^L^J^<\^^\^'^^\\Pk,Jh 
We now define the following pair of norm^ 

(2.8) IIGIInfam mf dist(u;, K)-i||G||ii 

(2.9) II^IIpwam := inf H^Hlj 

which are well-defined for general Schwartz functions. The notation here derives from null-frame and 
plane wave, respectively. The quantities defined in (|2.8p and p.9|) are not norms — in fact, not even 



^Henceforth, u) will always be a unit vector in the plane. 

''The dist(aj, factor in the NFA[K]-norm arises because of a geometric property of the cone, see the proof of Lemma l2.4l 
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pseudo-norms — because they violate the triangle inequality due to the infimum. This indicates that we 
should be using ()2.8p and (j2.9p to define atomic Banach spaces (which is why we appended "A" in the 
norms above). First, recall from p.6p that 

J K 

Then (|2.7|) suggests that we define 

ll-P/ci.K'/'lipwM / W'^k^Ahl^L-^^duj = / |lV'fe,t^||pwAM rf^ 

J K 'J K 

In other words, PW[^] is the completion of the space of ah functions (j) which can be written in the form 

(2.10) </) = ^ A,^„ < ^' II^jIIpwam < 1 

3 3 

where \j G C and are Schwartz functions, say. The norm of any such in PW[k] is then simply the 
infimum of |Aj| over all representations as in (j2.10p . By Holder's inequality we now obtain the simple 
but crucial estimate 

\\<I>F\\^YA[k] < dist(K,K')"^||</'||pWA[«;']||^'||L2i2 

provided </) is a PWA[K]-atom. This suggests that we also define NF[k] as the atomic space obtained 
from NFA[k] as usual: the atoms of NF[k] are functions cj) for which there exists oj ^ 2k such that 
l2 < dist([j, k). The previous estimate then implies the bound 

(2.11) ||0F||nfm <dist(«:,K')"'ll0llpwMlli^llL?L^ 
The dual space NF[k]* is characterized by the norm 

||0||nf[k]* = sup dist{uj,K)~'^\\(t)\\L^Ll < oo 

We now turn to defining the spaces which hold the wave maps. 

Definition 2.3. Let (j) he a Schwarz function with supp((?f)) C G : |^| ^ 2*^}. Henceforth, we shall 
call such a (p adapted to k. Define 

(2.12) U\\s[kM UWltlI + Wt^'^'^Uhw^ + II'/'I|nf*[«] 

(2-13) \\Hs[k\ := \\<t>\\L^Ll + \\Q<k + 2(l>\\ ^0,1, =o + \\Q>k4'\\ ^-l+,.l-e.2 



(2.14) +SUPSUP 2-(^--)^2-t( ^ \\Q<jPc<f>\\l.L^y 



(2.15) +sup sup sup (y y \\PRQi 



. . . . . ?<fc+2£ V\\S[k.K] 

± e<~10Q e<jn<Q ^ ^ 



Here and Pn are as above, and e > is a small number (£ — jq is sufficient). 

The factors 2^'J in (j2.12|) are from ()2.7p . By inspection, the norm of S[k, k] is translation invariant, 
and 

(2.16) \\fns[k,.]<\\f\\L^jms[k,.] 
One has the following scaling property: 

(2.17) UWsik] = XmX-)\\sik+m], A = 2™, m e Z 

It will be technically convenient to allow noninteger k in Definition 12.31 The only change required for this 
purpose is to allow j, to G M in (|2.14p and (|2.15p . In that case one has 

(2.18) UWsik] = A||0(A-)||s[fc+iog, A] VA > 

Later we will need to address the question whether ||P/c0|l s[fc+/i] is continuous in h near h = for a fixed 
Schwartz function (j). Henceforth, we shall use the operator / := J^kez PkQ<k and := 1 — I (we will also 
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use Q<k+c instead of Q<k)- Moreover, we refer to functions which belong to the range of / as "hyperbohc" 
and to those in the range of I'^ as "elhptic" . Since 

\\Q>kPk(t>\\ .0,1,1 < \\Q>kPk4>\\ . - + i_e 2 

one concludes that the energy norm L'^L^ in (I2.13P as well as the Strichartz norm of (I2.14|) are controlled 
by the final norm of (|2.13p for the case of elliptic functions (for the Strichartz norm use Lemma [221). 
We first verify that temporally truncated free waves lie in these spaces (with an imbedding constant that 
does not depend on the length of the truncation interval). 

Lemma 2.4. Let k CZ be arbitrary. Then 

(2.19) UWsik,.] < llPfe,K0||^o.i.i 
as well as 

(2.20) Ms[k] < l|PfeQ</c0||^o,^.i 
In particular, if f is adapted to k, then 

(2.21) llx(Vr)e^*^/||s[fc] < CII/IU2 

with a constant that depends on the Schwartz function x but not on T > 2'^^ . 

Proof. We assume that cj) is an v\r°'5'i-atom with Po,K.(f> = (p. Then from Planchcrel's theorem and 
Minkowski's and Holder's inequalities, 

Ml^li < ll0llL?Li ^ 2511011^2^2 



< 



(2^i^i)^iI'^iili LI ^{2^^\)-^m 



(2.22) ||0||Li-L2 ^TTT rllfPIlL? 



dist(K, Lu) '' 



In the final estimate (|2.22ll we used that <{iuj,Tuj') ~ <{u},(jj')'^ where l^j is the line oriented along the 
generator parallel to (l,w) and T^> is the tangent plane to the cone which touches the cone along the 
generator ii^> . To establish (|2.20p we begin with 

,<«-p ( E E \\Pi^Qt2M\.i.)" < m^o., 

£<-100 ^ . n^Tj ^0 -^0 

which is obvious from orthogonality of the Po,±k;. In view of (|2.19p . this bound yields the square function 
in (|2.15p . The energy is controlled via the imbedding ^ ||0|| -o-iu whereas the Strichartz 



component of S'[fc] is controlled by Lemma [ 

Finally, the statement concerning the free wave reduces to the case fc = for which we need to verify 
the bound 



Y^2^mT\T±mrn{2-^\r±mhmLlLl + 

+ (5]22^|lTx(r|r± |^||)m(2-^|r ± |C||)/(0lli2^2)' < \\fh 

which are both clear provided T > 1 due to the rapid decay of □ 

Naturally, S[k] contains more general functions than just free waves. One way of obtaining such functions 
is to take = □"^F, in other words from the Duhamel formula. We will study this in much greater 
generality in the context of the energy estimate below, but for now we take F to be a Schwartz function. 
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Remark 2.5. The hounded function (p defined via its Fourier transform 

?(r,C)=Xi(C)X2(|C|-|r|)(|e|-|r|ri 

belongs to S[0] hut is not a truncated free wave. Here xi is a smooth cut-off to |^| ~ 1, and X2(w) is a 
smooth cut-off to \u\ < 1/10. We leave it to the reader to construct other functions which lie in S'[0] and 
which are not (truncated) free waves. 

The following basic estimates will be used repeatedly: 

• if is adapted to k, then 

(2.23) ||Q,0|U.i. <min(2-(^-'=)(^--),l)2-*||0|l5[,] 

(2.24) WQMl^l^ ^ 2^^0min(2-(^-'^-)(^--),l)2-*||</.||5[fc] 

This follows from the X'''''''^ components of the ^[fcj-norms, as well as the improved Bernstein's 
inequality of Lemma 12.11 

• The duality between NF[k] and NF*[k] implies 

(2.25) \{cl>,F)\<U\\sikM\\F\\^F[,] 

In what follows, := sign(T)f, and for any uj G S^, 11^, denotes the orthogonal projection onto 
NP(a;) := 9^ (the null-plane of w). 

Lemma 2.6. The projection H;^ satisfies the following properties: 

• Let J- <Z Ci he a collection of disjoint caps. Suppose that uj G satisfies dist(w,K) G [a, 2a] for 
any k G where a > 2^ is arbitrary hut fixed. Defin^ 

(2.26) r«^. := {(r,e) : |C| ^ 1, 6 G k, \\^\ - \t\\ < a2'} 
Then {Tlcj{TK,a)}KeJ^ <^ NP(w) have finite overlap, i.e., 

where C is some absolute constant. 

• Let 



S :^ {(±|eU) : CeM^ CGiAj} 



he a sector on the light-cone where k CZ is any cap. Furthermore, let lo ^ 2k and S := nj^(5). 
Then on S the Jacobian satisfies 

(2.27) ^ ^d{u;,K)-^ 

The same holds on Il^{Sa) where 

5, {(±|^|+a,0 : ^eM^ |^| ~ 1, C G ±«} 

provided a is fixed with \a\ < \K\d{LU,K). 
Proof. Denote 

{s(l, w') + p(l, -Lu') : to' eK, l<s<2, \p\<h} 
where h will be determined. Then 

{n^(5«,)}«e^ = {sv + pw : Lu' eK,l<s<2,\p\<h} 

where 

v:^ viu,io') = (l,w') - X{l,u;), w (1,-c^') - ^^(1,^) 



^An important detail here is that these dimensions deviate from the usual wave-packets of dimension 1 X 2^ X 2^ 
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Figure 2. The projected sectors 



with A = i(l + • uj'), fj, ^ ^{1 — uj ■ Lu'). Recall that dist(a;, k) ^ dist(w, k') =: a where k £ is arbitrary. 
Moreover, diam(K) ^ 2^ =: /?. One checks that 

\v\ = V2(l-A2)^ VM^a 

Furthermore, dv := (0,u)''^) — ^uj ■ ^'^(l,^;) denotes the derivative dg'V where we have written uj' = e*^ . 
Then \dv\ ^ 1 and 

V A dv = {fi,uj' - bj + fiuj) A (0, oj'""") - • ^'"""(1, w') A (1, 

satisfies \v A dv\ o? . In conjunction with \v\ ^ a this implies that \<{v, dv)\ ^ a. Since 

\v{uj, uj') — v{uj, uj")\ > \lu' — u}"\ y lu' , uj" e K 

it follows that 

(2.28) dist(cr(u;,w'):C^(^.^")) >a\uj'~uj"\ 

where 

a{uj,uj') ■= {sv{uj,uj') : 1 < s < 2} 

Therefore, one needs to take h = a(3 to insure the property of finite overlap of the projections. This 
is optimal, since one can check that v and w always satisfy | cos(<('i7, w)! < ^. In Figure 2 the left- 
hand side depicts four sectors as they would appear on the light-cone, whereas the right-hand side is the 
projected configuration in NP(a;) with A' nij(A) etc. Note that the segments A'B' as well as A'P', 
P'Q', Q'R', R' B' have lengths comparable to the corresponding ones on the left, i.e., AB etc., whereas 
the lengths of A'D' , B'C are those of AD and BC contracted by the factor a. Finally, we have shown 
that <{A' B' C) ^ a (and similarly for the angles at the points P', Q' , R') so that the height of the 
parallelogram A'P'X'D' is proportional to a times the length of A'P', see (|2.28l) . 

The second statement of the lemma follows from the consideration of the preceding paragraph. □ 

As a consequence of Lemma 12. 6[ we now show that the square- function in (j2.15p can always be refined 
in terms of the angle. 

Lemma 2.7. Let !F C C( be a collection of disjoint caps and let k' E Ct he a cap with IJ^ k C k' . Suppose 
further that for every n £ J- there is a Schwartz function (j)^ adapted to k £ Z and which is supported on 

r.,fc := {e := sign(r)e e ||C| - |r|| < 2^+''+'^} 
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with some fc G Z. Then 

^ \S[k,K] 



E^«ll5[.,.'i<^(Eii<^'^i" 



with some absolute constant C . 

Proof. First, one may take fc = and r > (the latter by conjugation symmetry). The _L°°i^-component 
of (|2.12p satisfies the required property due to orthogonahty, whereas the PW[«;]-component is reduced 
to Cauchy-Schwarz (via the |k|~ 2 -factor). For the final NF*[k] (i.e., L^L^^)-component one exploits 
orthogonality relative to x^i via Lemma [2771 Here uj G \ (2k') is arbitrary but fixed. □ 

Later we will prove bi- and trilinear estimates involving S and N space. The following bilinear bounds 
will be a basic ingredient in that context. 



Lemma 2.8. One has the estimates 



(2.29) 



k/|^2^ 



(2-30) mh^Li < ^^^ms[kM\ms[k',.'] 

For the final two bounds we require that 2k D 2k' — 0. 

Proof. The second one follows from the definition of the spaces, whereas (|2.30p follows from (|2.29p and 
the duality bound ((2?25| . □ 

Note that both of these estimates have a dispersive character, as they involve space-time integrals. By 
applying ideas from the energy estimate, we will improve on (|2.30p in the high- high case, see Lemma 14.51 
Next, we define the spaces which will hold the nonlinearities. 

Definition 2.9. N[k] is generated by the following four types of atoms: with F being k-admissible, either 
. llFlLji. <2'= 

• F is supported on \\^\ ~ \t\\ - 2^ < 2^ and \\F\\ . < 1 

F = Q>kF , \\F\\ . 2 !i 1 where e > is as in the S[k] spaces 



F is the sum of wave packets F^: there exists i < —100 such that F — X^neCf with all supp(i^K) 
supported on either t > or t < 0, with F„ supported on \^\ ^ 2^, ||^| — |r|| < C~^2*^+^^, 
O :— sign(r)^ g k and to that the bound 



holds. 

We refer to these types as energy, X'*'^'*, and wave-packet atoms, respectively. 

In what follows, we refer to functions adapted to some fc e Z as "elliptic" iff PkQ>k(f> = (f>, whereas 
those satisfying PkQKkii = as "hyperbolic". This terminology has to do with the behavior of the wave 
operator □ in these respective regimes. We now record a fundamental duality property of N[k\. 

Lemma 2.10. For any </> G S[k] and F e N[k] with F PkQ<kF 

(2.31) \{cl,,F)\<2^U\\s[km\N[k] 

(2.32) II^^IL-i.-io. < II^^IIatm < ||F|| 1,, 

Proof. The duality relation (j2.3ip is proved by taking F to be an atom; for the wave-packet atom use (j2.25p . 
By definition of N[k], one has < 1 ^ . For the left-hand bound in ^^TT^ use ([^1^ 

and (P3T|1 . □ 
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As an application of the geometric considerations of Lemma [2.6l we now show that refining a wave-packet 
atom yields another wave-packet atom. 

Lemma 2.11. Let F — X^seCt wave-packet atom as in Definition \2. 9\ Then 

(2.33) sup sup ^ \\PRP-'Q<i+^'+kF.\\lF[n')~' <C2^ 



t<t e'<j<o 



with some absolute constant C . 



Proof. By scaling invariance, we can set k = 0. Moreover, fix ^' < £ and i' < j < 0. Choose cu' = uj(k') € 
5*^ \ (2k') for each k' which attain the respective NF[k'] norm. Then one has 



EE E \\pbp.'Q<wk\ 



2 

NF[, 



^E E E diu;\K'r'\\PBP.'Q<i+e'F.\\l. 



(2.34) <^ inf diij,^)-4(j2 E \\PRPn'Q<i+i'F.\ 



2 

LI 



(2.35) inf rf(^,«^r'll^Kllij 

^ uieS'-\{2K) 

To pass to p.34p we used the inclusion i'^{L\^) D Ll^{£'^), whereas orthogonality implies (|2.35p . Indeed, 
first note that 

y supp{[PRP^,Q<i+i,F^){t^,-T) cn^(supp(.F[Pi?P,.Q<,+,.F,])) 

where the Fourier transform on the left-hand side is in and on the right-hand side in {ti^,x^). Second, 
the sets on the right-hand side enjoy a finite overlap property by Lemma 12.61 □ 

In what follows, we will often need to split a wave into -I- cp^ where 

0^ (X[t>o]0(-,t))^, 0~ := (x[r<o]0(-, t))^ 
The question arises whether the spaces S[k] and N[k] are preserved under these operations. 

Lemma 2.12. For any Schwartz function (p which is adapted to k, 

U^\\sik]<Cms[k], \\F^\\N[k]<C\\F\\N[k] 
with some absolute constant C . 

Proof. We set fc = and assume that (j) is adapted to A; = 0. Let xa be a bump function on the line with 
Xo{t) = 1 on t > — C^^ and Xo{t) = if t < —2C~^ where C > 1 is some large constant. Then 

^(t, = Xo(t - \^\)xir>o]Hr, + (1 - XoKt - \^\)X[T>o]kr, 
Denote the two functions on the right-hand side by 0^+'^^ and 0*-^'^', respectively. Then 
(2.36) 

where is a measure of bounded mass. Therefore, 
Next, 

^0 

where we used the Plancherel theorem in the final step. 
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For N[k] it will suffice to check the case of LjL^-atoms. For these, we write 

as above. The first term here is fine from (|2.36p . whereas the second is placed in L^L^ and bounded by 
means of ([^3^ . □ 

Another piece of terminology used by Tao is the following: 

Definition 2.13. We shall say that a family {toq}q is disposable, ifTaf := {mafY — f fJ-a where fj,a 
are measures with uniformly bounded mass: 

sup < C < OO 

with some universal constant C . 

Clearly, disposable multipliers give rise to bounded operators on any translation invariant Banach space. 
Thus, if X is a Banach space of functions on with the property that for all f E X one has 

||/(--2;)||x = ||/lk VyeM"+i 

then supjj ||Tq/||x < C'||/j|js:. The following observation will be a useful device for removing frequency 
cut-offs. 

Lemma 2.14. The families 

{Pfe,.},,,, {PkQ,}^^,, {PkQ<j}^^,, {PkQt.^c}, 

are disposable. In the first family k is any cap, whereas in the last family C > has to be chosen such that 
the support of the multiplier associated with PkQ<k-c does not intersect t — Q. In addition, 

is disposable where k E Z and k is any cap with diam(K) ^ 2^ with £ < —100 arbitrary. 

Proof. Without loss of generality one may take fc = 0. Then these statements reduce to simple exercises 
in harmonic analysis. □ 

The following fact will serve as a substitute for the previous problem in a non-disposable context. 

Lemma 2.15. Qj, Q<j a'^e bounded on L^L^ for every 1 < p < oo with a constant independent of j € Z. 

Proof. The inverse Fourier transform of Q^j with respect to time alone is 

e'*^mo(2-^(r-|e|))F(r,C)dT 

= 2^ J mo{2^t - s))e*l«l(*-'*)i^(s, ^ ds 

where F{s,C,) in the second line denotes the Fourier transform with respect to the second variable. Con- 
sequently, 

\\Q<jF\\lIlI < \\mo\\i\\F\\LiL2 
as claimed. □ 

The previous result, combined with Lemma l2.71 implies the following square-function bound. 

Corollary 2.16. For all j, k G li and all k-adapted Schwartz functions 4> one has \\Q<j4>\\s[k] ^ C'll'/'lls[fc] 
with some absolute constant C . 

Proof. We may again take k ^ 0. The L^L^-component of the S'[0]-norm is covered by Lemma r2.15l The 
j^s.fj.g.Qomponents are obvious , the Strichartz norms as well by construction, and the square-function is 
a consequence of Lemma 12.71 □ 

We remark that the analogous statement for N[k] holds as well, see Corollarv 12 . 221 below. Next, for the 
sake of completeness we state the full range of Strichartz estimates that follow from (|2.14p . 
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Lemma 2.17. For any 4 < p < oo and 2 < q < oo which satisfy ^ + ^ < I:; 

(2.37) ( Y: l|Pc0|li.,,)^<C2^(^-i-t-^)2^-(i-i-i)||^b[,] 

for any k £ £ < 0, and with an absolute constant C. 

Proof. Assume first that ^ + ^ = By interpolation, and witli ^ = |j 

(2.38) <( E E WPMl^Li 



!s[o] 

To pass from (|2.38p to the last line, one uses (|2.14p as well as the energy component of (|2.15|) . For larger 
q, one gains a factor 2^^^2-?-i) by Bernstein's inequality, and rcscaling to frequency 2'' yields a factor 
of 2''^^~p~^^ as claimed. □ 

Finally, we conclude this section with the following useful fact. 
Lemma 2.18. Let (p he adapted to 0. Then for any mo < —10, 

( E ll^o,.0l!ij.i.)'<K||i0|i5[o] 

Proof. First, 

( E \\P^,-Q<^rnMlTL-X^ ^{ E \\P^--Q<^^nMl[o,.^~^ <msm 

by (EUD. Second, 

E ( E wPo^Mwi^LiY < E ( E \\Po,Mr.o.i. 

2mo<e<0 KGCip 2mo<£<0 KGCmo 

^ l™o|||0||s[o] 

And third, 

\\Po,.Q>o<I>\\l^li < \\Po,.Q>o<l>\\ .0,1,1 < ||Fo,Kg>o0|lx«.i 

whence 



e,2 





( E \\Po.-Q>0^\\lrLiy ^{ E II^O,KQ>0<i 



2 

-i>0,l-e,2 



^E( E \\Po.M\\io.-.. 

<Ell^O,«Q^0IUo,i-.,oo < \\Po..Qi(j)\\xy-.,2 < ||0||s[o] 

as claimed. □ 

The central problems concerning the S[k] and N[k] spaces are how to obtain an energy estimate and 
how to control the trilinear nonlinearities appearing in the gauged wave-map system. We begin with the 
energy estimate, and then develop bilinear bounds which are preliminary to the central trilinear bounds. 
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2.3. The energy estimate. The purpose of this section is to prove the energy estimate in the context of 
the >S'[fc] and N[k] spaces, see Proposition 12.251 below. First, we require some technical lemmas. The first 
two of these lemmas will arise in the Duhamel integral. 

Lemma 2.19. For any F which is k-adapted and satisfies F = Q<k+cF , 

(2.39) ||XR+F||jv[fc] < \\F\\N[k] 

where Xvl+ o-cts only in time. 

Proof. We may assume that fc = 0. This is clear if F is an energy atom. Next, we consider the X"'" 5 di- 
atoms. First, let F be supported on |^| - - |t|| - 2^ with < 2^/^. Then 

IIxr+^P^IIatm ^ II-P<j(xr+)^IIjv[o] + \\P>j{xr+)F\\nio] 

< 2-^/2||P<,(xr+)^^IIl?l^ + \\P>j{Xm+)F\\l^l^ 

< 2-^'/2||F<,(xROIlL~||F||i.i. + ||P>,(xr+)IIl?II^^I|l=l^ 
<2-^/^F\\l.l.<1 

Now let F be a wave-packet atom, i.e., for some £ < —100, 

F = ^ F«, supp(i?;) C {r > 0, lei ~ 1, m - t| ~ 2^^ O e k} 



and E« II^«I1nfm < 1- We write, with j - 2£, 

Xr+ = -P<j(Xr+) + -P>j(Xr+) 
as before. Then P<j{x&+) does not significantly change the support properties of F,^. Moreover, since 
l|.P<i(XR+)lloo ^ 1, we see that P<j{xR+)F is essentially a wave-packet atom. On the other hand, since 
11^11^2^2 < 2^/^ from (|232l) we conclude that 

(2.40) l|i^>,(XR+)^llLiL^ < 2-^/2||F|L2i2 < 1 

which proves (|2.39p . □ 
It is important to note that the previous lemma, fails for functions in A^[0] which are "elliptic" since the 

Xf. ^ ^'^-norm is finite on functions which are too singular. But in the elliptic regime, there will be 
no need for the Duhamel formula and thus for Lemma 12.191 

The Duhamel formula (in other words, D"^) introduces a Hilbert transform in the normal direction to the 
light-cone. The following lemma is of this type. 

Lemma 2.20. Let rj be a smooth function on M such that < r] < 1, rj{u) = \ on —1 < u < 1, 
supp(77) C [—2, 2], and rj' [u) > on u < 0, and rj' [u) <Q on u> Q. Define rj^{t) :— X[o,oo)V{t/F) f^f each 
T>1. Then, with x := X[o,oo)V' , 

(2.41) ^(^) = _l(£(Tr) + l) 
In particular, rj^ir) = arj^{aT) for all < a < 1 and 

d 



V^ir)\<\r\-\ |^^?(r)|<|r| 



-2 



Moreover, let ji ~ ji^r) be a smooth function on [—1, 1] with /i(0) = 1 and ji > 1 on [—1, 1]. Th 

sup Ivri^) - ''1tM'^)'^)\ < C'IIa^'IIoo 

\r\<l 

with an absolute constant C. Finally, if T' G [T/2,2r], then 

- < CTmin (l, (T|t|)-i«") 

with a constant C that only depends on x- 



en 
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Proof. Integrating by parts in 

^(r) = J e-'™?7+(u) du 

yields (|2.4ip . In particular, 

|5M|<M"'niin(T|r|,(T|rri°°) 
and similarly for the derivatives. Next, write 

4ir) - 4{f,{r)r) ^ ^-{xiTr) + 1) + ^^(x(rM(r)r) + 1) 

IT lfl[T)T 

In view of our assumptions on fi, 

|r-i(l-M(r)-i)|<||A^'||oo 
and similarly for the terms involving xC^^) ■ The final statement is an immediate consequence of (|2.4ip . □ 

The following representation of waves D^^F with F a null-frame atom will be useful in several instances. 
Hence, we state it as a separate fact. 

Lemma 2.21. Assume that F G N[0\ is a wave-packet atom, i.e., F = F'^ = X^KSCf with 

E II^«IInfm < 1 

K^Ce 

for some £ < —100, see Definition \2.9[ Then 



admits a decomposition of the form 

(2.42) = n-iFi + E / + B--- ^« 



where \\Fi\\j^ij^2^ < 1 and 



with an absolute constant C whence 



sup |li?.,a|Ur. < E / ll^lall ^0.1,. da < C\\F, 

K,a ^^-^ J Aq 

sup E( / \\n.a\\.o.i.day<l 



k|1nF[k] 



Finall^, for j = 1,2 

(2.43) supp(*^K,a) C Csupp(^;), supp (5,^7*2^^) ^ Csupp(^;) 

for all a and k, and some absolute constant C . 
Proof. As in the proof of Lemma 12.191 we first write 

Xr+ = P>2i{x^+) + -P<2^(xr+) Xi + X2 
Then Fi := xiF satisfies H^iUlJl^ ^ Ij see (|2.40p . On the other hand, F2 := X2F is again a wave-packet 
atom at essentially the same scale as F, i.e., F2 ~ TliKeCt ^« with 

E ii-^«iinf[k.] < 1 

Define <& := □^^i^2- Then $ = limr^oo 'I't.k with 



sin((t-,s)|V|) ~ 
$t,k(0— y Ti^it- s)F^{s)ds 



^Here cE denotes the dilation of the convex set E about its center of mass by the constant c. 
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It suffices to prove that 



where 

sup sup ||Bt.k, alloc < 1 
T>1 a 

and 



(2.44) sup sup / ll^'^j.^JI .0.1 ida< II-Fk 

both uniformly in k. 

Fix K G Ci and = € S'"'^ \ (2k) so that 



"k|1nF[k] 



As usual, we foliate relative to t^^. More precisely, define 

fa{xuj) = Fi^{{t, x){a, x^)) 

where = a means that 

(i,x)(a,X(j) := a0+ + 

By Lemma [221 

(2.45) supp(/a)cn^({(r,0 : |^| ~ 1, C e |r - |^| | < 2^^}) i?,,,. 
Let {t^,Xi^) denote the null-frame coordinates. Then 

(2.46) r-\i\^^^^{T^-h{i^)) 

where H := ■ 9^ and, with IC^p = (^i )2 + (^2)2^ j^^^g ^^^-^ Moreover, |^i| - d(a;, k)^ and 

1^2 I < (l{uj, k) by elementary geometry (cf. Lemma [2761) ■ We define 

PK,c./:=.F-i[xii.,J^^)/(T„,Cc.)] 
where Xfl„ „ is a smooth cut-off adapted to the rectangle XR^ ^ in the (^j^-planc. Furthermore, we set 

Ql,J ■■= .F-i[mo(2-J--^rf2(K,c.)(r^ - /i(ec.)))/(r.,^c.)] 
By construction, Pk.uiQ1c2I u) i^ essentially the same as P^.kQ<21^ see Lemma [2.61 In fact, one has 

and Pk,wQ<2£ is disposable. Clearly, 

where 

<fT,«,a(i) ^«,.Q^2,,. 1" sm((^^^g)|V|) ^+^^ _ ^^^^^^ _ ^^^^ 
Then $T,K,a = -Po,CKQ<2£+c*r,K,a and 

(2-47) <^T,.,a - ^-'[{vi{r~m-4m+r))e-''--'^fa{U] 

We claim that the contribution of |?7^(|^| + t)\ <1 to (I2.47P can be added to ^'-^ ^ ^. In fact, 

\\Q<2i+C •^"MO(l)e—-''Xfl.,Je.)/a(eJ] II .0.^.1 

(2-48) <2imo(2"2^-^(r- |e|))xi?.,„(C^)/a(CJ|L.^. 



<2''d{u;,K)-^\\fa\\ 



L2 
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which is better than needed. To pass to the final estimate here we used Lemma [2.61 especially (|2.27p : 
the latter estimate can be applied for fixed t, since then = ^^(^jt). Next, we split the contribution of 

^rd^l ~ ■'') to (|2.47p into several pieces. Since — h{£_^) = imphes that 
where ei — (1, 0, 0), one has by Lemma B. 201 

(2.49) 4{r - lei) - 5(^(r. - M^J) = 0(i) = 0{d{u;, n)-') 

In view of (I2.48P (which gains a factor of 2^^ < k^), the contribution of (p:!^!) to (I^T7)l can again be 
added to ^'^.^.a- Set 6 = b{^^) = -^1^. Furthermore, set bo where e i?^,^ is fixed, cf. (H^Hl). 

In view of Lemma 12.201 

(2.50) = 6-N'+;(r. - MCc.)) + 0[T min(l, (r|r - 1^11)-^"°)] 

where we used that b ^ Bq on Rn.uj- The computation from (|2.48p above now shows that the O(-) term 
in (|2.50p can be added to ^ . It therefore remains to analyze the contribution of the first term in (|2.50p 
to 11371). Define 

where 2^~^^d~'^{K,uj) —: A (recall that mo is even). On the one hand, ||i?T,a,K|| < |l"^o|li and on the other 
hand. 

By inspection, the Fourier support of « a ^^^^ ^^^^ -Bt.o.k^t k a ^'"^ larger than that of the 
original wave-packet (up to a dilation by a constant). Finally, by a calculation similar to (I2.48p . 

ll*T...all .0.1,1 < \\^-' [S{r^ ~ HU) ^e"^''«-)'^Xfl„,. (ec.)/a(?.)] II .04,, 

< d(u;, At)2 limsup \\T-'[Mrj{M{T - m ^e-M?.)a^^ (^^)/^(^^)]|| 

<d(u;,K)-i||/a|U2 

This concludes the proof of the lemma. □ 

In passing, we now prove the analogue of Lemma 12.151 for null-frame coordinates, which then gives 
CoroUarv 12 . 161 for the N[k] spaces. 

Corollary 2.22. For all F E N[k] and all j G Z one has \\Q<jF\\]y[k] < C'||-F'||Ar[fc] with some absolute 
constant C . 

Proof. This is clear if F is cither an energy or a ^'''''-atom. Therefore, suppose that F = X^k^k ^ 
wave-packet atom with fc = 0. It suffices to prove that 

\\Q<jFK,\\-NF[K] < Clli^KllNFM 

This in turn follows from 

(2.51) \\Q<jF.\\lIli^ < CWF^hlLl^ 
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which holds uniformly in uj E \ (2k). Fix such an uj and apply Plancherel's theorem in x^j- By ()2.46p . 

where for our purposes here J-2 refers to a partial Fourier transform relative to the second variable x^j. In 
view of ICil d{uj,KY, 

\T2Q<jF^{tu.,^^)\ < I j mo(^2-^^^^TS)e'^-^'--'-UTj\\T2F^{s^,^^)\ds^ 

<Vd(uj,>i)-^ j {Vd{iu,K)-^{t^~ s^))\T2F,{s^,i^)\ds^ 

Performing an _L| estimate followed by an bound yields (|2.5ip . □ 
Finally, there is the following simple fact that will play a role in the proof of the Strichartz component 

of I! • l!s[fe]- 

Lemma 2.23. Let akm > for all 1 < m < M and 1 < k < K . Suppose X^i^i ^fem < cr for all k where 
CT > is arbitrary. Then 

K M 1 
k=l m— 1 

for allO<e<l. 

Proof. Denote the sum in ()2.52|) by S. On the one hand, 

K M 

5 < ^ ^ Ofc™ < aM 

k=l m=l 

On the other hand, 

K M 



(2.52) ( E 



fc=l m=l 

and the lemma is proved. □ 

Now we can state the main energy bound. We begin with the easier elliptic regime. 

Lemma 2.24. Let F be a space-time Schwartz function which is adapted to k Z,. Assume furthermore 
that F — L'^F and set (j) :— O^^F , which is defined via division by — on the Fourier side. Then 

\ms[k] < \\F\\N[k] 

with an absolute implicit constant. 

Proof. We may again assume that k = 0. We then need to prove that 

(2.53) ||(/)||^o,i-.,. <min(||i^Lii.,||^^|j^o.-i-.,.) 

since, as we observed after Definition [2131 the norm on the left-hand side dominates the other norms which 
make up |j • \\s[k]- If we select ||F|| ^o,-i-e.2 on the right-hand side of l|2.53p . then this inequality is obvious. 
On the other hand, if we select ||i^||LiL2 , then one concludes via Bernstein's inequality in time. □ 

Next, we deal with the hyperbolic regime. 

Proposition 2.25. Let /c G Z and suppose 4>t),4>i are Schwartz functions in which are adapted to k. 
Further, suppose F is a space-time Schwartz function which is adapted to k, and which is moreover hyper- 
bolic, i.e., F = IF. Then the unique smooth solution of 

DcP^F, (0(O),9t0(O)) = (0o,</'i) 

satisfies 

(2.54) ll'/'ll5H<ll('^o,<^i)IL2,^-. +||F|U[,.] 
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with an absolute implicit constant. 

Proof. By scaling we may assume that fc = 0. We first assume that F = 0. Then 

Consequently, (|2.54p follows from (|2.2ip upon sending T ^ oo. 
Next, we assume that 0o = 0i = 0. By the Duhaniel formula, 

sm{{t-sm) 



m 

In other words, we need to show that 

sin((t-.)|V|) 



F{smds 



X[o.oo){s)F{s) ds 



S[0] 



< IIFI 



N[0] 



In view of Lemma |2.19[ we may remove the indicator function X[o.oo)(i) = Xr+(0 the left-hand side. 
This is where we use that F — IF, but after this point we may no longer assume that F = IF since Xr+F 
loses this property. 

The goal is now to prove uniformly in T > 1 



(2.55) 



/OC 
sm{{t - s)|V|)?7^(i - s)F{s) ds 
-OO 



S[0] 



< \\F\ 



N[0] 



where ?7^(u) ri{u/T)xm+{u) is a bump function as specified in Lemma 12.201 Denote 



(2.56) 



sm{{t - s)\V\)rj+{t - s)F(s) ds 
Then the space-time Fourier transform of (f) equals (up to a muhiphcative constant) 

(2.57) ?(r, = - lel) - 5(t + |^|))F(r, ^ 
whence, by Lemma [2.201 

(2.58) i^(t,oi < (|M-ieirVi<io] 

and thus also 
(2.59) 



T \[|r|>10] 



)\F{r,0\ 



ll<3<O0ll . 0,1, OC. + ||Q>OV^|lx 



N[0] 



from ()2.32p and Lemma 12.241 By Lemma 12.41 it suffices to assume that F is either an energy or a wave- 
packet atom. Moreover, in each of these cases the X'^'2'°° and X°'^~^'^-components of the S[k] norm of 
(j) can be ignored due to (|2.59p . Moreover, since the X^'^^^-^-norm controls the entire 5[0]-norm in the 
elliptic regime, it suffices to consider only Q<a(f>. 

In case F is an energy atom, i.e., < 1 standard X'''^ and Strichartz norms for the wave equation 

bound the norms in (|2.13p and (|2.14p . see Lemma [2.21 We are therefore reduced to bounding (|2.15p . for 
which it suffices to verify that 

sup sup sup ||Po,Ki9<2£sin(i|V|)77j(t)/|| . , < ||/||i2 

f<-100T>l kECi ^ ' ' 

for any / which is 0-adapted (the case of being analogous). We can ignore the further localization to 
the rectangle R due to orthogonality, cf. (|2.15p . The Fourier transform of the function inside the norms 
on the left-hand side is 

where Xk is a cut-off adapted to the cap k. The contribution by fy^d'CI +''') is controlled by (|2.19p . As for 
?7^(|^| — r), one needs to show that 



|[,y+*22^mo(22^.)]Po,Ke^*l^l/| 



S[0,k1 



< 



1/11 
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However, since the term in brackets is a bounded function uniformly in ^, one can again apply Lemma [2^ 
Now assume that is a wave-packet atom, i.e., F = X^kgc^ with 



(2.60) 



2 

NF[, 



< 1 



KGCe 



where the have the wave-packet form as specified in Definition 



\PrQ%21'-c '?^IIs[0,k'] 



We need to show that 
< 1 



(2.61) sup sup sup ( 2_, 

± i'<-im e'<m<o ^ r— ^ o^-n 

We first consider the case £' < £. Lemma [2.111 implies that it suffices to assume that £' = £ and to show 
that, uniformly in k e Cf, 

ll'/'K||s[0,re] < C'I|-P'k||nF[k] 

with an absolute constant C where 

poo 

am((t - s)|V|)r/J(t - s)F„(s) ds 

> 

However, this follows immediately from Lemma [2.211 applied to 0^, the stability property (|2.16p . and the 
imbedding ^J^; note that the term n-^Fi in (pii^ can be ignored as it was dealt with in the beginning 
of this proof. Finally, the case £' > £ is reduced the to £' — £ by means of Lemma 12.71 (note that the 
Fourier-support of 4>k equals that of F„). 

It remains to control the Strichartz norms ()2.14p . Due to Corollarv l2.22( we may ignore the projection (5<j. 
We split the argument into two parts: First, we will prove the estimate 



(2.62) 



ceVo.e 



e±^(*-^)l^lF(s) ds 



2 

LfL° 



< 2^\\F\ 



N[0] 



for any F as in (|2.60p . cf. Lemma I^TT] Second, we take the r]^ cut-off as in (|2.56p into account which then 
yields the full result. This second step is done by an adaptation of the Christ-Kiselev argument and will 
result in the loss of a power 2^^ where 6 > can be made arbitrarily small. Lemma 12.21 reduces the proof 
of ((2:621) to the bound 



< IIFI 



N[0] 



/OO 
eT^-\^\F{s)ds 
-OO 

By orthogonality, it suffices to show that uniformly in k 

/oo 
eT-l^lF,(s)ds < inf diu;, n)-^F^\\r^. 

with F^ as in (|2.60p . By Plancherel, this is the same as 



|i^«(±ICU)| 



< 



diiu,Kr'\\F4 



Ll LI 



where we choose an arbitrary uj ^ 2k. As above, we may set = 5{tu] — t^^'')fK,{x^) where t)^' G K 
is an arbitrary number and /«, G L^^ is an arbitrary function whose Fourier support is contained in the 
projection of the Fourier support of onto the i^j^-plane. This reduces us further to the bound 



,(0) 



(2.63) 



llA(C-)llL?<rf(^,«)"'ll/K||L? 



9« 



where on the left-hand side we regard as a function of ^. By Lemma 12.61 the Jacobian obeys 

c?((jj,k)^^ which implies (|2.63p . This concludes the first step, i.e., the proof of (|2.62p . Note that our proof 
of (|2.62p applies to any F which can be written in the form F = ^^Fk. provided F,^ satisfy 



supp(i^«,) c {e e 
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In other words, one does not need any condition on the modulations of Fk- This fact will be most important 
for the remainder of the proof (since we will need to multiply F by cutoff functions in time) . Our next 
goal is to establish the estimate, with 6 > arbitrarily small, 



(II f°° 2 \ 2 

J2 \\P^ e^'^*-''>\^\r)+{t-s)F{s)ds ^) <2^^-^'>^\\F 



\N[0] 



for any F as in (|2.60p but without any restriction on the modulations of each F^ ■ For the remainder of the 
proof we will fix such a Schwartz function F. Moreover, || • |p without any subscripts will mean the sum 
in (|2.60p . As mentioned before, we prove p.64p by an adaptation of the Christ-Kiselev lemma. The latter 
does not apply directly since the null-frame norm in (|2.60p is not of pure Lebesgue type. We make the 
following preliminary observation: the map '■— WxeFW^ is a cr-subadditive set function on the Borel 

sets of M; here xe — Xsit) acts only in the time variable. To prove this, let {Ej} C K. be an arbitrary 
collection of disjoint Borel sets. Then 





K j 


> inf d(uj, 

K 


«)-'Eii:^^^.^-iiiL^L 

j 


> inf diui. 


^)"'(Ell^^^.^«lliLiL)' 

j 


> inf d{uj, 




E P^fi NF[k 





as claimed. In view of this property it suffices to prove p.64p for F which are supported on interval^ 
of size T in time and we may also replace r]^ by the indicator X[s<t]- We now perform a Whitney 
decomposition of the triangle 

At {{t,s) : Q<s<t<T} 

by means of squares (we have shifted the support of F to be contained in [0, T]). This yields finitely many 
disjoint squares of the form 

Q ■— ^Im,n X Jm,n}n>Q, l<m<M„ 

with intervals Im,m Jm.n such that < 2" and 

n>0 l<m<2'» 

\Im.n\ = \Jm.n\ = ^2-" V 1 < m < Af„ , n > 

dist(/„,„ X J„,,„, {s = t}) e (r2""/10, 10r2"") V 1 < m < M„, 71 > 

We call any two intervals /, J of length T2^" related provided I x J G Q. Note that any / can be related 
to at most 20 of the J intervals. To each n > we now also associate 2" pairwise disjoint intervals 
{Jm.n}i<m<2" which partition [0,r] and with the property that 

fJ-{Jm.n) ^ KJrn' .n) V 1 < TO, to' < 2" 

The subadditivity of /i implies that fJ,{Jm,n) < 2^". Finally, we introduce an auxiliary function $ which 
is piece-wise linear, strictly increasing on [0,T] and which has the property that $(Jm,ri) = Jn 



^Strictly speaking, one would need to choose something hke lOT here to accommodate the support of rj^, but we ignore 
this issue here. 
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of all these properties 



2 



Applying Cauchy-Schwarz to the sum over n allows one to bound this further as 

ceVo.in=0 m=l '' ~°° 

OO 2" „t 

(2.65) <E(1 + ")' E (Ei^W e±'(*-^)l^lxj_(5)F(s)ds 



2 



n— c6^X>Q £ m— 1 



Label the disks c G I?o/ by {cfe}^^]^, K '--^ 2 , and denote for fixed n, 



Pr. 



Pr. 



O 



The previous bound now takes the form 



E i^^ 



K 2" 



' ' ^ ri=0 fe=l m=l 

In view of (j2.62|) (and the remark at the end of its proof concerning time cutoffs) 



K 



^flfem^n < 2'\\xj^^^Fl = 2V(Jm,«) < 2^2"" 



k=l 

By Lemma [223] with a = 2^-", Af = 2", if = 2-^'^, 

E(E«L,„)^<2(^-^)^2-^" 

fc=l m=l 

for any < S < 1. In view of (|2.65p . one obtains (|2.64p . 



□ 



As a simple corollary, we now obtain the following continuity result. Recall that the norm of S[k] can 
also be defined for non- integer k, cf. (|2.18p . The continuity in k is not obvious due to the various Fourier 
multipliers in (|2.14p and (|2.15p over infinitely many scales. 

Corollary 2.26. Let (j> be a Schwartz function in M.^^"^ which is adapted to k (eM.. Then 



lim I 



\S[k+h] 



\S[k] 



Proof. By 

A"^||0(A"^-)lls[fc] = ll'/'lls[fe+log2 A] 

It therefore suffices to note that by the energy estimate 

\>^-'m>^-'-)\\s[k]~ms[k]\ < iiA-v(A-^-)-0ii5w 



as A ^ 1. 



< ii(A-v(A-i-) - mmL^.H-^ + iin(A-V(A-^-) - mNik] 

< ||(A-V(A-i-) - mh^.H-^ + ||n(A-V(A-i-) - mLiH-^ - 



□ 
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2.4. A stronger S'[fc]-norm, and time localizations. The energy estimate of Proposition 12.251 and 
Lemma 12.241 can be summarized as tire statement tlrat ||0||5[a;] ^ III '/'III 5 [fc] wlrere 

(2.66) \ms[k] -.^MLrLi + imiNik] 

for any space-time Sclrwartz function wlricli is adapted to /c G Z. To see tlris, one estimates 

H\\s[k] < ll^0lls[fe] + ll^^'^llsw 

< ii((/0)(o), {dtrnmh^^H^ + wi^^Nik] + ii/^n^/'ikw 



< 



^ + I|n0l|jv[fe] = lll0llls[fe] 



To remove / from the riglit-liand side here one uses CoroUarv l2.22l 

We shall henceforth use this stronger norm and the resulting smaller S'[fc]-space. We introduce this norm 
because it leads to an improvement over the bilinear bound (|2.30[) in the case of high-high interactions, see 
Lemma 14.51 below. This improvement reflects a smoothing effect of convolutions of measures supported on 
the light cone. It thus cannot be obtained using the S[k, k] norms alone, since (I2.30p is based on Holder's 
inequality 

LlLZ-Lr^Ll^^L',Ll 

which does not allow for any gain in regularity. It will be essential to note that Corollarv l2. 161 still applies 
to the stronger norm ||| • |||: 

Lemma 2.27. For all (j) which are adapted to k €L Z and all j € 1j one has |||Q<j"?!'|||s[/£] ^ ^l\4'l\s[k] with 
some absolute constant C . 

Proof. This follows immediatelv from Lemma [2T5l and CoroUarv 1 2.221 □ 

Another property which the stronger norm inherits is that it is finite on free wave, cf. Lemma l2.4l More 
precisely, for any which is adapted to k and satisfies (j) = Q<k4>i 

U\\s[k\ = U\\LrLl + \P^N[k] 

< \mLrLl + \\Ocf>\\ < II0I1 .0.1.1 

As in [22], one needs to allow for time-locahzed versions of S[k], both relative to the original || • ||s'[fc], as 
well as the stronger ||| • |||-norm. This has to do with the fact that the we need to derive apriori bounds in 
these spaces for Schwartz functions ipa which satisfy ()1.12p - ()1.14p on some time interval [—T,T]. Since 
the norms of the S[k] and N[k] spaces are defined in phase space, one cannot simply define these norms 
by time truncations. Rather, one proceeds as in [5S] and [22] by means of Schwartz extensions: with tp 
and Tp both Schwarz functions, and T > 0, 

IIV'lls[fc]([-T,T]xR2) := _ inf WPk'ipWsik] 

^2 gj-j i'\l~T,T]=i'\l-T.T] 

IIIV'llls[fc]([-T,T]xR2) := „ inf lll-PfcV'llls[fc] 

ij\l-T,T]=i'\[-T,T] 

It is easy to see that the triangle inequality holds for these expressions and that they are actually norms. 
Moreover, it is clear that these norms are nondecreasing in T. Following [23, we now verify that these 
norms are continuous in T. 

Lemma 2.28. Let tp be the restriction of some Schwartz function xpQ in 'E}^'^ to the time interval [—To, Tq] 
where Tq > 0. Then 

IIV'lls[fc]([-T,T]xR2) and |||V'llls[A:]([-T,T]xR2) 

are nondecreasing and continuous in <T < Tq. 

Proof. The definition of S[k] with respect to cither norm can be extended to non-integer k. Given T > 0, 
let |e| be very small and set A :— Then 

\\Pk1p\\s[k](l-T-e,T+e]xR^) = II A:+/j'0A || 5[fe+H([-T,T] xR2) 
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where /x := logj A and "ip^i^y ■— AV'(At, Aa;), and similarly for ||| • |||. Clearly, for e > 0, 

|l|-Pfe^||s[fc]([-T-e,T+e]xR2) - ll-PfcV'll S[fc]([-T,T] xR^) | 
= \ \\Pk+tj,ij\\\s[k+ii]([-T,T]xR^) - \\Pki'\\s[k]{[-T,T]xR^)\ 

< \ \\Pk+tj.i^\\s[k+p.]{[-T,T]xM^) - l|-PfcV'lis[fe]([-T,T]xR2)| + || -Pfe+p (V' " V'a) |1 S[fc+;i]([-T,T] xR^) 

By the energy estimate, 

\\Pk+^,{1lJ - '4'x)\\s[k+^,]([-T.T]xR■') < \\Pk+t,{ip - i'x)\\s[k+p.] 

< ll(^ - i^xMh-xH-^ + W^Pk+M " M\\Nik+^] 

< ll(^ - i^xMh-xH-^ + \\OPk+M - V'A)|liiH-i(Ki+2) ^ 

as A ^ 1. By Corollary 



which implies that 



\un\\Pk+^'^p\\\slk+^l](l-T,T]xR^) = ||-P/cV'lls[fe]([-T,T]xR2) 



^lim^ l|-PfcV'lls[fc]([-T-£,T+e]xR2) = \\Pk1p\\slk]{l~T,T]xR^) 



as claimed. The case of T = follows directly from the energy estimate. The case of ||| • ||| is essentially the 
same. □ 

We define localized A^[fc]-norms similarly, i.e., 

M\N[k]{[~T,T]xR-^) := ^ inf \\Pk'4>\\N[k] 
V'l[-r,r]=i/'l[-T,T] 

for Schwartz functions. In particular, one has a localized version of (|2.66p 

lll'/'llls[fc]([-r,T]xR2) := ||0||l2(/:L2(R2)) + \\04>\\N[k]{[-T.T]xR^) 

Furthermore, later we will also need localized norms on asymmetric time intervals [— r',T] for which the 
results here of course continue to hold. 

2.5. Solving the inhomogeneous wave equation in the Coulomb gauge. Consider the wave equa- 
tion (|1.14p . i.e., □V'a = Fa- Here Fa is a nonlinear expression in i/j, but we will not pay attention to this 
now. In the sequel, we shall require apriori bounds on ipa in the ^[/cj-space. To do so, we reduce matters 
to the energy estimates of Section [^751 as follows: writing (suppressing a for simplicity) 

□V' = + I^F 

one concludes (with both -ip and F global space-time Schwartz functions adapted to frequency 1), 

(2.68) ipit) ^ S{t-to){Iip)[to]+ [ U{t^ s)IF{s)ds + a-^PF 

J to 

where the final term is obtained by division by the symbol of □, and the first two terms represent the free 
wave and the Duhamcl integral, respectively. Note that the first term here implicitly depends on all of ip, 
not just tplto], and so in order to actually obtain a bound on \\tp\\s, one needs to implement a bootstrap 
argument. Specifically, assume that we apriori have a bound on 

IIV'l[-To,To]l|s 

for some To > 0. Also, assume that we define / — '}ZkeiPkQ<k+c where 2^ :$> T^^. Then, using the 
energy estimate from Section 12.31 we claim that 

(2.69) \ms<T,-'M[^To.To]\\s + \\F\\N 

where the implied constant is absolute (the Tq^ here comes from the time-derivative in the initial data). 
Indeed, this follows from 

(/V)N = (/(X[-To,To]V'))N + (/([I - X[-To,To]]mto] 
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and 

, min ||((/([l-XhTo,To]]V')))NllL2xH-i « Ms 

tot|— -lOj-IoJ 

The above energy inequality then foUows immediately. 

It is apparent that in order to use this energy inequality, one needs to establish an apriori bound for ijj 
on a small time interval [~To,Tq\. In fact, in later applications we will always split the estimates for Pkip 
into the small-time case \t — to\ < £i2~^ and the large time case \t — to| > £i2^^ (with a small Si that is 
determined by the specific context - this then requires the constant C in the definition of / to be large). 
In the small time case, the necessary apriori bound is derived from the div-curl system p.l2p . (|1.13p for 
the gauged components. This information is then fed into the large-time case as described above. 

3. Hodge decomposition and null-structures 

Here we introduce the actual system of wave equations for which our S and A^-spaces allow us to deduce 
apriori estimates. From the discussion at the very beginning, we recall that the Coulomb components V'a 
satisfy the system (|1.14p . which has the schematic form 

(3.1) nVa = idl'liPc.Ap] - -f 
where Afj denotes the Coulomb gauge potential 

This system in an of itself does not appear to lend itself to good estimates, and to overcome this we have to 
use a key additional feature, namely the fact that the flow of (jl.l4p preserves the div-curl system (jl.l2p . 
(jl.lSp in the obvious sense: if the tpa at time t = Q are the Coulomb derivative components of an actual 
map, whence (I1.12p . (|1.13p holds at time t = 0, then the corresponding solution of (|1.14p satisfies this 
system on its entire time interval of existence. The div-curl system allows us to decompose the components 
il)a as the sum of a gradient term and an error term solving an elliptic equation, see (ll.lSp . Thus we have 
schematic identities of the form 

Substituting the gradient terms introduces the desired null-structure. The present section serves to make 
this decomposition of the nonlinear source terms precise. We now describe this procedure for each of the 
three terms on the right-hand side of (|3.ip . First, define dj^ :— A"^9j and 

Q0,(V',V') = Rp^/j^Rj^/j^ - R.i^^Rp^/j^ 
QpA^^x) = Rp^\] - Ri^\l 

QpAx,i^)=xlR3i^^-x]Rpi>^ 
QpM.x)-x\x)~x)xI 

Then, adopting the Einstein summation convention, 

(3.2) id^{^^Afi\ = i9''[V'a/^5-iQ^,(V,V')] +«a^[^a/a7iQ^j(V,V')] 

+ *a'3[^,57iQ^,(V,x)] + *5''[V'a97'Q«(x»] + *9''[V'aa-iQ;3,(x,x)] 

The two main terms here are the trilinear ones in -0. We introduced the modulation cutoff / in front 
of Qpj since the two resulting expressions are estimated differently: for the first, one uses a trilinear null- 
form structure, see ()5.39p below, whereas for the second the bilinear null-form Qpj suffices. Note that the 
other three terms involving x are quintilinear and septilinear in ^/;, respectively, due to (|1.16p . These are 
discussed in greater detail below, under the heading "higher order errors" . 
Next, 

-id^\i,fiA^\ = ~id^\i,pd-^Q^,{^,n-^d^\i'pd-^Qo.o{i'.x)\~^d^\^sid^^Qo.o{x,n 
-id<\i,pd-^Q^,{x,x)\ 
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The x-terms need to be decomposed further, whereas the main term here is again the trihnear one in -0, 
which we now rewrite as foUows: 

(3.3) ~id''[iPpdj^Q^,{'4>,4')] = -*a''[^^9-irQ„,(V',V')] -«9''[#3-i/Q„,(V'»] 

The first term on the right-hand side wiU be estimated as is, whereas the second term now needs to be 
rewritten according to the Littlcwood-Palcy trichotomy, in order to make it amenable to our estimates: 

(3.4) = -*^Pfc5%a-i/P<fe-5Qaj(V',V') -iY,Pk^0 d-^IP<k-5d^Qc.j{i^,^) 

k k 

(3.5) - t d^PkiPykRpi' djHPykQaji^, n - * 9^Pk[P>kXp 5-i/P>fcQ„j(V, V^)] 

k k 

(3.6) - I Y d^[P<k-^R[3i> d-'lPkQcji^, n-iY d^[P<k-5Xp dJ^IPkQo^M^ V-)] 

k k 

The terms involving x ^re expanded further as explained below. For the first term on the right-hand side 
of p.4p one replaces d^ipp by the right-hand side of (|1.13p which leads to a quintilinear term. The second 
term can be estimated since the S'^-term falls on the small frequencies. 
Finally, the third term in (|3.ip is treated as follows: 

(3.7) W'Ap] - id^ W'PAp] + id^ 

The first term on the right-hand side of (|3.7p is estimated as is; in fact, it is essential that one does not 
perform the Hodge decomposition in the first slot since otherwise (3 — Q would create problems if has 
large modulation. For the second term, one needs to distinguish frequency interactions as before: 

(3.8) i9„[V/M/3] = I Y Pkdo.^^ d-'lP^k-sQpjii', V') + * 51 P'^'^" dJ^IP<k-^d^QpA^. V-) 

k k 

(3.9) + i Y do.Pk[P>kR^^d-^IP>kQpA^, ^)]+^Y. dMPykx" dJ^IPyuQ^i^, ^)] 

fc fc 

(3.10) + I Y 5a[^<fc-5i?''V' di'lPkQpji^'^ V-)] + « ^ <9„[-P<fc-5x'' d-'lPkQ0,{^, V-)] 

fc fc 

The x-terms need to be expanded further, see below, whereas the T/j-terms in p.9p and (I3.10p are estimated 
as they are. The second term on right-hand side of p.8p is expanded by means of the Hodge decomposition: 

(3.11) iJ^Pk^^ dJ^IP<k-5dMpj{i>,^) ^i^PkR^^ dJ^IP^k-^dcQuM^^) 

k fc 

(3.12) a-i/p<fc_5a„Q0,(^,V) 

fc 

The trilinear estimates of Section [5] cover p. lip , and p.l2p is handled below] . Finally, the first term on 
the right-hand side of p.Sp is rewritten by means of (|1.12p : 

(3.13) i Y Pkdo.^^ dJ^IP^k-^Qpoii'^ i')=^Y Pk^Nja 97'/P<fc-5Q«(V', ^) + quintilinear terms 

fc fc 

where the quintilinear terms arise by using the curl identity for dai/j^ — d^i/ja into this expression. Note 
that we have switched the derivatives da and dp. 

We still have to explain how to deal with the higher order terms involving at least one factor of x- 
Higher order errors. 

Note that these arise in two ways: first, we generate errors by replacing the Gauge potential Ap in 

id^i^PaAp] 

by a Qpj{ip, ip) null- form, and similarly for the remaining types of terms 

id^i^PpAa], idai^p^Ap] 
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Wc shall call the higher order terms generated by this process (and later further Hodge decompositions 
applied to them) of the first type or kind. 
Second, we generate errors of the schematic form 

and we call these together with all the terms generated by them upon applying further Hodge decomposi- 
tions of the second type or kind. For simplicity, we omit frequency localizations in the ensuing discussion. 
Considering the errors of the first kind, these are of the schematic form 

where we recall from the very beginning, section 1, that 

x = v-Mvv-i(V')], 

whence the above terms may be thought of a quintilinear and septilinear. Now as they are written, we 
cannot yet quite estimate these expressions, and we need to introduce more null-structure, by expanding 
the V"^('^^) in 

x = v-Mvv-^(V')], 

into a Qi/j-nuU-form as well as even higher order error terms. To keep track of things we associate an 
expansion graph, i.e., a simple binary tree with the expressions generated: represent the original terms 

by a simple node, and whenever we replace one of the factors in the (schematically written) 

by the corresponding x, we draw a downward edge pointing left or right corresponding to which factor we 
replace. We can now exactly speciiy the full expansion of the higher order errors of first type: 




Figure 3. An example of an expansion graph 

Precise description of expansion for errors of first type: 

keep applying Hodge decompositions to the inner V~^(V'^) in all factors 

x = v-Mvv-^(V')], 

generated until the associated expansion graph has a directed subgraph of length four. Then the process 
stops. Note that formally, the terms thereby generated are up to the 11th degree in tjj. 

Next, we apply a similar process to the errors of the second type. We represent the first such error, 
schematically given by 

Vx,t[xV-i/Q.,(^,V')] 

by a simple node, and whenever we apply a Hodge decomposition to one of the factors of V~^(V'^) in 

x = v-i(VV-i(^^)) 
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we draw a downward edge pointing left or right, thereby generating an associated expansion graph. Then 
we have 

Precise description of expansion for errors of second type: 

Keep applying Hodge decompositions as above until the associated expansion graph has a directed subgraph 
of length three. Then the process stops. Again we generated a hst of errors of degree of multihnearity up 
to order 11 in ■(/). 



To summarize this discussion, we have now recast our system of equations in the form 

i=i 

where the superscript indicates the degree of muhihnearity of the corresponding term in and the leading 
cubic terms can be expressed as 

f3 ^id^ii^^ I'd;' Qp.it/j,^)] +18^0;^ Idr'Qpj{i;,i^)]~id^[tPpd;'rQa,j{ij,^j)] 

k k 



(3.14) 



i [P<k-^Rf5i> dj'iPk Qcj (V-, V')] + [i^^Pdj'Qpj (V', V-)] 

k 

+ i Y Pkd^^o. dj'lP<k-5QpM, V-) + * 51 ^fc^''^ d-'lP<k-5do.Qp,{^, V-) 

k k 

+ iYdo.Pk [P>kR^^ dj'iPyk Q/3j (V^, V-)] + J 5] 9a [P<fe-5i?''V' dj'iPk QpM^ V')] 



k 



Here it is very important to note that the second as weU as the ninth term on the right contribute a 
magnetic potential interaction term of the form 

(3.15) 2z Y Rkd^^c dj'lP<k^^Qp,{iP, V), 

fe 

the idea being that we interpret the low-frequency term d^'lP^k~5Qi3j{ip,4') ^ ^ magnetic gauge poten- 
tial. The main issue here is that these high-low interactions cannot be made small in general which creates 
problems for a bootstrap argument. Hence, in order to prove the core perturbative results in Section[9]we 
shall have to move these interaction terms to the left-hand side, i.e., build them into the linear operator. 
For later reference, we shall denote by -F^*^, k — 1,2, 3, those trilinear terms contributed by the first, second 
or third term in p.ip . thus for example, we write 



Ff = td''[ijpd-'rQc.j{ij,ij)]^iY,d''Pk[P>kRpi^d-'lPykQaj{i^,i^)] 

(3.16) 

- 1 J2 PkRp^ dy'iP<k-5d^'Q^j{^p, ^) - 1 5] d'^[P<k-5Ri3yj djHPkQo.A'^, 4>)] 

k k 

Furthermore, we denote by 

Ff (^^1,^2^3) 

the corresponding multilinear expressions. We also introduce frequency localized versions 

Ff (V'i;P<£;^2,V^3) 

in which one includes a cutoff P<£ in front of all instances of Qaj{il>2, ■03 )i similarly for other multipliers 
P<£ etc. 
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4. Bilinear estimates involving S and N spaces 

In this section we develop some of the required bihnear bounds. First, we present some bounds from 
S X S into L^^, in particular one which involves a gain in the high- high case and which does not appear 
in [5S] or [22] , see Lemma 14.71 below. This result allows for better control on products (pi (j)2 of S*- waves 
and will be most useful in the trilinear case. In addition, as in the aforementioned references we consider 
the case of 0i G S* and (j)2 G N. This section concludes with bilinear estimates for null-forms. 

4.1. Basic i^-bounds. To begin with, we present the following geometric lemma for cones, see [55] for a 
similar result. It will be used repeatedly. 

Lemma 4.1. Suppose 4>i,4>2 otr such that 

supp(0;)c{(e,T)||C|^2^^ ||e|-|r||^2^^} 

for j = 1,2. Let io,ko Cz 1i and assume that there exists jo G {0, 1, 2} so that 

(4.1) ijoXj+C Vje{0,l,2}\Oo} 

Then there is the following dichotomy: 

(A) Ifko = fcmax + 0(l), then 

(4.2) Pk,Qio{4>i<t>2) = Pk,Qio{ ^fci.K^i • Pk.,>..<t>2) 

where ki,K2 are caps of size C^^r and separation dist(Ki,K2) ~ r with 

^ ._ 2(^max-/c„„„)/2 

In particular, imax < fcmin + 0{1). 

(B) If ko < fcinax - C, then 

(4.3) PkoQio{M2) = PkoQio{Y.P^---'t'i^ ■ 

(4.4) + Y Pf^oQio ( E Pk^.^A"^ ■ Pk.,-.A''^ 



e=± 
■'-1-, 



the sum in (|4.4p runs over caps of size C with 

and with separation dist(Ki,K2) ~ r, whereas the sum in (|4.3p runs over caps of size r' where 2*^°^'^"""' < 
r' < I is arbitrary but fixed. The sum (|4.3p is empty if ^max < ^max — C and (|4.4p is nonzero only if 
^max < fcmin + 0{1). Finally, if (|4.ip fails, then the same representations hold provided r < 1 and one 
replaces dist(Ki, K2) ^ r with dist(Ki, K2) ^ r. 

Proof. We consider first the (H — h) and ( ) cases, i.e., when ti,T2 have the same sign. Then 

(4.5) 161 + 161-1^1+61^2^— 

whence 

and thus 



(l6l + l6l)'-|6+6P-2^— 



<(6,6)~2(^— 

Now assume further that feg = ^max + 0(1). Then it follows that 

<(6,6)~2(^--'=™)/2 

If on the other hand fco < ^max — C*, then ki = fc2 + 0(l) = fcmax + 0(l) and from (|4.5p . ^max = fcmax + 0(l). 
Furthermore, 6 = "6 + 0(2*''") implies that 

|<(6,-6)l-^^ = 0(2^-'=-) 
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Next, consider the (H — ) or ( — h) cases. Then 




Figure 4. Opposing (++) waves 



(4.6) 16 +61-1161-1611 -2^°- 

which imphes that 

16 + 6P - 1161 - I6IP - 2^— (16 + 61 + 1161 - 1611) 

or equivalently, 

(4.7) 2'=i+'^M^(6,-6) 2^— 
If fco = fc„iax + 0(1), then 

<(6,-6)-2(^— 

If, on the other hand, fco < k^avi ~ C*, then 

<(6,-6) - 2'^«-'=— 2(^'"--'='"'")/2 

and we are done. While it is clear that £max < fcmin + 0{1) if fco = fcmax + 0(1), some proof is needed in 
case fco < /cniax — C. Thus, suppose |6I > 161 whence 

16+61-161 + 161^2^— 

which implies that 

2feo+fei^2(^^ + 6,-6) ^ 2^— +^---'' 
since 2'=°+'=i - 2'=™+'="-, the claim follows. 
Finally, if (|4.ip fails, then (|4.5p turns into 

161 + 161 -16 +61 < 2^— 

which then leads to the claimed loss of separation between the sectors. However, their maximal distances 
are controlled by the same quantities as before. □ 

The special appearance of (j4.3p derives from the contributions of waves which lie on opposing sides of 
the light-cone. In fact. Figure 3 shows two vectors on the same half (i.e., t > 0) but opposing sides of the 
light cone. They add up to produce a wave of small frequency but large modulation, as described by (|4.3p . 
This is the mechanism by which nonlinearities can turn free waves into "elliptic objects". This phrase 
refers to functions whose Fourier support has large separation from the characteristic variety of □. Also, 
following Tao we refer to (j4.ip as the modulation imbalanced case, whereas its opposite is the modulation 
balanced case. 
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Remark 4.2. Lemma \^.l\ is optimal in the following sense: 

• Given £o<ko< -10 there exist S,i,^2 G M" with 1 < |$i|, |^2| < 2, <(6,6) ~ 2('^''+'=«)/2 ^nd such 
that 

16+61-1161-1611^2^" 
16+61^2'=° 

• Given £o < ki < -10 f/iere exist 6,6 e R" wi/i 2''^-^ < |6| < 2*^1, 1 < |6U6I < 2 and 



<(6,6) ^ 2(^«-'=i)/2 ^/jg^ 

161 + 161-16+61^2^". 



Our immediate goal now is the proof of Lemma 14.51 It is important to note that the improvement 
of 2'2 over (|2.30p which is obtained in Lemma [4.51 coincides with the gain for the case of free waves. In 
order to accomphsh this, we require three preparatory lemmas, all of which are well-known. The first is 
Mockenhaupt's "square function estimate" (more precisely, its geometric content), see [32], [33]. Recall 
that 9 = sign(T)6 

Lemma 4.3. Let k d Ci with dist(K, k) ~ |k| ^ 1 and suppose that Ti C Ci^ for i — 1,2 are partitions 
of K and k, respectively, by pairwise disjoint caps. Further, let r G (0, 1), /j, G (1,2), and define for any 
cap k' C 

T...^..:={(r,6 : \\^\ ~ n\ < r, B € n' , | |r| - |6 1 < l^'P} 

Set M, #J^,. Then 



(4-8) sup E Xr„,.,,„-+r.,„,„- , < Cmax(l, r(Afi + Afa)) 

where C is some absolute constant. 



Proof. Fix r G (0, 1), and /ii,/i2 ~ 1- Applying a Lorentz transform, one may assume that £ — —10, say. 
Also, suppose without loss of generality that £i < £2 whence Mi > M2. We first consider the case where 
rMi > 1. Fix (t,6 € such thai0 



K2S.F2 

Suppose with ki G Ti contributes to the sum on the left-hand side. Define a mirror-image T*^ ^ 

of 7^1, ^i,r by reflecting T^^^^^.r about the point (t, 6- Due to £ — —10 and the dimensions of the tubes T, 
the mirror images of all {7^j_^j_r}Kie.Fi have uniformly bounded overlap. The same applies with the role 
of Ti and T2 reversed. In conclusion, each T^^,^^,r can pair up with at most 0(l)-many 7^2,Ai2,r so as to 
give a contribution to (|4.8p . whence the bound of Afi for (|4.8p . To obtain the factor r improvement, we 
further note that due to fixed /^i and ^2 , only those contributions to (|4.8p need to be counted which derive 
from pairs (Zti,/ii,r, '?k2,m2,i-) which lie in fixed cylinders ||6| — Mil < * = 1,2. In terms of equations, we 
are given (cr, C) € and we need to consider the sets of {Ti,riUJi), i = 1,2 with oji E satisfying the 
transversality condition <{llJi,uj2) G [igo, 3^]' ^^^^ such that 

n + T2 = cr, rilVi + r2CJ2 = C 

\ri - ^i| < r, \r2 - M2I < f 
||ri|-ri| <22^S ||r2|-r2| <22^= 
It follows from the second, third, and fourth conditions that 

^lUJi + ^2^2 = C + 0{r) 

and since the circular arcs containing uji and lu2 are transverse to each other, they must be of lengths < r. 
Consequently, we can only count tubes which correspond to an r x r disk on the light-cone and of those 



^"The i- factor is a convenient modification that can be made due to scaling 
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there are at most rMi-many. In case rMi < 1, then the number of the allowed pairs is < 1 in light of this 
construction and we are done. □ 

Next, we present a standard bilinear bound for free waves. 

Lemma 4.4. Let K,k Cz Ci with dist(K, k) ^ \k\ :— (3 and suppose ni G k, K2 G k are arbitrary caps. Let 
r G (0, 1) and /ii, ^ 1- Then 

(4.9) ||e**l^l/i e±^*l^l/2|L.i. < ^ min{rPM,\M2\) II/1II2II/2II2 

provided 

supp(/i) c U e : e e Ki, m - Mil < r} 
supp(72) c U e : e e ±/«2, 1 1^1 - M2I < r} 



and the sign in the last sign is chosen to be the same as in ()4.9p . 

Proof. The proof reduces to the following well-known property of convolutions: suppose 

Ti :={(|^U)GK' : i & m ~ t^i\ < r} 

r2 :={(±|CU)GK' : i&±^2, \m-ti2\<r} 
Note that <(C,±?7) > (3 for any {\^\,^) e Ti and {±\r]\,v) e r2. Then 

(4-10) ll/crri *5c^r2llL2(R3) <(3'^^Jmm (r/3, |ki|, |k2|) ||/||L2(dari) ll3llL2(dCTrj 

where <Tri and are the lifts of the measure in to the sectors Fi , r2 on the light-cones. To prove (|4.10p . 
interpolate between L^ and L°°. On L^ we have the standard fact that * i^W < ||/i||||!^|| for measures 
and their total variation norms. This fact does not use the angular separation of the supports nor their 
sizes. On L°°, however, this separation and size are crucial and yield 

ll/fTn *5c^r2llL~(R3) < (3-^mm{r, |Ki|/3"^)||/||L=o(d<Trjli5lU°°(d<Tr2) 

assuming as we may that < \k2\- To obtain this bound, consider (5-neighborhoods of Fi and r2, 
respectively. In other words, replace dai by 

for small 6 > and observe that 

(4.11) limsup||d5f^ ^dS^'^^lli- < mm{r,\Ki\p-^) 

by elementary geometry. To pass from (|4.10p to estimates for the wave equation use Plancherel's theorem. 

□ 

We can now state the aforementioned improved bilinear L^ bound. The norm ||| • ||| is the one from (|2.66p . 

Lemma 4.5. Let be adapted to ki for i = 1,2. Assume further that we are in the high-high case 
ki — k2 + 0(1) and that <pi = Q<j+k-2ki-c4'i for i — 1,2. Then 

(4.12) \\PkQA<f>i^2)\\L^^Li<2^2'^\ms[k,]\ms[k,] 



for any j < k < ki + 0(1). Moreover, in the same range of j , 

(4.13) IIP 
for any a, = 0, 1, 2. 



(4.13) \\PkQARc.(i^lRp^-2~Rp(l^lRM\L-Ll < 2*2^|||0i|||s[fe^]|||</.2|||s[fe.] 
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Proof. We assume that fci — k2 + 0{1) = 0. At first, we also assume that fc < ~C so as to exclude the 
opposing (++) and ( ) waves in Lemma |4?T] We need to prove that 



(4.14) \\PkiM2)\\L-^Ll < 2-^(||(/l,.gi)IL.xH- + \\Fl\\N[k,]) ■ (ll(/2,52)IL.xij-^ + ll^^2|k[fc,]) 

for any fc^-adapted Schwartz functions fi,gi,Fi, i — 1,2 and 

(4.15) m = cos(.|V|)/. + + I 5^^fcM^.(.) ds 
We reduce this to three cases: 

(4.16) \\PkQj{M2)\\L^Ll < 2^ll(/l,5l)llL.xH-ll(/2,52)|li2,^-i 

(4.17) \\P,Q,{M2)\\lIli < 2'^||(/i,<?i)IL.,^-,||^^2|U[fe,] 

(4.18) \\PkQji^i<f>2)\\L-^Ll < 2^||Fi||^[,,]||F2||w[fe,] 

where the absence of terms on the right-hand side implies that the corresponding functions are zero (thus, 
Fi = F2 = in (|4.16p etc.) We begin with (|4.16p which follows easily from Lemma [4.31 To see this, we 
decompose (f>i into caps of size £ ~ (j + fc)/2 as in Lemma [4.11 Adopting the convention that ki ~ K2 
means that dist(Ki, K2) ^ 2^, and setting gi = .92 = for simplicity, one haJ"l 



\\PkQAM2)\\^Ll < \\PkQAPkun,'l^lPk....'l^2)\\L-^Ll 



K,i~K2 GC. 



< E E \\Pk^,.^Pc<l^lPk,,.,P-M\LlLl 

(4.19) < ^ 2^ll^fci,-i^c/ill2|l^fe.,«.^-c/2|L?L^ 

<2^|l/l||2||/2||2 

as needed. The estimate in ()4.19p follows from (14. 8|) since k > £. 

To prove (|4.17p and (|4.18p it will suffice as usual to assume that Fi are 7V[A:i]-atoms for i — 1,2. In 
fact, if F2 in (|4.17p is either and energy or an X'''''-atom, then one again reduces matters to the free 
case. Consequently, we may restrict ourselves to (|4.18p when both Fi and F2 are null-frame atoms. Using 
Lemma 12.111 to refine these null- frame atoms one can thus assume that 

(4.20) ^1 = E ^1 ^ E 

where f,£" < £. Again by Lemma [2.111 we can further assume that there exists a fixed c £ I?o,fc so that 
PcFi ~ Fi and P_c^2 = F2- Applying the same decomposition as in (|4.19p . fix ki ~ K2- In view of 
Lemma I2.21[ 

(4.21) = n-^G., + Y I (*«'.a + S.',a da 

k.'Ch:i 

(4.22) Pfe„«.02 = n-^G^, + I ($«",a + S.",a$^Jda 

where the functions on the right-hand side satisfy the bounds specified in that lemma. Moreover, the 
Fourier supports of the functions appearing inside the integral in (I4.2ip and (I4.22p satisfy ()2.43p . and 
they also retain the Pc and P_c localization property, respectively, due to the fact that k > £. We can 



^ ^Recall our convention about Pf^. „ which takes the sign of r into account. 
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ignore the terms involving G^i and Gk,^ as they are reducible to free waves. For simplicity, we also set 
^/t' a — ^k" a = 0- Plancherel's theorem and Lemma l473l 

||-Pfel,Ki01-Pfe2,K2 02||L?L? 



< ^l + 2fe(Mi+Af2) \\Pk^,.'4>lPk,,.'42\\ 

where Mi = 2^"^ , M2 = 2^^^ . On the other hand, Lemma 14.41 implies that 

|l-Pfei,K'01-Pfei,K"02||L?L2 



< 2^ " Y mm 
5-, 2~^\/ mm 



(2fe+^2^',2^") / ||*?,J| .0,1a ll*K",J|. 0,1.1 rfad& 



(2'^-+^2^',2^")I1^.'IInfmII^^«"I1nf[."] 



One checks that 
whence 



l + 2fe(Afi +M2) 2^%/min(2fc+^2^',2^") < 2" 



k" IInf[k"] 



In conclusion, 



ffcQj (0102) II L?L2 < X! ll-ffeiAi01-Pfe2,K202||L?L2 



^2"-" E E E ii^-ii^p[„,]ii^'^"ii^F[."] 

K CKI K CK2 



fc-f 

< 2~ 



^' |InF[k.'] 



E 11^' 



k"IInF[k"] 



(Eii^- 

as desired. This concludes the proof of (|4.18[) for the case of null- frame atoms Fi,F2. As indicated, the 
other cases are easier since they can be reduced to free waves. 

Finally, if fc = 0(1), then the proof is easier. In fact, it follows via a cap-decomposition from the basic 
bilinear bound (|2.30p . We leave those details to the reader. 

The second bound (|4.13p follows by the same argument. The only difference from (|4.12p lies with an 
additional gain of 2^ which is precisely the size of the angle in the above decompositions into caps. □ 

Later, we shall require the following technical variant of the previous bound. 

Corollary 4.6. Under the assumptions of Lemma \4.5[ for any j < k < ki + 0(1) and any tuq < —10, 

(4.23) 



E ||PfeQj(P/ci.«i0lPfe2,K202)||L?L^ < 2'^2^U,\lslk^]U2\\\S[k,] 



(4.24) 



Kl,K2£CmQ 
dist(Ati ,K2)<2 
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Moreover, analogous bounds hold for the null form in (I4.13P with an extra gain of . Finally, the 
left-hand side in (j4.23p vanishes unless j + k < 2mo < —100. 

Proof. The final statement here is due to Lemma |4. II Note that one cannot simply square sum the bounds 
of Lemma 113] applied to Pkux Ai and Pfe2,K202 due to the fact that J^k lll^fe.K<^lll|[fc] i'^^ J2k WPk,^^^^ 
for that matter) cannot be controlled. However, since we may assume that •^i^ < mp, the angular 
decomposition induced by the frequency and modulation cutoffs PkQj is finer than the one superimposed 
by Ki and k,2- Inspection of the proof now reveals that either by orthogonality or by organizing the 
finer caps into subsets of the ki , K2 G Cmo , and applying the Cauchy-Schwarz inequality yields the stated 
bound. For (|4.24p one needs to distinguish two cases: either toq > or not. In the former case, the 
decomposition into caps in Cmo coarser than the one coming from Lemma 14.11 and one can again argue 
by means of Cauchy-Schwarz as before. In the latter case, however, we split the modulation of the first 
input as follows: 

Q<j+k-C ~ Q<2ma-C + Q2ma-C<-<o+k-C 

The contribution of Q<2mo-c4>i is handled exactly as in the Lemma 14.51 since one may always refine the 
null-frame representation, cf. (|4.20p . On the other hand, Q2ma-c<-<j+k--c4>i is controlled by means of 
Lemma [2.41 More precisely, for any 2rno ^ C <£<j + k — C one has Qi(j>i = Q^D^^Fi, see (|4.15p . Since 
(12321) implies that 

IIQ£0ill .o.i.oc, = IIQ^n-'^^ill .0,1,00 < IIQ^^^ill .o,-^,» < ll^^ilU[o] 

Xg Xg Xg 

one can reduce the contribution of Qi(j)i to the case of free waves as in the proof of Lemma 14.51 Summing 
over all £ in this range loses a factor of at most |mo|, as claimed. Finally, the claim concerning the 
null-forms is immediate. □ 

Removing the modulation restrictions on the inputs in Lemma 14.51 results in the following estimates. 

Lemma 4.7. If 4>i and (j)2 are adapted to ki and k2, respectively, then for j < k < ki + 0{1) — k2 + 0(1), 

(4.25) \\PkQj{M2)\\^Ll < 2'^2^|||0i||U[fe,]|||</.2|||s[fe.] 
whereas for j < k2 < k = ki + 0{1), 

(4.26) \\PkQ,{M2)h^^Ll < 2'^2-i\\Ms[k,]U2\\s[k,] 

Proof. Consider the high-high case j < k < ki + 0(1) = k2 + 0(1) = 0. On the one hand, there is the 
bound 

(4.27) \\PkQj{Q<j+k-c(l)iQ<j+k-ch)\\L^^Li < 2^|||</'i|||s[fci] Msik^] 

which is given by Lemma 14.51 On the other hand, by the improved Bernstein bound of Lemma |2.H 

\\PkQjiQ>3+k-c^i ■ ^2)\\^Ll < 2"^'^°2^-||Q>,+fe_c0i • MlUI 

< 2'^2''\\Q>j+k-cMLiLi Whhr Li 

(4.28) <2'^\\Ms[k,]U2\\s[k,] 

In the high-low case j < k2 < k = ki + 0(1) = consider the following three subcases. First, 

\\PkQjiQ<j^C(l}lQ<j^C<l>2)\\L^Ll ^ 2 ^2^\\(l}i\\s[ki]\\(l)2\\s[k2] 

by a decomposition into caps of size 2^~2^ and the L^-bilinear bound (|2.30p . Next, by the improved 
Bernstein estimate Lemma |2.H 

\\PkQj{(t>lQ>j-C(l>2)\\L^^Ll ^ ll'?!'l||L~L2|lQ>i-C02|lL?L~ 

<2^2'=^2-i||0i||s[fe,]||02||sfe] 
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And third, 

\\PkQj{Q>j~C<PlQ<j^C(t>2)\\L^tLl ^ X! \\PkQ]iQni<f>lQ<j^C(l)2)\\L^Ll 

m=j+0{l) 

^ X! X! \\PkuKiQni(t)lPk2,K2Q<j-C(l>2\\L^^Ll 
m=j+0(l) Ki,K2 

^ X! X! \\Pki,KiQ7n<Pl\\L^Ll\\Pk2,i^2Q<3-C(f>2\\L^, 
m=j+0{l) Kl,K2 

m=j+0(l) 

3fc2 j 

<2—2~-^U4s[k,]U2\\sik2] 
as claimed. The inner sums run over ki, K2 S C m-t2 with dist(Ki, K2) < 2 2-^. □ 



Later we shah also need the following technical variants, both of which are in the same spirit as Corol- 
lary |4j6l 

Corollary 4.8. Let cf) be adapted to ki and suppose for every k G Cm„ with toq < —100 there is a Schwarz 
function i/j^ which is adapted to /c2. Then, provided j < k2 < k = ki + 0(1), 



(4.29) \\PkQjiPku-<l>i^^)\\L^,Ll<\mo\2^2~i\\<j>\\s[k,]{ ^ 



|2 

\S[k2 



Proof. One uses the argument for the high-low case of Lemma l477l In particular, k — ki+ 0(1) = 0. First, 



with m = 



PkQ]{Q<j-cPki,K(t> QKj-ci'K.) ^ ^ PkQjiQ<j-cPki,KiPki,K(t> Q<j-cPk2,K2'4'K,) 

If m < mo, then by the L^-bilinear bound (|2.30p 

\\PkQj{Q<j^cPki,K(t>Q<j~C'^K)\\LlLl 
S Y X! \\PkQ]{Q<j-cPki,Ki(t)Q<j~cPk2,K2-ipK)\\L^Ll 

< E E 2-'^2^||Q<j_cPfci,.i0||s[fe„.i]||Q<j -CPk2..l^2'^K\\s[k2,t^2] 
<2-^2^||</)|U[fe,]( E 



2 

\sik2_ 

' nec. 
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where we applied Cauchy-Schwarz twice to pass to the last line. If, on the other hand, m > mo, then we 
first consider smaller modulations of 0. In fact, dropping the Q<j-c on (f> as we may one has 



X! II^A;(3i((3<2mo-C^'fci,K0 Q<J-C V'k) 1 1 l2^2 
^ X! X! ll-PfcQj(Q<2mo-C-Pfci,Ki0(3<i-C-Pfc2,K2'0K)llL?L2 

— ^ J — k2 ^2 

2 ~2~\\Q<^2nio-cPki,K(l)\\s[ki,K]\\Q<j-cPk2,K2lpK\\slk2,n2] 



2 

S[fe2 



where we again applied Cauchy-Schwarz twice to pass to the last line. Finally, we need to account 
for Q2mo-c<-<j-c4'- Fix i with 2mQ ~C'<£<j^C and repeat the previous estimate. This yields 



j — ^2 ^ ^ 

'lS[fe2 



which, upon summing in £ yields the same bound with the loss of a factor of (j — 2mo)+. Replacing this 
by the larger |too| then implies the bound of the corollary. Next, by the improved Bernstein estimate of 
Lemma [2.11 and Lemma [2.181 

Y \\PkQj{Pki.K(f'Q>]-ci-'K.)\\L^^Ll ^ X! \\Pki,K.(l)\\L'^L^\\Q>]-ci^K\\L^^L^ 

<|mo|2^2'=^2-*||</.|U[fe,]( J2 U'^Wllk.])' 

And third, 

X! \\PkQ]{Q>]-cPki,K.(l} Q<j-Ci1^k)\\l1LI 

< E E \\PkQAQ^nPk,..^Q<,-C^.)\\L-Ll 
m=i+0{l) neC^g 

< X! X! X! \\Pki,KiQrnPki,K(t) Pk2,K2Q<3-C->pK\\L'^Ll 
m=j+0{l) «GC,„o Ki~K2 

< E E E \\Pku^^QmPk,,.cl,\\L^^Ll2'''2'^\\Pk2,..Q<J-ci^.\\LrLl 

1 1 

< 2'=^2^ ( E \\Pku^.QmPk,,.^\\%L2) ' ( \\Pk2,..Q<J-ci^.' Wl^Ll) ' 

<2^2-i||0|U[,,]( Y IIV'kIPsm)' 

as claimed. The inner sums run over ki, K2 € Cm-fea and ki ~ K2 denotes dist(Ki, K2) < 2 2 . □ 

2 

We shall also require the following estimates which gain something in terms of the small angle. 

Corollary 4.9. Given S > small and L 3> 1, there exists mo{6,L) <^ —1 with the following property: 
let k, fci, fc2 G Z so that maxi=i_2 \k — ki\ < L. For any (j)i and 02 which are adapted to fci, k2, respectively, 
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and j < k + C , 



(4.30) ll^feQ.(^fci,«i'/'i^fe2,K.'^2)IL?Lj <52^2^|||0i|||s[fe,]|||(/.2|||s[;c. 

tl,K2 6CmQ 

dist(Ki,K2)<2"0 

In the high-low case k ^ ki + 0(1), < fci — C , 



(4.31) ll^feQj(^fei.-i'/'l^fe2,K2'^2)||L?L^, <<52^2^||0l||s[fe^]||02||5M 



dist(Ki,K2)<2"'0 



as well as 



1 

(4.32) ( Y ll^^feQ,(</'i^'fe2,«02)lli2^2)' <<52^2*||0i||5[,,]||<^2||s[fc2] 

Proof. Let fci = whence |fc| < L and \k2\ < 2L. Implicit constants will be allowed to depend on L. By 
Corollary SH and K27l , 

dist(Ki,K2)<2'"0 

< 2^2-*|||(/.i|||s[,,] |||02|||s[fc2l < S2-^lMsik,] |||02|||5[fc2] 

which is sufficient. Note that we used interpolation and 2^ < which gives the desired gain of S 
provided toq is small enough relative to S and L. For the remaining cases we use a variant of (j4.28p : with 
2 > r > 1, 6* = 2 - 1, and i = i - i 

' r ' p r 2 ' 

(4.33) \\PkQjiQ>j+k-cPki,Kt(t'l ■ Pk2,K2'l>2)\\LlLl 

< 24^||(5>j+fc-C01 • Pk2.K2<f>2\\LlLl 

< 2*^11 Q>j + fc-cftl,Ki 01 ||L2L2||-Pfc2,K2'/'2||L~LP 

(4.34) <24(^-^)2'"°(^-^)||P,„«>i|| .,^||Pfc„«,02|UrLj 

Taking close to 1, one can make this < S2~^ as desired. This bound can be summed over ki, K2 by 
Cauchy-Schwarz and the definition of the S'[fc]-norm; see also Lemma [2. 181 

In the high-low case j < k2 < k — ki + 0(1) = we proceed as follows. First, 

\\PkQj{Q<j-cPki,Ki(l)lQ<j-cPk2,K2(f>2)\\LlLl 

< min {2^,2^)2^\\Pk,,^,,Q<j^cMs[ki]\\Pk2.n2Q<j-ch\\s[k2] 

j — k2 k'2 

<52~ — 2-\\Pk,^,,Q<, 

— c4'l\\s[kx\ \ \Pk2,K,2 Q<i— 002 II S[fc2] 

by a decomposition into caps of size 2^~2^ and the L^-bilinear bound (|2.30p . The summation over ki 
and K2 can be carried out since it leads to the square function (|2.15p . Next, by the improved Bernstein 
estimate, see Lemma [2.11 

\\PkQ]{Pki.,it(l>lQ>]-CPk2,K2(l>2)\\LlLl 

^ \\PkuKi4>l\\L^LA\Q>j-cPk2,H2<t>2\\LlL-^ 

<T^,n{2'^,2'^)2^^2-HPj.,,MLrLl\\Pk2,M.o^,^ 

fc2 



< 52 ' ^^2^^ l|f'/ci,Ki0l||L~L2||^'fc2,K2'/'2||^O,l, 



k2 
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and summation over ki, K2 is again admissible. Finally, 

\\PkQo {Q>j-cPki,Ki (t)lQ<j-cPk2 ,K2 02 ) II L?L2 
ra 

m=j+0(l) 

^ X/ X/ \\Pki,KiQmPki,K'^4'lPk2,K2Q<]~cPk2,K.'^4'2\\^Ll 
m— j4-0(l) k'^,k'2 

^ X! X! \\Q''y^Pkl,KtPki,K{'Pl\\^Ll\\Q<J-CPk2,l^2Pk2,K'^(t>2\\Lf;^ 

m— J+0(1) k'-^,k,'2 

< ^ ^-:^^k2^^^(2'^,2'^)\\Pu,,Ms[k4Pk2,.2H\s[k2] 
m=i+0(l) 

(4.35) <'52^2-"^||Q,+o(i)Pfe,,,,0i|| i_||Ffe„,,(/.2|U^~i2 

as claimed. The inner sums run over G C j-^a with dist(K']^, Kj) J; 2~2^. The bound in (I4.35|) can 

2 

be summed over the caps ki, K2 by definition of the S[k\ norm. 

Finally, (|4.32p follows from the preceding since the gain of 5 was obtained only from the low-frequency 
function <l)2- We can therefore square-sum the final estimate to obtain the desired conclusion. □ 

4.2. An algebra estimate for S[k]. The following bilinear bound expresses something close to an algebra 
property of the S[k] spaces. It is obtained by removing the restriction on the modulation of the output in 
Lemma 14.71 

Lemma 4.10. For any j, k E Z, 

(4.36) ||P.Q,(0^)||^o.i,.. < 2^-i'^'=2 2'^"^2^"^'^° ^ik,vk2^Mi-e)A0 |||^|||^(,^, 
provided (j3,ip are Schwartz functions which are adapted to ki and k2, respectively. 

Proof. We commence with the high-high case A:i = A:2 + 0(1) = and k < 0(1). We need to prove that 
ll^'.Q,('^^)ll^o.i.. <24min(24,2-^(^-)) |||0|||s[fe,] |||V'llls[M 

To begin with, one has 

2^/'||PfeQj(Q>,-c0 • niL^Ll < 2'=2^/22"^^"||PfcQ,(g>,_c</' • niLlLi 

< 2^2^^" min(l, 2-(5-b-)||0||5[,^] ll^llsj,^] 

which is admissible. So it suffices to estimate PkQjiQ<j-c4' ' Q<j-c4')- As usual, we perform a wave- 
packet decomposition by means of Lemma HTTl Note that (|4.ip holds here. We begin with (|4.3p where we 
choose r' 2''. Thus, k < -C and j = 0(1), and in view of ((Oil)) 

||PfcQ,(Q<,-C0+-Q<,-C^+)||L?L^ < E \\PnQ<j-C(l)+ ■ P-.Q<j-ci'+\\L^^Ll 

< ^ \K\i\\P,Q<j-c<l>+\\s[k,M\\P-Q<i-c^^\\sik2,~-] 
<2'=/^||<^IUmII^||sm 

where we invoked Lemma 12.121 in the final step. The same estimate applies to and 'ip~ . It therefore 
suffices to assume that j < k + 0(1); but then Lemma [4 . 71 applies . 

Next, we consider the low-high case k — k2 + 0(1) = 0, fci < — C We need to prove that 
2i||FoQ,(0V)llL?L^ <2'=^2^'^"min(l,2-^(^-^))||0|U[fe,il|Vlls[o] 
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In view of Lemma 14771 we can assume that j > ki. From the X"'^''^ components of the S[k] norm, 

2^'/'||PoQj(Q>j-c0 • < 2^/2||g>, 

-C0||L2i~|jV'lli~L2 

<2'=^2^'^°min(l,2-(i-)-')||0b[,,]||^||s[M 
<2'=^2^^°min(l,2-(^-b-)||^||^(,^,||^||^(,^, 

Finally, it remains to bound 

which will be done using the usual angular decomposition. In fact, from Lemma |4.H and provided j < C, 
and with £ = A 0, 

(4.37) 

2^^^\\PoQj{Q<j-C<P ■ Q>j-CmL-,Ll < E 2^'^' E \\PoQliPk^..Q<3-C^ ■ Pk,,.'Q,nn\L-,Ll 

m.'>j — C K^Cn 

m>j—C K^Ci 

<2^-^2^^°||0||s[fe,]||V^||5M 

where we used Corollarv l2.16l in the final inequality. If j > C, then only m = j + 0(1) contributes to the 
sum in (|4.37p . The component of the S'[fc]-norm then leads to a gain of min(l, 2~(5~'^)^) and we 

are done. □ 

Corollary 4.11. Under the same conditions as in the previous lemma and provided ki <^ k2 one has 
(4.38) |iPfc(0Q<a^)||^„,i < 2'=! (1 + (fc2 A a - ki)+)U\\s[k,]\msik,] 

where k = 0(1) + ^2. 

Proof. Summing (|4.36p over j yields (|4.38p with a > k2- It thus suffices to consider a < k2- If a < /ci we 
use Q<a = Q<kiQ<a to reducc matters to a ^ ki (see Corollary [2716]). If a = fci, then 

J2'2'^'\\PkQ,m<a^MLUl 

j 

< J2 ^'^^\\PkQjiQ<a^Q<amL^,Ll 
j<a+10 

+ 2^^-'\\PkQjiQ,+oil)^Q<an\L-,Ll 
j>a+lQ 

<2''mns[k,]Ms[k,]+ E 2^'/'iiQ,+o(i)'^ii L^L^ llQ<a'0llL°°L2 

j>a+10 

< 2'^^ms[,,]\ms[k,] + E 2^-/22(|-e)fci2-^-(i-)||0||s[,,j||Q<,^||s[fe,] 

j>a+10 

as desired. The sum over j < a + 10 was estimated via Lemma [4.101 If fti < a < fc2, one proceeds 
similarly. □ 
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4.3. Bilinear estimates involving both S[ki] and iV[A;2] waves. The following lemma is a crucial tool. 
In essence, it expresses the property N x S ^ N . 

Lemma 4.12. For (j) and F which are ki and k2-adapted, respectively, one has 

(4.39) \\Pk{c^F)U[,] < 2^-^^'=^ 2""^^^^^^O||0||s[,,]||F|U[M 
provided Pk2QjF — F and under the following condition 

(4.40) PfcQ<j-c(Q<j-c0 • F) = PkQ<j-ciQ<j+k-k,-c(b ■ F) 

in the case fci = + > k + 0{1) > j. If (|4.40p fails, then one loses a factor of 1 + (fci — k)^ on the 
right-hand side of (|4.39p .' alternatively, one has the following weaker version of (|4.39p 

(4.41) ||P,(0F)||^.[,] <2'=^^'=^2^^^^^^^°||0|| 

Proof. We remark beforehand that this proof will only use the X^'^'°°-norm for the elliptic regime (j) = 
PkQ>k4' of the S[k] norm. In particular, the imbedding ||(/<||5[j,j] < .g.i.^ holds without any restrictions 

on the modulation, cf. (|2.20p . We start with the high-high case fci = + 0(1) = 0. Throughout this 
proof, we shall freely use Lemma l2.15l in order to remove Q<^j-c from various estimates. First, we consider 
the case where </> = Q>j-c4'- If J ^ k, then by Bernstein's and Holder's inequalities 

\\Pk{(I^F)y[k] < 2-"||Pfc(0F)|Uii. < UFWlil^ 

<ML^,Ll\\F\\LlLl<Msik,]2-i\\FU.Ll 
^ ll'/'lls[fci]ll-F'l|jv[fe2] 

which is admissible. If on the other hand j < k, then we again have to consider several subcases. If 
4> = Q>fe0, then 

<2'^Ms[k,]\\F\\N[k,] 

which is admissible. Hence it suffice to assume that — Qj-c< <k4>- Furthermore, we can assume that 
the output is at modulation < j. In fact, by the improved Bernstein's inequality, 

\\PkQ>j i(t>F)\\Nik] < 2-^= ^ 2- i \\PkQi{^F)\\L2Li 

e>j 

i>j 

<J22'^2'^-'Uh^,.2-i\\F\\^.^. 
e>j 

<2'^Ms[k,]\\F\\Nik.] 

as desired. Now consider the output of modulation at most j. We also first restrict ourselves to the 
contributions by Qj^c<-<j+c4'- Thus, by Lemma |4. II and Lemma l2.151 

WPkQKjiQj-CK-Kj+Cf) ■ F)\\N[k] 

<2-'' lin.Q<,(g£0-F)||L;L^ 
e=3+o{i} 

^2-' E E E \\PkQ<jiPDP.Qi^-Pn'P-DF)hiLl 

E E E \\PdP.Q^<P-P.'P-dF\\l.^2 
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where k ^ k' means dist(K, k') < diam(K). Moreover, Vk is a cover of {|^| ~ 1} by disks of diameter 
2*^ and with overlap uniformly bounded in k; the associated projections are Pn. Hence, one can further 
estimate (recall j < k) 

||Pfc(5<j(0-i^)llivw 

E E E \\PdP.Q,^lU-\\P-'P-dF\\l-,li 

^2-' E E E ^'^WPoP.QiC^W^LlWPn'P-DFh^^Ll 

£=]+o{i) DeVk K~K'eC(f+fc,/2 

<2(^-'=)/^||0|U[fc,]||F|U[,,] 

Next, we consider the output of modulation at most j and (j) = Qj+c< <k4'- Then we are in the "imbalanced 
case" of Lemma 14.11 whence 

k>l>j+C k,k\k" 

where k g Ct^, k' ,k" e C(i+k)/2 and dist(K, k') ~ 2"^, dist(K',K") ~ 2"t^. Using (|2.29p one obtains 

\\PkQ<o{m\\N[k] 

^2"' E E \\Pk■.^Q<JiPk^,.'Qt<P■Pk,.."F)U^^,^ 
k>l>j+C k,k',k," 

2^ 

k>e>j+c 2 2 ^,^^„ 
< ^ 2^2^||Q,0||s[,.,]2-*||i^||i.^. <2^||<^||s[,,]||F||^[fe,] 

k>i>j+C 

as desired. To pass to the final inequality one uses (|2.20p as well as HQf^Hsifei] ~ HQ^'/'ll .o,i,oo- 
Now assume Q^j^c't' — 't>- We first dispose of outputs of modulation exceeding j — C. If j > fc, then 

\\PkQ>j-c{<f>F)\\Nik] < 2-i\\PkQ>,-c{(f>F)\\L2Ll < 2-iU\\L^L4F\\L-L^ 
<2-iMs[kjF\\L2L2 < U\\s[kjFU[k,] 
which is admissible. On the other hand, if j < k, then 

\\PkQ>j-c{^F)U[k]<2-' 2-^\PkQi{cj)F)\\L2L2 

i>j-c 

< J2 2'h'^\\PMc^F)\\L.L.+2-i\\PkQ>k{c^F)\\^.L.^ 
k>e>j-c 

as desired. It therefore remains to consider 

PkQ<j-ciQ<3-C <f>-F) = Y PkQ<j^c{Q<j^c^^ ■ F^) 

± 

where all four possibilities (++), (H — ), ( — h), ( ) are allowed on the right-hand side. We first dispose of 

the contributions "opposing waves" as described by (|4.3p . This occurs only if fc < — C and j = 0(1), in 
fact, 

PkQ<j-c{Q<j~ccl)+ ■ F+) = PkQ-c<-<c{Q<j-c^+ ■ F+) 

whence 

WPkQKj-ciQKj-C^-^ ■ F+)\\N[k] 
<U+F+U2L^<U+h^L4F+\\L-^Ll 
^ \\<P\\s[ki]\\F\\N[k2] 
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which is admissible. Therefore, we can now ignore the contribution of (|4.3|) . Let us now also assume 
without loss of generality that — 0+ , see Lemma 12.121 Using duality and Lemma 14.11 one obtains in 
view of (|440l) 

with caps K e Ce, k' , k" e d satisfying dist(K', n") - 2", dist(K, k') - 2^ where i = {j-k)/2, m = {j+k)/2. 
Note that Lemma |4TT] also implies that j < fc + 0(1). Since 

(4.43) Pk,±KQ<j^c = Pk,±KQ<k+2i-c 

the right-hand side of (I4.42p represents a wave-packet decomposition in the sense of Definition 12.91 More- 
over, the operators in (|4.43p are disposable in the sense of Lemma [2.141 Therefore, 

\\PkQ<j-ciQ<j-c(t) ■ F)\\N[k] <2"'=max ^ ||Pfe,,„,Q<j+fe_c0 • -F||nf[«] 



We could discard k here since the choice of k' leaves only a finite number of choice of k. Invoking (|2.29p . 
this can be further estimated by 

<2 max 2^ -^\\PkuK'Q<3+k-c(l)\\s[ki,K']\\Pk2,K"F\\L2L2 

/ // 2 4 

<2(^--'=)/4||0|U[,,]||P||a.[.,] 

To pass to the final inequality here it was essential that (|4.40p reduced the modulation of <j) from < j — C 
to < j + k — C. Indeed, if (|4.40p fails, then we need to write Q^j-c<f> — Q<j+k-c4' + Qj+k-c< <j-c4'- 
For the first summand here one applies the argument we just gave, whereas for the second summand the 
best one can do is to invoke ()2.20p which results in the loss of of factor of a claimed. This concludes the 
high-high case. 

Let us now consider the low-high case fci < — C, k2 — k — 0(1). Since (|2.24p implies that 

\\Q>j-c(b-F\\LiL- < \\Q>j-c^l-l^\\F\\l2li 

<2-*2^'^°2^-M|0||5[fe.]ll^^llL?L^ 
<2'^^'2^^msik4P\\Nlk2] 

it will suffice to bound \\Q<:j-c(t> ■ -P'||Af[A:]- Moreover, if j > fci -|- C, then the modulation of Q<j-c4> ■ F is 
on the order of j whence 

\\Q<j-c<l> ■ F\\N[k] < 2-i\\Q<,^c<P ■ F\\l2li 

< 2-i\\Q<j^c(l)\\L^L--\\F\\L2L2 

<2-i2'^^msikjF\\i^.L.<2'^-msik,]\\F\\Nik2] 

as desired. We may therefore assume that j < ki + C. We first consider the case where the output has 
modulation > j — C. More precisely, let j — C < m < ki + C , £ = {m — ki)/2, as well as without loss of 
generality F — F+. Then by the balanced modulation case of Lemma WA\ 



Qm{Q<3-C^ ■ F) =Y,Pk.^Q^niPk^,^'Q<J-C(l} ' F) 
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where k, k' are caps of size C~^2^ and with dist(K, k') < 2^. Therefore, 



where we used Lemma [2. 151 in the final step. Summing over m> j — C implies that 

\\Q>j-c{Q<j-c^ ■ F)\\N[k] < 2^-i2-^/22-(^-i-^)/4||0||5[,^j||F||^.^, 

which is admissible. 

It therefore remains to bound \\Q^j^c{Q<j-c4> ' ^)l|Af[fe] for which we shall again apply a wave-packet 
decomposition as in Lemma l4. II Since j < ki + C and ki —I, we can assume that j < — C in applying 

Lemma |4?T] (which allows us to ignore the opposing (+-1-) or ( ) contributions in ()4.3|) ). Without loss 

of generality, we assume further that = 0+ (see Lemma [5321) ■ Then with caps k, k' of size C~^2"^ and 
separation ~ 2™ where m := (j — fci)/2, 

||Q<,-c(Q<,-c0 • F)\\N[k] < II V Pk^.Q<j^c{Pk,.K'Q<j-ccb -F) 

W N\k\ 

(4-44) , _ „ 2 - 



< ( \PKM<3-k^{Pk^.n'Q<,-C<t>-F) 



N[k\J 

where we used CoroUarv 12.221 to dispose of Q<j^c- In view of l|2.29p this is further bounded by 

<2^2-^(^||Pfe,,„,g<,_c0|Ps[...K']ll^lli?J' 
<2(^-'=^)/42^Ml0lls[fe.]ll^^lk[..] 

as desired. 

It remains to consider the high-low case k = ki + 0(1) — 0, k2 < —C. First, 

\\Q>j+k24' ■ F\\N[k] ^ WQyj+kz't' ■ F\\l^l2 

^ \\Q>j+k24'\\L^L-A\F\\L-^L°° 

<2-O-+fe^)/2||0||^[,^,2'=^2^^"||P||i.i. 
<2'=^2^'^°||0|U[fe,]2-*2-'^^||F|L.^. 

which is acceptable with a factor of 2^ to spare. The reason for using Q>j+k2 rather than Q>j will 
become clear momentarily. Next, 

(4.45) \\Q<j+k2(l) ■ F\\N[k] < \\Q>j+k2-c[Q<j+k2(l) ■ F]\\N[k] 

(4.46) + \\Q<j+k2-c[Q<3+k2(l) ■ F]\\N[k] 
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As usual, ()4.45p is controlled in the X ^' norm whence 



<2^^2^'^°||<^|l5[fc,]2-*2-^-^||F|U2^. 



which is again acceptable. Finally, we perform a wave-packet decomposition on (14.461) via Lemma 14.11 in 
the imbalanced case and duality. Thus, one has 

Q<j+k2-c{Q<j+k2(l> ■ F) = '^Pk,iiQXj+k2-ciFkuii'Q<3+k24' ■ F) 

where the sum runs over pairs of caps k, k' of size C^^2^ with £ := (j + fc2)/2 and dist(K, n') ^ Moreover, 
j < ^2 + 0(1) since the only other possibility j = 0(1) allowed by (|4.3p contributes a vanishing term (as 
does Q<j+fe2-c)- Therefore, with k! n denoting the admissible pairs. 



< (Ell E Pk,.Qtj+k2-c^p^^,^'Q<j+^^2^-F)\ 



<2'^^2^=-^-y^ms[k,mN[k2] 

as desired. □ 

There is the following general estimate that does not require (|4.40p since we restrict ourselves to fc > 
fci + 0(l). 

Corollary 4.13. For <f> and F which are ki and k2-adapted, respectively, one has 

(4.47) ||F,(0f^)|U[,] <2'=^^'=^2^^^^^^^°||0b[,,]||F|U[,,] 
provided Pk2QjF = F and k ~ kiM k2 + 0(1)- 

Proof. This is an immediate consequence of Lemma 14.121 □ 

Another important technical variant of Lemma 14.121 has to do with an additional angular localization 
of the inputs. This will be important later in the trilincar section. Its statement is somewhat technically 
cumbersome, but this is precisely the form in which wc shall use it later. 

Corollary 4.14. Let <j) be ki-adapted, and assume that for some tuq < —100, for every k G Cmo there is 
a Schwarz function F^ which is adapted to k2 and so that Pk2QjFK — F^. Then 

(4.48) l|Pfc(Pfc„.</>^^«)IUw <|mo|2'=^2^'^"||,/,|U[,,]( \\F^\\l[k2 

provided we are in the low-high case k — k2 + 0{1) > ki. The sum here runs over caps with dist(Ki, K2) < 
2"o. 

Proof. For this, one simply repeats the proof of the low-high case of Lemma 14.121 with one additional 
twist: since ||-Pfei,K</'|!|[fc] cannot be controlled by ||0||s[fci], one has to check carefully that the square 
summation — which (|4.48p leads to after Chauchy-Schwarz — is compatible with the estimates we are 
making (the norm for F is always L^L"^). This is the case if we place Pki,K4> in PT^x O'" X*''''-norm. 
In the latter case one does not incur any loss due to orthogonality, whereas in the former case there is 
a loss of I mo I, see Lemma 12.181 The only place where one cannot use either of these norms is (|4.44p . 
Indeed, if fci -t- 2mo < j — C, then the caps of sizes 2™" are smaller than those of size 2 = 2^~ in the 
wave-packet decomposition of (|4.44p . In this case, however, one considers a wave-packet decomposition 
induced by the projections Pki,K,Q<ki+2mo with k G C,„g which leads to the desired bound; the remaining 
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projection Pki,K.Qki+2mo< <j-c is then controlled by means of Lemma [2.71 leading to a loos of |mo| as 
claimed. If, on the other hand, /ci+2too > j — C, then this issue does not arise at all and the estimate ()4.44p 
is performed essentially as in Lemma 14.121 — the only difference being that the caps in the wave-packet 
decomposition are grouped together inside the larger Cmo~caps. □ 

4.4. Nullform bounds in the high-high case. Henceforth, || • \\s[k] will mean the stronger norm ||| • |||s[jt]- 
The following definition introduces the basic nuUforms as well as the method of "pulling out a derivative" . 

Definition 4.15. The nuUforms Qap for < a, f3 < 2, a ^ (3, are defined as 
whereas 

By "pulling out a derivative from" from Qaf3 we mean writing 

or the analogous expression with cf) and ^ interchanged. 

Recall the L^-bound (|4.13p of Lemma l4.5l for Qa^-nuUforms. We separate the nullform bounds according 
to high-high vs. high-low and low-high interactions. The high-high case is slightly more involved due to 

the possibility of opposing or ( ) waves with comparable frequencies and very small modulations 

which produce a wave of small frequency but very large modulation. 

Lemma 4.16. For any £ < k -\- 0{1), and (j)j adapted to kj with ki = k2 + 0(1), 

(4.49) ||PfeQ^Qa/3(01,02)||L?L^ < 2^242^||0i||s[fe,]||02||s[fe,] 

In particular, 

(4.50) \\PkQ<k+cQM'l^l,h)\\L-^Ll < 2'=-^||0i||5[fc,]||^2||s[fe.] 

Finally, for any uiq < —10, 

(4.51) ( J2 ll^feQ<fc+cQa/3(^fcl,K</'l:<^2)|li2i2)' < |mo|2^||0l||5[fe,]||02||s[fe,] 

k6C,„„ 

Proof We can take ki = k2 + 0{1) = 0. First, by (HTTO)) . 

i + k k 

||ffe<3^Qa/3(Q<fe+i!-C01, Q<fc+£-C02)||L2L2 < 2 ~ 2 2 || (/ii || gjj.^] || 02 || ^[j.^] 

Second, by an angular decomposition into caps of size 2~5~, 

\\PkQlQaf3{Qm(t>l,Q<m(t>2)\\L^Ll 

i+k-C<m<e 

(4.52) < J2 2^2T^2'=|ig„,0i|U2i2|lQ<„,02||LrL^ 

e+k-c<7n<e 

< 2— ||0i||5[fc^]||<?!>2||s[fe,] 

To pass to (|4.52p one uses the improved Bernstein inequality, which yields a factor of 2*^2^, whereas 

£-\-k 

the 2t~ corresponds to the angular gain from the nullform (note that the error coming from the modulation 
is at most 2™ < 2^ which is less than this gain). And third, by the improved Bernstein inequality and a 
decomposition into caps of size 2^~, 

e<m<c e<m<c 

< J2 2^2'=(2^+2'")2-^||0i|U[,J|<^2||s[M 



i<7n<C 

< 2~2*= 



»l|lS[fci]ll<?>2||s[fe2] 
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The factor 2 2 +2"* here is made up out of the angular gain 2 2 and the loss of 2"* in modulation (in 
case /3 = 0). And finally, due to e < ^, 

||-Pfeg£Sa/3(Q>C01,02)||L?L^ <2'^27||Q„/3(g>c01,02)||LiLi 

< J2 2'=2^2"HQ„,0i|L2i2||g„,02||L?L= 
m>C 

<2fc2l ^ 2"2-2™(i--)||0i||5[,^]||<^2||5[,^] 

m>C 

<2^2^\\Mslk^]U2\\slk2] 

as desired. 

Next, we consider (j4.5ip . Here one essentially repeats the proof of (|4.50p verbatim. The only difference 
being that instead of Lemma 14.51 one uses Corollary 14. 6i in fact the null-form version of (|4.24p . Note 
that this loses a factor of \mo\. To sum over the caps one also needs to invoke Lemma [2.181 in case of 
a L^L^-norm, which incurs the same loss. □ 

We shall also require the following technical variant of the estimate of Lemma 14.161 It obtains an 
improvement for the case of angular alignment in the Fourier supports of the inputs. 

Lemma 4.17. Let 6 > be small and L > I be large. Then there exists mo — tuq^S, L) < large and 
negative such that for any <j)j adapted to kj for j — 1,2, 

(4.53) Yl ll^^-Q 

<k+cQap{Pki,Ki4'l, Pk2,K.2'^>2)\\L^Ll <'5 2 2 ||(/)l||s[fci]||02||5[/c2] 

dist(K;i,K2)<2™0 

provided maxj=i.2 \k — kj \ < L. The constant C is an absolute constant which does not depend on L or S. 

Proof. Set k = 0. We first note that summing (|4.49p over i < —B already yields an improvement over (|4.50p 
provided B is large enough (in relation to 5 and L). Hence it suffices to consider the contribution of 
PaQiQai3{Pki.Ki4>i,Pk2.K.24>2) with —B < £ < 0{1) fixcd. First, if we choose mo to be a sufficiently large 
negative integer, then 

PoQiQaf3iQ<i-cPkt,Kt(l>l, Q<i-cPk2,ii2't'2) = 

dist(Ki,K;2)<2'"0 

by Lemma |4. II Second, by an angular decomposition into caps of size 22, 

X! \\PoQeQaf3{QmPkuKi4>liQ<mPk2,K24'2)\\L^Ll 

K.l,K2&Cma l-C<m<C 
dist(Ki,K2)<2'"0 

<C{L,5) E \\Q^Pk^,>.^^l\\^Ll\\Q<mPk2..2M\LTL^ 

Ki,K2<£C^„ t-C<m<C 
dist(Ki,K2)<2™0 

<C(L,,5)|mo|2^||0i||s[fci]||<^2||s[fc2] <'^ll'/'ills[fei]ll02||s[fe2] 
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To pass to the last line we applied Cauchy-Schwarz to the sum over the caps as well as Lemma 12.181 The 
case dealing with Q<mPki,Ki4'i and QmPk2,K24'2 is analogous. And finally, due to e < 

J2 \\PQQlQo.f3{Q>cPk,..AuPk2 ,K2 02)||l?L2 

dist(Ki,K2)<2'"" 

< \\PoQeQMQ>cPk^ 

dist(Ki,K2)<2'"0 

m>C l<'l,l^2^CmQ 

dist(/ti,K2)<2"^0 

<C(L,5)2^ J2 2"2-2"(i-)|l0i|l^[,^]|102|l5[fe2] <'5|l'^l|l5[fc,]ll02||5[M 

m>C 

as desired. □ 

In case the output has "elliptic" rather than hyperbolic character, there is the following bound. 
Lemma 4.18. For any adapted to kj with ki — k2 + 0{1), 

^-''\\PkQiQM^i^M\L-iLi<^^2~'''Hki-kf\\Ms[k,]\\H\s[k2] 

e>k+c 

Furthermore, 

(4.54) J2 \\PkQiQc.^3iQ<k^+c4'l,Q<k2+c4>2)\\L^^Ll <2*(fcl-/c)^||0l||s[fci]||'/'2||s[fc2] 

e>k+C 

Proof. We set ki ^ k2 + 0(1) = 0. One has the decomposition 

(4-55) II (01, 02)11 L^L-J < \\PkQeQap{Q>e^C(l)l,Q<ki + C<l>2)\\^Ll 

(4.56) + ||-PfcQ£Sa/3(Q>f-C01,Q>/ci+C02)||L?L2 

(4.57) + ||PfcQ£Qa/3(Q<£-C01,Q>£-C02)||L2i2 

(4.58) + |lPfcQ£Q„/3(Q<£-C01,(3<£-C02)||L2i2 

We begin with the estimate 

Y 2-^^||F,Q,Q„/3(0i, 02)11^2^2 <2^-||0i||5[fc,]||02|U[fe2] 
e>k+c 

i^ki+Oil) 

which is stronger than what we claim - this is due to the fact that the the case of opposing (++) and ( ) 

waves is excluded in this sum. We first consider the case £ < ki — C where C is large but still smaller 
than the constant C in (|4.55p - (|4.58p . Then the term in (|4.58p vanishes. On the one hand, 

< 2'=||PfcQ,[a;3(Q>,_c|VrVi • Q<k2+cdo.\V\-'q^2) 
~ 9c(Q>^-c|Vri0i • Q<fe2+c9;3|Vri02)]||L?Li 

<2^-+^||Q>,_C0l||L?Ljll02|U[fe2] 

Here we used that 

||Q<fe2+c5;3|VrV2||L~L2 < ||02||s[fe2] 

Furthermore, 

J2 J2 2(l--)^2'=-'=H|Q™0l||L?Lj||02||5[fe2] <2l|0l|Uo,i-.,.||02||s[M 

k+c<e<ki-c m>e-c ^ 

<2''^|10l|U[fc,]||02||sfe] 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



59 



as desired. The term (|4.57p satisfies the same bound, more precisely, it can be reduced to (|4.55p . (I4.56p . 
Next, note that due to £ < ki — C it suffices to consider (j>i = Q>ki+c<t>i in ()4.56p . Consequently, 

2-''^M< 2-^' J2 \\PkQeQMQr,-^^i,QM\\L-Ll 

k+C<i<ki-C k+C<e<ki-C m>ki + C 

^ E 2-^' E 2^25||Q,/3(g™0i,Q™02)|UjLi 

k+C<e<ki-C m>ki + C 

^ E 2-^' E 2'=2i2"2-2"(i-)||0i||5[,J|02||s[M 

k+C<e<ki-C m>ki+C 

<2''U4s[k4M\s[k,] 
where we used that e < ^ in the final step. Second, suppose that I > ki + C . Then 

Y 2-''\\PkQeQap{<Pl,^2)\\LUl 
£>ki+C' 

(4.59) < Y '^'"'WPkQiQMQi^u 

e>ki+c' 

(4.60) + Y '^"''\\PkQeQap{Q<i-5^i,Qe(p2)\\L-^Ll 

i>ki+C' 

(4.61) + Y 2""' E \\PkQiQaf}(.Qmq^l,Qm<p2)\\LUl 

e>ki+C' m>l-5 

which are in turn estimated as follows: 

e>ki+c' 

e>ki+c' 
<2'^\\Msik,]U2\\sik.] 

and similarly for (|4.60p . whereas (|4.6ip is bounded by 

^ E 2"'' E 2^2'=||Q„;5(Q„0i,Qm02)LjLi 

t>ki+C' m>e-5 

^ E 2-^' E 2l2'=2"2-2™(i-)|l</.i||s[fe,]||02|ls[;c.] 

e>ki+C' m>£-5 

<2'^\\Ms[k,]\\h\\sik,] 

as desired. 

It remains to consider the case |^ — /ci| = \i\ < C, which gives us the weaker bound stated in the lemma. 
We use the decomposition ()4.55P " (|4.58p . The terms (|4.55p - (|4.57p give a bound of 2*^ as before. The main 
difference lies with (|4.58p which is nonzero only due to the contribution to opposing (H — h) or ( ) waves, 
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see Lemma [4. II In fact, one has with £ = ki + 0(1) = 0(1), 

||-PfeQo(l)SQ/3(Q<-C01, Q<-C02)|L2^2 

\\PkQoil)QMQ<-cP.<l)f,Q<-cP-.4)\\L-,Ll 

(4.62) ^ E E ^^\\Q<~cP.^^\\sik,M\\Q<-cP-^4\\s[k,.-.] 

± K,eCk 

<2*^( 5] ||Q<-cP«0f|||[,„«])'( E \\Q<-cP-.4\\l[k...^.]y 

i K^Ck K^Ck 

<2ik^^^\\syk,]U2\\s[k,] 
To pass to the last line, we wrote 

^ \\Q<-cP.<l^ni[k,M ^ E \\Q<^kP^<l^i\\l[k,M + E ( E IIQ.^«'/'?lls[A.,K])' 

KSCfc fceCfe KGCfe 2k<j<-C 

(4.63) <ll'/'fll|[fe,] + |fc| E E IIQ^-^-'^?ll'o,i.=» 

<ifcni'^?iiiM 

and the result follows. 

The second statement (|4.54p follows by essentially the same proof. □ 

Remark 4.19. It is important to note that the logarithmic loss of (fci — fc)^ in (j4.54p only results from 
the case of opposing waves in the high-high case. Later we will use (I4.54p without this loss in those cases 
where these interactions are excluded. 

Later, we shall also require the following technical refinement of Lemma 14.181 dealing with a further 
angular restriction of the first input. 

Corollary 4.20. Under the assumptions of Lemma \4.18\ and for any mg < —10, 

2 - 

( E ( E 2-^'ll^/cQ£Qa/3(Pfc,,K01>2)||L?L^) )' <|mo|242--'=^(fcl-fc)2|l<^l|l5[fe,]||02||s[M 
KSCmg l>k+C 

with an absolute implicit constant. 

Proof. This can be seen by reviewing the proo|3 of Lemma [4.181 Specifically, up until l|4.62p . one places 
-Pfei,K0i either in the X*'^ or L'^L^ norms. The norms are amenable to square summation, in the latter 
case at the expense of a factor |mo|, see Lemma r2.18l However, as far as (|4.62p is concerned, we distinguish 
two cases: k < mo and k > mo. In the former case, the caps in Ck are smaller than those in Cmo ^tnd (|4.62p 
apphes directly (one organizes the caps in Ck into subsets of the larger Cm^-caps). In the latter case, 
however, the Cmp-caps are smaller which forces us to write 

Q<~c4>l — Q<2mo4>l + '92mo<<-C01 

The former is subsumed in a square-function bound as in (|4.62p . whereas the latter leads to a loss of \mo\ 
as in (|4.63p and the corollary is proved. □ 

Next, we obtain an improvement in case of angular alignment of the inputs. This is analogous the case 
of low modulations, see Lemma 14.171 



^"^It is important to observe that one cannot square sum the bound of Lemma 14.181 directly due to the fact that 
J^KgCm II-'^'^Iik'/'i cannot bo controlled. 
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Lemma 4.21. Let 5 > be small and L > 1 be large. Then there exists mo = mQ{d,L) < large and 
negative such that for any adapted to kj for j = 1,2, 



(4.64) J2 E 2-^'ll^fcQ^2";3(Pfci,.i0i,Pfc.,..02)||L?L2 <52(^-^)^-ni0i||sMll'^2||s[M 

Ki,K2ec„Q e>k+c 

dist(Ki,K2)<2'"0 



provided maxj=i_2 \k ~ kj\ < L. The constant C in (|4.64p is an absolute constant which does not depend 
on L or S. 

Proof. The proof consists of checking that one can glean a gain from angular alignment by following the 
proof of Lemma [4. 181 In effect, this will always be done by means of Bernstein's inequality. The only case 
where this is not possible is (|4.62p . but that case is excluded by the angular alignment assumption. 

We set ki — whence |fc| < L and |fc2| < 2L. Implicit constants here will be allowed to depend on L, 
but not the constants C appearing in modulation cutoffs. As before, one has the decomposition 



(4.65) ||Pfc(9^Qa/3(/'fci,Ki(?!'l,^'fc2,K2'/'2)||L?L2 < \\PkQeQal3{Q>e-cPkui^i'l^l,Q<ki + cPk2.K2'f>2)\\L''^Ll 

(4.66) + \\PkQiQal3{Q>e-cPkui^i(l^l,Q>ki+cPk2.fi2h)\\L'^^Ll 

(4.67) + \\PkQeQaf3{Q<i--cPk^,K^<t)l,Q>l-cPk2,n2(f'2)\\L^^Ll 

(4.68) + \\PkQeQa0{Q<e-cPk„.,^i,Q<i-cPk2,.2h)\\L-,Li 

We first consider the case £ < ki~C' where C is large but still smaller than the constant C in (|4.65p - (|4.68p . 
Then the term in (|4.68p vanishes by Lemma |4. II By Bernstein's inequality, 

2~''^M< \\PkQi[dpiQ>e-cM-^Pkr,.,<Pi-Q<k2+cdaM'^Pk2..2<f'2) 

k+C<£<ki-C k+C<l<ki-C 

- 9„((5>£_c|Vr^Pfei,«i(/)i • Q<k2+cdl3\y\^^Pk2,K2(t>2)]\\L-iLl 

^ X! IIQ>«-C^'/ci,ki0i||l?L2 l|-Pfe2.K2<^2||Lf=L~ 

k+C<l<ki-C 

Y IIQ>f-cfti.Ki</'l||L?L^||ft2,K2'/'2||L~L2 
k+C<f.<ki-C 

< '^ll-Pfel^Kl'/'lll .0.1 oo||-Pfe2,«2'?^2||Lj-L2 

Summing over ki,K2 now yields the desired bound by Cauchy-Schwarz (see also Lemma l2.18p . The term 
(|4.67p satisfies the same bound. Next, note that due to £ < ki — C it suffices to consider <f>i = Q>ki+c<t>i 
in (|4.66p . Consequently, 

Y 2-^^6lSD< Y E \\PkQiQo.p{Q^Pk,..,(i^uQ^Pk2..2<t>2)\\LiLi 

k+C<e<ki~C k+C<e<ki-C rn>ki+C 

^ E E ll2a/3(Qm-Pfci,Ki01,Qm-Pfc2,K2</'2)||LiLJ 

k+C<e<ki-C m>ki+C 

^ E E 2™2-2"(i--)||Pfe^,,^g„0i||i2i2j|Pfe,,,,Q™02||L2i^ 

k+C<e<ki-C m>fci+C 

< S\\Pkl.Ki(t>l\\x"-^ — .^\\Pk2^K.2<P2\\xy~'-^ 
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Summing over m, K2 again leads to the desired bound. Second, suppose that £ > ki + C . Then 

£>ki+C' 

(4.69) < ^'"'\\PkQeQapiQePk^..^4'i,Q<e-5Pk,..M\\L-^Ll 

e>ki+c' 

(4.70) + J2 ^'"'\\PkQiQMQ<e-5Pk,^n,cl)i,QePk,,^,h)\\L-,Li 

e>ki+c' 

(4.71) + 2"'' E \\PkQiQMQ,nPku.^<f'uQn.Pk,^.M\\L-^Ll 

£>ki+C' m>£-5 

which are in turn estimated as follows: 

J2 ^M< J2 J2 2-''\\PkQeQMQePki,.i(l^i,Q<i-5Pk,,.M\\LjLi 

K-l.K2&Cmo K-l;K2&Cmo t>ki+C' 

dist(Ki,K;2)<2'"0 dist(Ki,K2)<2'"" 

^ E E '^^^"^%QlPkuMLlLl\\Pk2,.2h\\LrLl 

Ki,K26C,„o l>ki+C' 
dist(«;i,K2)<2™0 

< <5||</'l|U[fei]ll'/'2|ls[fe2] 

and similarly for (I4.70p . whereas 

E S2ID< E E 2"'' E 2^||Qa/3(Q™Pfci,Ki01,QmPfc2,K2'/'2)llLjL2 

dist(Ki,K2)<2"^o dist(Ati,K2)<2"^0 

<2^ J2 E 2(^-)^2™2-^™(i-)||Pfc,,.,0i||5[fc,]||ft2,K2'/'2||5[M 

Kl,K2eCmp m+5>i>ki+C' 
dist(Ki,K;2)<2'"n 

< '5||'/'l||s[fci]ll02||s[fe2] 

as desired. 

It the remaining case |£ — /ci| = \£\ < C we use the decomposition (|4.65p - (|4.68p . The terms (I4.65p - 
(|4.67p give a bound of S as before. The main difference lies with (|4.68p which is nonzero only due to the 

contribution to opposing (++) or ( ) waves, see Lemma [4.11 However, this case is excluded due to the 

angular alignment assumption. □ 

4.5. Nullform bounds in the lovif-high and high-low cases. We now derive analogues of the previous 
two lemmas in the high-low case, with the low-high case being completely analogous. 

Lemma 4.22. For any <j)j adapted to kj with k2 < ki + 0{1) — k one has 

\\PkQ<k+cQM^i,h)\\^Li < 2^^~'^'''r'''\\Ms[k,]\\H\s[k2] 

Proof. We may take k = ki + 0(1) = and ^2 < —C. Assume first that Q<k24>i — 4'i for i — 1,2. Then 
the modulation of the output does not exceed 2*^^, and we are reduced to bounding the following three 
expressions: 

(4.72) Y \\PoQ]{RaQ<j-c4'lRl3Q<j-C<t>2 - Rl3Q<j-c4'lRaQ<j-c4>2)\\^Ll 

j<k2+0(l) 

(4.73) + ll^oQ <j+c{RaQj4>lRl3Q<34>2 - RpQ 34>lRaQ<j(t)2)\\^Ll 

J<k2+0{1) 

(4.74) + Y \\PoQ<3+c{Rc.Q<j(l>lRpQj<l)2- Rl3Q<j<PlRc.Qj(p2)\\L^^Ll 

i<fe2+0(l) 
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Each of the summands here is bounded by 2^^+'^^'/''. For the first, one decomposes into caps of size 2^~^: 

J2 \\PoQAR^Q<j-cPn4>iRpQ<o-cP.'^2 

J<fc2+0(1) K~K'gC j_fc^ 

- RpQ<j^cPK4>lRaQ<j~cPK'4>2)\\^Ll 

< 'i^'2-^\\Q<]-cP^(l)i\\s[k^M\\Q<j-cP^'M\s[k2,K'] 

J<fe2+0(1) 

£2. 

< 2 2 ||0l||s[fci]||'/'2|U[fc2] 

where we apphed (|2.29p in the last step. Note that the nuUform gains a factor of the angle in this bound. 
As for (j4.73p . one perforins a similar cap decomposition but without the separation between the caps: 

H \\PoQ<j+c{Rc.QjP.(l>iRpQ<jP.'(l)2 

J<fc2+0(1) K,K'eCj-k2 

- Rf3QjPn(l)lRaQ<jPK'(l}2)\\L^Ll 

< ^'^\\QiP.ML-,Li\\Q<jP.'4>2\\LrL^ 

J<fc2+0(1) 

< 2^2-52^2'=^ |iO,P,(/.i||5[fe„„]||F«'(/.2||L-L^ 

i<fc2+0(l) 

< J2 2^||0i|U[fc,il|<A2||5[M ^2^||0i|ls[fc,]||02|UM 

J<fe2+0(1) 

Finally, 

\\PoQ<j+c{RcQ<jP.<l>iRpQjP.'<l)2 

J<fe2+0(1) K:K'eCj_fc2 
2 

- Rf3Q<]PK.4'lRaQjPK,'<t}2)\\LlLl 

< Y 2'^\\Q<jP.MLrLl\\QjPn'^2\\L-^L^ 

J<fc2+0(1) 

< Y 2^2^2^-^||g<,P«0i|ls[fc„«]||Q,F.'</>2||L2i2 

i<fe2+0(l) 

< 2^|l</.l|l5[fc,]||</'2||5[.2] <2*||0l|l5[fe.]ll'^2|l5[M 

J<fc2+0(1) 

If Qk2< <c't>2 = 4>2, then we may take 01 — Q<c4>i whence 

\\PoQ<0(l)Qap{,(l)l,(l>2)\\LlLl S \\(t>l\\LfLl\\Ro(t)2\\LlL^ 

<ll'^i||Lri^ E '^'WQ.MviLi 

k2<3<C 

<2^'^-'^'^\\Msik,]U2\\sik2] 
On the other hand, if (/)2 = Q>c4'2^ the necessarily also (pi — Q>c4'i so that 

||fbQ<O(l)Qa/3(01, 02)1^2^2 < ||Po(9<O(1)Qq/3(01, 02)||l1L1 

^ Y ll'9™<^llli?i^2™||(5m02||L2^J 

m>C 

<m\sik,] E 2™2-2™(i-)2'=^(^-)||02||^[,^, 

m>C 



<2(^-)^-^||0i||s[,,]||<^2||s[fc2 



64 



JOACHIM KRIEGER, WILHELM SCHLAG 



and the lemma is proved. □ 

Next, we deal with the case of outputs with large modulation. 
Lemma 4.23. For any <j)j adapted to kj with fc2 < + 0{1) ~ k one has 

e>k+c 

Proof. Set /c = fci + 0(1) = and /ca < -C. Then 

5]2-^^|jPoQ£Qa/3(01,02)||L?LJ 
i>C 

(4.75) < ^^''\\PoQiQMQi^i,Q<i-ch)\\LUl 

e>c 

(4.76) + ^'''\\PoQiQo.piQ>i-c<f>i.Q>i-ch)\\L-^Li 

e>c 

First, taking a = and (3=1, 

< J2 '^'"'\\PoQeiRoQe<l>iRiQ<t^c<l>2 - RiQt^iRoQ<t-ch)\\L^Li 
e>c 

< Y 2-'\2'\\Qi^,\\L2LlU2\\LrL^ + \\QiML-^,Ll\\RoQ<i-ch\\LrL^) 

t>c 

< ll0i||sMll02||5[fc.]2'=^ + Y IIO.0i||l?l^2(H^K2(^--)'=^|102|15M 

e>c 

To pass to the second to last line we used the estimate 

||^oQ«'-C02||l~L~ < \\Q<k2(t>2\\L<^Ll + Y 2^||(9j02||l?L2 

k2<J<e-C 

<2''-^\\Q<k.A2\\LrLi+ E 2^2-(i--)-'"2(^--)'=^|1^2|Um 

k2<j<e-c 

k2<]<i-C 

< 2'=-^||Q<fe,02||L,~L-j +2(H-K2(^--)^-^||02||5[fe.] 
On (|4.76p one has the bound (again for a = and (3 = 1) 

^M< J2 ^'''\\PoQiiRoQmC^lRlQm<l)2-RlQm<PlRoQM\\L-,Ll 

m>e>c 

< Y 2^^-'^'2^\\QrnM^Ll\\Qrn<l>2\\L^^Ll 

m>e>c 

< E 2-(^-^'"||<^i||s[fe,] 2(^--)'=^||02||sM 

m>C 

<2^'^-^^''-^Ui\\sik,]\\h\\s[k2] 
as claimed. □ 



5. Trilinear estimates 

The purpose of this section is to derive the estimates on the trilinear nonlinearities which govern the 
wave map system. In addition to the bilinear estimates of the previous sections, we will also heavily use 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



65 



the Strichartz component of the S'[/c]-norm, see p.l4p . As aheady in we will partially rely on Tao's 
trilinear estimate from (56^ which states that (relative to om' norms in the S'[fc]-spaces) 

3 

(5.1) \\Po[^PiR^'i'2RMN[o] < 2-^('=^'^'=^-^-^)^°2'=^ nil^^lIsM 

1=1 

for some cti > 0. To obtain (|5.ip from [56], one observes that || V-^Hsifc] (strictly) dominates the ^[/cj-norms 
of [56j, whereas ||Po • ||Ar[o] is dominated by the respective iV[0]-norm used in [56j. Because of this property, 
the trilinear bound from [56] can be adapted to this setting provided the correct scaling is taken into 
account. Moreover, throughout this section we define, with fcmax '-^ fci V fc2 V k^, fcmin ■— ki A k2 A k^, and 
kmcd the median of fci, fc2, /ca, 

r 2^<yok^.^ 2^ok,^.nAO jf ^^^^ > q 

W{kl,k2,k3) <^ 2--«('=-^-'=™) if ki = fc„,ax - 0(1) 

[ 2''0{kl+k2Ak,} Jf < ^^^^^^ ^ 

where (Tq > is some fixed small constant. 

We split our argument into two cases, depending on whether all inputs are "hyperbolic" or not. This 
distinction is based on modulation vs. frequency. 

5.1. Reduction to the hyperbolic case. The following lemma deals with the case where at least one 
of the inputs or the interior null-form have "elliptic" character. Recall that / := '^^^^^ PkQ<k+c and 
:— 1 ~ I (here C is an absolute constant, C — 10 will suffice). Throughout this section, we will write 
Pk to denote a projection J2k'=k+o(i) ^k' , and similarly with Qk- 

Lemma 5.1. Let tpi be Schwarz functions adapted to ki for i — 0,1,2. Then for any a = 0,1,2, and 

i = i,2, 

3 

|lPo9'^^o[^li?aV'lA-la,iiQ;5,(yl2V'2,^3V'3)]|U[0] < l«(A:i,fc2,/c3)n II^^IISW 

i=l 

where Ai and Ai are either I or I'^ , with at least one being J"^. Moreover, we impose the condition that 
Ai = Ai = I'^ implies a ^ 0. 

Proof. Case 1: <ki < ks + 0{1) ^ kg + 0{1 ). We begin with Aq ^ P and Ai = I. Then we can drop 
IRa from tpi and estimated 

(5.2) \\PoQ>od^[i^iA-'d,Qpj{i^2,i^3mN[o] < \\PoQ>od''[i^iA-'djQ<k,+cQf3ji^^2,^3)]\\N[o] 

(5.3) + \\PoQ>od''[ijiA~'d,Q>k,+cQpj{i^2,4'3)]\\Nio] 

By Lemma [4. 161 placing (|5.2[) into Xq'^^^"^'^ implies 

\\lplA-^djQ<k,+cQf3j{^J2,1p3)]\\^Ll < ll'/'l|!L-L^2-^|lV'2||s[fc2]IIV'3||s[fc3] 

_ 

^ 2 2 ||V'l||s[fei]IIV'2||s[fc2]ll^3|is[fe3] 

whereas 

(5.4) ^< \\PoQ.nd''[Q<^-cAA-'d,QrnQpjit^2,r^3)]\\NlO] 

m>ki + C 

(5.5) + J2 ll^oQ>o5''[Q>,„-c^iA~i9jQ,„Q/3j(V'2,V'3)]IU[o] 

m>ki+C 



^^It is convenient to prove the somewliat stronger bound witii Aq = Q>o here. 
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Lemma [4.181 yields the following bound on (j5.4|) : 

J2 \\PoQmd^[Q<m-C^lA-'d,Q,nQpji^2,i^3)]\\NlO] 
m>fci+C 

< J2 \\PoQ^'nd^[Q<m-ci^lA~^djQrnQpj{^J2,^3)]\\x",-'-^-' 
m>ki+C 

< J2 2-"^||V'l|U,~L.2-^-M|Pfe,Q™Q/3,(V'2,^3)|!L?L. 
m>ki+C 

3 

<2-^'^2-^{k2-hfl[\ms[k.] 

2=1 

The bound on (jS.Sp proceeds similarly: 

(E5l)< ll^0Q>0a^[Q>m-C^lA"'a,QmQ/3j(^2>3)]|U[0] 
m>fci+C 

< E E ll^0Q^a'^[Q>m-cV'lA^l9jQ™Q/3,(^2,^3)]|k[0] 
m>ki+C 0<i<m+C' 

+ E E ll^oQ^5^[Q^V'iA-'9,Q,„Q^,(V'2,^3)]|U[o] 

m>fci+C £>m+C 

< E E 2(^-^)^||Q>„_c^i|ji2i2j|Pfc,A~'a,Q„Q0,(V'2,V'3)]|iL?Lj 
m>*:i+C 0<^<m+C 

+ E E ^'"'\\Q^H\L-,Ll\\PkA-'djQmQpj{^P2,^3)]\\L^Ll 
7n>ki+C l>m+C 

In the second to last line we applied Bernstein's inequality in the time variable to switch from to L]. 
We now replace the on the right-hand side of the last line by an at the expense of a factor of 2 "2". 
Together with Lemma [4. 181 this yields 

<E3^ E E 2-^-i + (5-^)^||Q>„,_cV^i||^.^,||p,^g„Q^^.(V-2,V'3)]|lL?L^ 

m>fei+C a<l<m+C 

+ E E 2-'=^-^'2^||Q,V^i||i.i.||Pfc,Q„Q^,(V.2>3)]|L?Lj 

m>ki+C l>rn+C 

< ^ 2-(^+^)'=^2-^'"||^i||s[fc,]||F,,g,„Q^,(V'2,^3)]|L?Lj 

m>ki + C 

+ E E 2-'=-^^2^2-(l-)^2(^-)'=MIV'l|U[fe.]l|P..4nQ^,(^2,^3)]|U?L^ 

m>ki+C l>m+C 

3 

<2-*2-^'=^(fc2-fci)'nii^»iisw 

i=l 

Next, we consider the case where both Aq ~ and Ai = If a 7^ 0, then Ai = I and one can drop Ra 
altogether so that the previous analysis applies. Otherwise, if a = 0, then by assumption Ai = I and 

\\PoQ>od^[Q>k^+cR»AA-^djPk,Q<k,+cQf3j{A2i;2,A3^3)]\\N[0] 

(5.6) < J2 \\PoQrnd^[QmRc.4'lA-'djPk,Q<k,+cQfJj{A2^p2,A3^P3)]\\N[0] 

m>ki + 10C 

(5.7) + ||PoQo<-<fei + lOc9''[Qo<-</ci + lOC-Ra'0lA"^9jPA;iQ<fei+cQ/3j(^2'02,^3'03)]|U[O] 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



67 



By Lemma [4. 161 (|5.7p is bounded by 

\\PQQo<-<ki + 10cd'^[QQ<-<ki + 10cRai'l^~^djPkiQ<ki+cQ(3j{A2i;2,A3llj3)]\\^o^ 

< \\Qo<-<ki + WcRall^l A^'^djPk^Q<ki+cQf3jiA2ll^2,A3tlj3)\\L2Li 

< ||Qo<-<fci + 10C^aV'l||L~L2 \\A^^djPkiQ<ki+cQpj{A2lp2,A3lp3)\\i^2i^2 



3 

<2-^l[\msik^ 
1=1 



On the other hand, (|5.6p is estimated as follows: 



J2 \\PoQmd'^[QmRai'lA~^d,Pk,Q<k,+cQpj{A2^2,A3i^3 
m>ki + lQC 

< '2-"''\\Qr,rRML^Ll\\^'^d,Pk,Q<k,+cQ0iiA2^2,A34, 
m>ki 

3 



where we applied Bernstein's inequality relative to t as well as Lemma 14.161 to pass to the last line. 
Now suppose Aq = I (in fact, Aq = Q<o), but at least one of Ai or Ai equals I'^. But then the modulations 
of "01 and Qf3j essentially agree, whence a ^ and 

J2 \\PoQ<od''[QmR<.^iA-^djQmQi3jii'2,i'3)]\\N[o] 

m>ki+C 

< J2 \\PoQ<od^[QmRo.^iA-'d,Q^Q[3,{ij2,^3)]\\Ll^ 

m>ki+C 

< \\QM\LlLl'2''''\\PkAnQpj{M3)\\LlLl 
m>ki+C 

< Y 2(^-)'=^2-"(i-2-)||V'ib[fe,]2-'^^2-"^||P,,Q„Q^,(^2>3)IL?L^ 

m>ki+C 

3 

<2-^--'Hk2-k,fi[ms[k.] 



The final estimate here uses Lemma [4.231 The last case which we need to consider is Aq ^ Ai — Ai ~ I 
and either one of A2, A3 equal to I'^. But then necessarily A2 = A3 = I'^ whence 

\\PQd^I[IRc.4'iA-^djIQp,{Q>k,+c^2.Q>k,+c^MNm 

< \\IRa'lpiA^^djIQpj{Q>k2 + C"4'2, Q>k2 + C"4'3)\\LlLi 

^ llV^llUrix X! \\PkiQ<ki+cQpj{Qni^2,Qm1p3)]\\LlLl 
m>k2+C 



m>k2+C i— 1 

which concludes Case 1. 

Case 2: < = kg + 0{1), ks < kg — C. We again begin with Aq ~ Ai = I and the representa- 
tion (|5.2p and (|5.3p (dropping IRa from ipi as before) . By Lemma I4.22[ (15. 2p is bounded by 

U,A-'d,Q<k,+cQf}ji^2,^3)]\\LUl^\\^^hrLl^^^''^^^^^ 
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whereas 

(5.8) ^< \\PoQ,nd^[Q<,n-c^iA-^djQ,nQpjii;2,^p3)]\\N[o] 

m>ki+C 

(5.9) + \\PoQ>od^[Q>m^C^lA-^djQrnQ0j{^p2,^p3)]\\N[O] 

m>ki+C 

Lemma 14.231 yields the following bound on (|5.8p : 

Y \\PoQrnd'^[Q<ni~ci'l'!^~^djQ,nQf3jilp2,^3)]\\N[0] 
ki+C<m 

ki+C<m 

< J2 2-™^ll^l|Uri^2-'=M|A.,QmQ/3,(V'2,V'3)||L?LJ 
fei+C<m 

3 

i=l 

The bound on (|5.9p proceeds similarly: 

(E9l)< \\PoQ>od^[Q>rn^c4'lA-^djQ,nQl3j{^2,^3)]\\Nm 
m.>ki+C 

^ \\PoQed^[Q>m^ci'iA-^djQ^Q0jii;2,iJ3)]\\x°--^-e.2 

m>ki+C' 0<e<m+C 

+ Y Y \\PoQid^[Qe^iA^'djQmQt3j{^2,i'3mx--^-^'^ 

m>ki+C £>Tn+C 

(5.10) < Y E 2(^--)^||Q>„_c^i||i.i.|lPfe,A-i9,Q„Q0,(V'2>3)]||L?Lj 

7n>ki+C 0<e<m+C 

(5.11) + E E 2-^'IIQW^ilL?L^ll^feiA-ia,Q„,Q;3,(^2>3)]IUrL-. 

m>ki+C l>m+C 

To pass to (|5.10p we used Bernstein's inequality to switch from to Lj, which costs 2^. We now replace 
the on the right-hand side of the last line by an at the expense of a factor of 2^. In view of 
Lemma [4.231 one concludes that 

<E1^ E E 2-^-i+(^-^)^||Q>„,_eV^i|l^.^,||P,,Q„.Q^j(V'2,V'3)]||L?Lj 

m>ki+C a<l<m+C 

+ E E 2-'=^-^^2^||Q,^i||i2i.||Pfe,Q™Q/3j(V'2>3)]||L?L= 
m>ki+C e>m+C 

< Y 2-(H^)'=i2-^'"||^i||5[fe,]||F;.,g™S/3,(^2,^3)]||L?L^ 

m>fci + C 

+ E E 2-^^-^^2^2-(l-^)^2(^-^)^-H|^l||5[fe,]ll^'/c,Q™Q/3,(^2,V^3)]|lLfL^ 
m>ki+C e>m+C 
3 

i=l 

Next, we consider the case where both Aq = and Ai ~ I"^ . If a 7^ 0, then Ai — I and one can drop Ra 
altogether so that the previous analysis applies. Otherwise, if a = 0, then by assumption Ai = I and as 
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in Case 1 one obtains (15. 6p and (15. 7|) . By Lemma [4.221 (15. 7|) is bounded by 

||-PoQo<-<fci + 10c9'^[Qo<-<fci + 10C-RaV'lA"^9jPfciQ<fci + cQ/3j(^2^2,^3V'3)]|lx^ 
< ||(3o<-<fci + 10C^QV'l ^^^djPkiQ<ki+cQp]{A2'4'2,A3tp3)\\L2Li 

3 

<2-(l-e)fe.2(^--)'=3 JIllV-JsM 

On the other hand, (|5.6p is estimated as foUows: 

5] ||PoQma''[4»^aV'lA-l9jPfe,g<fc,+cQ/3j(^2V^2,^3l/^3)]|lx«.-i-.^ 
m>fei + 10C 

< 5] 2-"^||QmVt,,|V|-lV'l|lL?L^ 2-'=i|lP,iQ<fc,+cQ«(^2V'2,^3^3)]|!LrLJ 
m>fci 

<2-(^+^)'=MIV'l||s[fci]2-^||Pfe,Q<fe,+cQ/3,(^2V2,v43V'3)]||L?L= 
3 

1=1 

where we appUed Bernstein's inequaUty relative to t as well as Lemma 14.221 

We now turn to the case where = I, but at least one of Ai or Ai equals I'^. But then the modulations 
of tpi and Qpj essentially agree whence a 7^ 0. Bounding N[0] by LjL'^ and invoking Lemma [423] yields 

^ ||PoQ<o9''[Q„VlA"'a,QmQ/3j(V^2>3)]|U[0] 
m>ki+C 

< E l|t?™V^lllL?L^2-'=Ml^feiQmQ/3,(V'2,V'3)]||L?L2 
m>/£i+C 

3 3 

i=l i=l 

The last case which we need to consider \s A^) = Ai = Ai ~ I and either one of A2,A^ equal to I"^. We 
begin with A2 = I'^. But then necessarily A2 = A^ = /"^ whence 

\\P,d^I[Ii>iA-'d,IQ0,{Q>k,+c^j2,Q>k,+M]\\N[o] 

< \\IlljiA-^djIQi3j{Q>k, + c^l'2, Q>k2+ciJ3)\\LlLi 

<yM\LrLl2-''' \\Pk^Q<k^+cQpJ{Qm^2,QM]\\LlLl 
m>k2+C 

< UihrLl E 2™-'=^2-2(i-)'"2(^-)'=^2(^-)'=^||^2||s[,,]||^3||5[fc3] 

m>k2+C 

3 3 

< 2-(i--)^-^+(^-^)'=^ n II^^IIsM ^ 2-'=^2(^--)^-^ n U^Wsik.] 

i=l i=l 
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It remains to consider the case A2 = I and A3 — I'^. We begin by reducing the modulation of the entire 
output. Indeed, by Lemma |4.22( 

\\Pod'^Q(l-36)k3<-<c[Q<ki + Cll-'l^^^djQ<ki+cQl3j(Itp2,I''ll'3)]\\NlO] 

< 2-fei2-i(i-3-)fc3||V.i|U^^i. 2(5--)'=^2-'=^||^2||sMll^3||s[fc3] 
3 

Next, we reduce the modulation of ipi: 

\\PQd'^Q<{l-3e)k3 [Q>il-3e)ks-ki'4'l^~'^djQ<k,+cQf3]iIi'2,I''^3)]\\N[0] 

< \\Pod''Q<il-3e)ks[Q>(l 

< IIQ>(l-3e)fc3-fci^l|lL?L^ 2-'^i||/Q/3,(/^2,rV'3)|!L?L^ 

<2-^2-^(i-3^)''-||^i||s[,,] 2(^-)^-^2^'=^||V2||5[..]||^3||5[fc3] 

3 

<2_(i_e)/c,2f'c3-Q||^^||^j^^j 
i=l 

Finally, we reduce the modulation of the interior null- form using Lemma 14.121 

||Po9'^Q<(l-3£)fe3 [Q<(l-3e)fc3-fciV'lA"^5j(3fe3<.<fei+cQ/3i(/V'2,/'''03)]|U[O] 

<Ui\\s[k,] J2 2^-'2-''Hki)\\Pk,QeQpAl^2j't^3)\\LlLi 

k3<e<ki+C 

3 

<2-(i-2e)fe,2(l-)fc3-Q||^j^j^^j 

1=1 

which is again admissible. After these preparations, we are faced with the following decomposition: 

Pod'^Q<{l-3e)k3 [Q<(l-3e)fe3-feiV'l^"^^J<3<fc3 Q/3j /''V'3)] 

= PQd'^Q<{l-3e)k3 [Q<{l-3£)k3-kiiJl^^^djQ<k3Ql3jiQk3<-<k2+ci^2,Qk3+C<-<k2+ci^3)] 

— ^ -Po,K9^<3<(l-3e)fe3 [-Pfei,K'Q<(l-3e)fe3-fci V'l^ "^C^i<9<fc3 2/3j(<3fc3<-<A;2+cV-'2, Qfc3+C<-<fc2+cV'3)] 

where £ — i(l — 3£)A:3 and dist(K, k') < 2^. Placing the entire expression in LlL^ and using Bernstein's 
inequality results in the following estimate: with J := Qk3< <k2+Cj 

\\Pod^Q<{l-3e)k3 [Q<{l-3e)k3-k^iJl^^^^■iQ<k3QfijiI'^p2,P'^p3)]\\LiLl 

1 

< \( J2 \\PoAPk^,n'Q<il^3e)k3-k^^l^''^,Q<k3QpJiJ^2,J^3)]\\l2y' 
IK II^O,K[Pfci,K'0<(l-3.)fc3-feiV'lA-l9,Q<fe3Q;3j(J^2, JV'3)]|lii 

W<(l-3e)fc3-fci 

V'l|li2||A ^djQ<k3Ql3j{Ji^2.J'^3)]\\l2 

K'eCc 

< 2^\Q<(^i_3^)k3-ki^l\\L^Ll\\^^^djQ<k3Qf3jiJtp2,J'4'3)]\\LlLl 
<23(l-3e)fc3||^^||^^^^j 2-'=i||Vt,,|VrVV^2||L?L^I|Vt,.|Vrlj^3||L?L- 

< 2^1-3^)^3 ii^^ll^j^^j 2-^=^2-* ||^2|UM2^'"'^''2-'^ll^3||5[fc3l 
which is again admissible for small e > 0. 
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Case 3: < kj — k3 + 0{1), k2 < kg — C. This case is symmetric to the previous one. 

Case 4-' 0{1) < k2 = kg + 0(1), kj < — C. This case proceeds similarly to Case 1. We again begin with 
^0 ~ I'^ E^nd Ai = I. Then we can drop IRa from ipi and estimate 

(5.12) ||PoQ>oa^[V'iA-i9,Q;3,(V'2,^3)]lk[o] < \\PoQ>od''[i^iA-'djPoQ<cQf3,{r^2,i^3)]\\N[o] 

(5.13) + \\PoQ>od^[^iA-'d,PoQ>cQ0ji^2,i^3)]\\N[o] 

where we write Pq = P[-c',c] for simplicity. By Lemma [4.161 placing (|5.12[) into Xg'^^^^'^ implies 

\\'lljlA~-'^djPoQ<cQl3j{i^2,^3)]\\LUl - Ulh^L^ 2-^||V^2||s[fe,]||V^3||s[fc3l 

<2'=^2-*ni|V.||sM 

whereas 

(5.14) (E331)< J2 \\PoQ^d^[Q<m-ci'iA-^djPoQ^Qt3j{4'2,^3mNio] 

m>C 

(5.15) + ll^oQ>o5^[Q>m-C^lA-lc),PoQmQ/3j(V'2,1^3)]|U[0] 

m>C 

Lemma [4.181 yields the following bound on (|5.14p : 

^ ||-PoQm9'^[Q<m-cV'lA"^a-,PoQmQ/3j(V'2, V'3)]IU[0] 
m>C 

< J2 \\PoQmd^[Q<m-cAA-^d,QmQpji^2,^3)]\\xO.-i-^.^ 
m>C 

< J2 2-"'1l^l||LrL^II^0QrnQ/3,(V'2,V3)|!L?LJ 
m>C 

3 

<2'^^2-'''^k2~k,fY[msik.] 

i=l 

which is admissible. The bound on (j5.15p proceeds similarly: 

<ra< ll^0Q>05^[Q>m-C^lA^'a,a„Q;3j(V'2,V'3)]||iV[0] 
m>C 

^ E E \\PoQid''[Q>m-C^lA-'d,Q^Q(3j{^2,^3)]\\xO-^-e,2 
m>C Q<e<7n+C 

+ \\PoQid^[Qi^iA-'d,Q^Qf3ji^2,^3)]\\xS--^-^-^ 

m>Ce>m+C 

< E E 2(^-^)^||Q>„_c^i|U2ij.||Pog™Q«(V'2,V'3)]||L?L^ 
m>C 0<e<7n+C 

+ E E 2-^'||g^^i|L2i=o||Pog„,Q^j(V2,V'3)]||Lri^ 

m>Ce>m+C 

In the second to last line we applied Bernstein's inequality in the time variable to switch fr'om to L]. 
We now replace the on the right-hand side of the last line by an at the expense of a factor of 2^. 
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Together with Lemma [4. 181 this yields 



E 2(^--)^2'=i||Q>,„_c^i|L.i.||PoQ™Q/3,(V'2,V'3)]|L?L^ 
m>C 0<e<m+C 

m>C e>m+C 

<2fel J2 2~^n\Msik,]\\PoQrnQ^,i^2,^3)]\\LlLl 
m>C 

+ 2^-^ J2 E 2-^'2^2-(i--)^||^i||5[fe,]||PoQ„Q^,(V'2,V'3)]||L?L2 

m>C^>m+C 

3 



which is admissible. Next, we consider the case where both Aq — I'^ and Ai = I'^. If a 7^ 0, then Ai = I 
and one can drop Ra altogether so that the previous analysis applies. Otherwise, if a = 0, then by 
assumption Ai — I and 

\\PoQ>od^[Q>cRaiJiA-^djPoQ<cQ0j{A2i^2,A3i^3)]\\Nio] 

(5.16) < \\PoQmd>'[Q^RaiJlA-^d,PoQ<cQpjiA2^2,A3ij3)]\\N[Q] 

m>10C 

(5.17) +||Po<3o<.<10c9^[Qo<.<10ci?aV'lA-la,PoQ<cQ/3j(^2^2,^3V'3)]|k[0] 



By Lemma [4. 161 (|5.17p is bounded by 



\\PoQo<-<Wcd^[Qo<-<WcRaAA^^djhQ<cQ0jiA2Tp2,A3Tjj3)]\\xO.-i-s,2 

< \\Qo<-<10cRa^l A-^djPaQ<cQf3j{A2tp2,A3ij3)\\LlLl 

< \\QQ<-<ki + 10cRai^l\\L^L^ \\A~^djPQQ<cQpj{A2tp2,A3tp3)\\i^2i^2 

3 

1=1 



On the other hand, (|5.16p is estimated as follows: 



J2 \\PoQmd^[QrnRo.i'lA-^d,PoQ<cQf}jiA2i'2,A3iP3)]\\^o.-l-s,2 
m>10C 

< 2''"^||Q™Vt,,|VrVl||L?L,=c||PoQ<fci+cQ/3j(^2V'2,A3V'3)]||Lri^ 
m>0 

<2^-^-'^'''\\Ms[kJPoQ<cQpj{A2ij2,A3ij3)]\\L2Ll 



where we applied Bernstein's inequality relative to t as well as Lemma 14.161 Now suppose Aq ^ I (in 
fact, Aq = Q<o), but at least one of Ai or Ai equals I"^. If Ai = P , then the modulations of il>i and Qpj 
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essentially agree, whence a 7^ and 

^ ||PoQ<oa^[Qmi?a^iA-i5jQ™Q^,(^2,V^3)]|k[o] 

rn>C 

< \\PoQ<od''UnRaA^-'dAnQpj{^2,^3)]\\LlLl 
7n>ki+C 

< X! \\Q^n'tl-'l\\^L^\\PoQ,nQl3j{tp2,1p3)\\L^^Ll 
m>C 

m>C 

3 

1=1 

The final estimate here uses Lemma [4.231 Now suppose that Ai = I and Ai = I'^. Then 

||PoQ<o5'3[/^i?a^iA-i9,/Q^,(V'2,^3)]|U[o] 

< \\rRa^lA-'djPoIQpji^2,^3)\\LlLl 

< ||rVt,,|VrVl||L?Lj=ll^^0Q<cQ/3,(^2,^3)||L?L= 
<2(^-^)'=Ml^l|lL?L^2-*||V2||s[fe.]ll^3||s[fe3] 

The last case which we need to consider is Aq = Ai = Ai = I and either one of A2, A3 equal to I'^. But 
then necessarily A2 — A^ — I'^ whence 

\\Podf'l[Ii^lA-'djIQ0,{Q>k,+ci'2,Q>k., + ci'3)]\\N[O] 

< \\ItpiA~^djIQ(3j{Q>k2+ci-'2, Q>fe2+cV'3)IL;Li 

^Hlh^L^ X! \\PoQ<cQp]{Qm^2,Qmtp3)\\LlLi, 
m>k2+C 

<2'^U,U^L. E 2'"-'=^2-2™(i--)2(i-2^)'=^||^2||sMll^3lls[fc3] 

m>fe2+C 

3 

<2'=-'=^niiV'^ii^M 

i=l 

which concludes Case 4. 

Case 5; 0{1) — kj, fcg = fc? + 0{1). We begin with ^0 — I'^ and Ai = I (in fact, ^0 = Q>o suffices here 
as usual). Moreover, we will drop Ra from ^1 which amounts to excluding the case Ai — /'^ and a = 
but nothing else. Then, from Lemma 14.161 

||Po/^5^[V'iA''a,JQ^,(V'2>3)]|U[o] 

< IIV-i A-i9,/Pfe 2^,(^2, ^3)]||l?l^ 

fe<fe2A0+O(l) 

< E ll^ilUri^^2-'=ll^^'o2«(V'2>3)liL?L^» 

fe<fe2A0+O(l) 

3 

^ E ll^ilUri^2'=-^||V2||5Mll^3||5[M^2-^nil^'ll5[M 

fe<fe2A0+O(l) i=l 
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which is better than needed. Now suppose a = and Aq = Ai = I'^, which imphcs that Ai = I. Then 

\\PoI^d^'[rRo^iA-'djIQp,{^2,^3)]\\N[o] 

fe<fe2A0+O(l) m>0 

/£</£2A0+O(l) m>0 

< Ul\\s[k,]2h\IPkQf3j{i^2,i^3)\\L^^Ll 

/C</C2AO+O(l) 

< J2 2t|l^ib[.,]2'=-*|1^2|l5Mll^3|l5[fc3] <2-^nilV^.|l5M 
/c<fc2A0+O(l) i=l 

Next, consider the case = I'^, and Ai — P. Since PRqiIji is now excluded, we may drop AiRa 
ahogether. Then 

II Po/^a'' [v-i r Q^, (V's >3)] IU[o] 

(5.18) < \\PoQ>oVPi^~^d,Qk<.<cPkQ0M2,i^3)]\\LlLi 

fc<fc2A0+O(l) 

(5.19) + E E 2"'™ll^0Om[Q<m-cV^lA-la,Q„,PfcQ;3,(V'2,V'3)]||L?L^ 

fc<fc2A0+O(l) m>C 

(5.20) + E E ll^0O>0[Q>m-cV'lA-l5jQ^PfeQ^,(V^2,^3)]||L?L2 

fe<fe2A0+O(l) m>C 

First, by Lemma [4. 181 

k<k2A0+O{l) 

^ E \\i^l\\L'^Ll\\Qk<-<cPkQpj{i^2,1p3)]\\L^^Ll 

k<k2AQ+0{l) 

3 

< E ll^llUr^S2§2-'^^(fc2-fc)'||^2||5[fe2]ll^3||5[M ;S2-l^-^l(fc2)nilV'.||sM 

fc<fc2A0+O(l) i=l 

Second, again by Lemma [4. 181 

^M< E E 2"""ll^0Qm[Q<m-cV'lA"'5jQ„,PfcQ^,(^2,^3)]|lL2i2 

/c<fe2 A0+O(l) m>C 

^ E E 2-""||V^l||LrLjllQm^fcQ«(^2,V^3)]||L?L^ 

A;<A:2AO+OC1) m>C 

3 3 

< ^ 2$2-'=^(fc2-fc)'nii^.iis[fc,] ;$2-i^-^i(fc2)niiV'.iisM 

fe<fc2A0+O(l) »=! J'=l 
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and third, 

k<k2AQ+0{l) m>C 

fe<fe2A0+O(l) m>C 

/£<fc2A0+O(l) m>C 
3 

i=l 

where one argues as in the previous two cases to pass to the last Hne. 

Thus, Aq = Q<Q for the remainder of Case 5. If Ai = I'^, then necessarily Ai = I'^ which implies a ^ 0. 
Therefore, 

||PoQ<o9^[/^^lA-la,rQ;3j(^2>3)]|U[0] 

^ E E IIQrn^lA"'9jPfeQmQ/3,(V'2,V'3)]||L;L^ 

/£</£2A0+O(l) m>C 

^ E ^ \\Qm-4^l\\LlLl\\PkQmQp]{'4'2,'4'z)\\LlLl 

k<k2/\0+O{l) m>C 

(5-21) < E E 2"''"''^"ll^lllsM2-^"||PfeQ,nQ/3,(V'2,V^3)||L?LS 

/£</£2A0+O(l) m>C 

< ll^ilIsM 2*2-^'=^(fc2-fc)'||^2||s[fe2]IIV'3||s[M 

fc</C2A0+O(l) 

<2-^\'^\{k,)f[ms[k.] 

1=1 

which is again admissible. So we may assume also that Ai — I which means that we can drop from -01. 
Furthermore, in view of (|5.2ip it suffices to set Ai — I. Finally, suppose at least one choice of j = 2, 3 
satisfies Aj = I'^. Then necessarily, A2 = A^ = I'^ and 

||Po/9''[/^iA-i9,/Q^,(rV2,/"V'3)]|U[o] 

fc<fc2A0+O(l) 

(5.22) < IIV'i||Lri^.2-^-||/PfcQ^,(rV2,/^03)IL;L^ 

fe<fe2A0+O(l) 

< E IIV'l||LrL?2'=||/PfcQ^,(rV2,/=03)||LjLi 
fc<fc2A0+O(l) 

<2'=^^0||^l|Uc.i2 Y \\QpAQ^ni>2,QM\\LlLl 
m>k2+C 

< 2'=^^0||V^i|Uc.^2 ^ 2™-^-^2-2(i-^""2(i-2e)fe2||^^|j^j^^^|j^3|j^j^_^^ 

m>fc2+C 

(5.23) <2-'=^^°nil^^llsM 



i=l 



as claimed. 



Case 6: 0(1) = kj > k2 + 0{1) > kg + C . This case proceeds similarly to Case 5. We begin with ^0 = I'^ 
and Ai = I (in fact, A^ = Q>o suffices here as usual). Moreover, we will drop Ra from ijji which amounts 
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to excluding the case Ai = I'^ and a = but nothing else. Then, from Lemma [4.221 

||Po/^9''[V^lA~'9,/Q«(V'2,V'3)]|k[0] < IIV'lA"'a,/Q^,(^2,V'3)]||L?L^ 

3 

i=l 

which is better than needed. Now suppose a = and Aq = Ai — which imphes that Ai = I. Then 

|lPo/^a^[/^i?oV'iA-i9,/Q^,(V2,V'3)]|U[o] 

m>0 



m>0 

3 

<2*2(^--)^-^+-^-^nii^^ii5M 



Next, consider the case Aq = /'^, and Ai = I'^. As before, we can drop AiRa in this case. Then 

\\Poi^df'[^iA-^d,rQpj{^2,i^3)]\\N[o] 

(5.24) < ||PoQ>o[V'iA-i9,Qfe<.<cPfe.Q/3j(V'2>3)]|lL?L-, 

(5.25) + ^ 2-'"'\\PoQm[Q<^m-C^lA-^djQrrA,Q/3ji^2,i'3)]\\L-Ll 

m>C 

(5.26) + ^ \\PoQ>o[Q>rn-ci>iA~^djQ„,Pk,Q^jii;2,i>3)]\\L-Ll 

m>C 

First, by Lemma [4.231 

(EH < IIV-iIIl^L^ 2-'=^||Qfc,_o(i)<.<cPfc,Q;3,(V^2>3)]||L?L- 
^ Wi^lh^Ll \\Qk2-0{l)<-<cPk2Ql3j{lp2,1p3)]\\^Ll 

i=l 

Second, again by Lemma [4.231 

2""'"|lPoQm[Q<m-C^lA-l9jQ,nPfe.Q/3j(^2>3)]|lL?L-, 

■m>C 

< J2 2-^'"||^l|Uri^JI^™^fe2Q«(^2>3)]||L?L= 
m>C 
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and third, 

E llQ>m-cV'lllL?L^2-'=-|lQ,„Pfc.Q/3j(V'2>3)]|UrL- 
m>C 

< J2 2-(l--)"||Vi||s[,,]2^||Q™Pfc,Q^,(^2>3)]||L?L^ 

< ^ 2-(^-2-)-||Vi|lsM2-^™||Q„Pfc, 2^,(^2, V3)]||l?lj 

m>C 

i=l 

where one argues as in the previous two cases to pass to the last Une. 

Thus, Aq — Q<Q for the remainder of Case 5. If Ai = I'^, then necessarily Ai = I'^ which implies a ^ 0. 
Therefore, 

|lPoQ<o5''[/^^lA-'9j/=Q/3,(V'2,V'3)]|U[0] 

< E \\Qmi^l^-^d,Pk,Q,nQpA^2.^z)]\\LlLl 
m>C 

% X] \\Qrni^^\\LlLl\\Pk2QmQl3]{'4^2,'4>z)\\LlLl 

(5.27) rn>C 

< ^ 2-(i-2=-)™||^i|l5f,^j2— "||Pfc,Q„,Q^,(V^2,V3)IL?L^ 

m>C 

i=l 

which is again admissible. So we may assume also that Ai — I which means that we can drop Ra from "01. 
Furthermore, in view of (|5.27p it suffices to set Ai = /. This leaves the cases A2 = I'^ or = P^ to be 
considered. In the former case, necessarily A2 = A3 — I'^ and 

\\PoId^'[IyjiA''d,IQp,{ri:2j'^3)]\\Nm<\\I^Ji^-'d,lPk,Qp^ 

< UihrLl 2-^-^||/Pfc.Q/3,(/^V'2,r^3)|!LjL^oo < UlhrLl || /A.. Q/J^ (/^^2,/^^3) II LJL^ 
^ IIV'iIIl^L^ ^ \\Ql3j{Qnill^2,Qm1p3)\\LlLl 

L?L2 llgrnVslli^ioo + ||(3mV'2||L2i2 ||Vt,a;|V| ^ QmV'S || L^^oo ) 

m> A;2 

3 

^UihrLl E 2-('-'^^"2(^-)'=-22(^-)'=3||^2||^^^^j||^,3||^j^^^j <2(^-)('=3-'==)]J 

m>k2 i—1 

which is acceptable. The one remaining case is ^0 = ^1 = ^1 = ^2 = and A3 = I'^. Of course one may 
also assume that = Q<fe2+c^3- Then we write 

(5.28) PoId^[Ii^il^-^djIQp,{Ii^2j^^3)] = Po/[9''/^iPfe,A-i5,/Q^,(/V'2,/Vj3)] 

(5.29) + Po/[/V^i A-'djd''PkJQpj{I^2,I'^3)] 

The term on the right-hand side of (|5.28p is difficult. More specifically, the methods that we have employed 
up to this point do not seem to yield the necessary bound. However, Tao's trilinear estimate (|5.ip implies 
that 

3 

(5.30) l|a^i^0^li?/3V'3V^2||Ar[0] < 2"('=^-'=^)2^-^[]||V',||s[fc,] 

i=l 
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for some constant cr > as well as 

3 

(5.31) Wd^Po^i Rp^2 Mmo] < 2''^ n II^^IIsM 

1=1 

Since 2^'^Pk2^^^djI can be replaced by the convolution by a measure and all norms involved are translation 
invariant, these estimates imply (|5.28p . 

The analysis of (|5.29p is easier and similar to the considerations at the end of Case 2. More precisely, 
we first reduce the modulation of the entire output by means of Lemma 14.221 

ll^oQ(l-3e)fc3<-<C 

< 2- ^ (1 -3.)'=3 1 1 1 1 ^, 1 1 jg^^. (7^2 , V-a ) 1 1 L? Ls= 

<2-^(l-3.).3||y,^||^j^^j 2(^-)'=32(l+-)'=^|jV^2||sMll^3||5[fc3] 
3 

i=l 

Next, we reduce the modulation of ipi. 

l|-PoQ<(l-3e)fe3 [Q>(l-3£)fc3 

< ||Po5^Q<(l-3e)fe3[Q>(l-3s)fc3V^lA-'a,a''/Pfe,Q^,(/V;2,/=V'3)]||L;L= 

< 2'=^||Q>(i-3e)fc3V'l||L?L^ \\PkJQ0jiIi^2,Pi^3)\\L-^Ll 

<2-5(l-3-)'=3||V;i||s[,^] 2(3-)'=32(l+-)'=^||V,2||s[fe,]||V^3||s[fe3] 
3 

<2f/c3+(i+.)/c.-Q|,^^||^j^^j 

1=1 

Finally, we reduce the modulation of the interior null- form using Corollarv l4.13l 

\\PoQ<il~3e)h,[Q<{l-3e)ksi'l^~^^djd'^Pk2Qk:,<.<k2+cQ0jiIi^2,I''^3M^ 

<||^l|U[fc,] E 2^2-^\Pk2QeQpj{Ii^2,r^3)\\LiLi 

k3<e<k2+C 
3 

<2a-)('=3-fe.)-Q||^^ii^j^_j 

which is again admissible. After these preparations, we are faced with the following decomposition: 

PoQ<il-3e)kdQ<a-3e)k,^'l^-'djd^Q<k,Qpj{I^2,I'^3)] 

= -Po<3<(l-3e)fe3 [Q<(l-3£)fc3V'lA ^djQ<k3Qf3j{Qk3<-<k2+C'4'2, Qk3+C<-<k2+C'^3)] 

= ^ Po,nQ<(l-3e)k3[Pki,K'Q<(l-3e)k3'lpl^ "^9j9^<9<fc3 2/3j((5fc3<-<fc2+cV-'2, Qfc3+C<-<fe2+cV'3)] 
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where ^ = ^[^2 + (1 — 3e)fc3] and dist(K, k') < 2^. Placing the enthe expression in L^L"^ and using 
Bernstein's inequaUty results in the following estimate: with J :— Qk3< <k2+c i 



-PoQ<(l-3£)fc3['9<(l 



Li 



< IK E II^O,«[^'fci,K'Q<(l-3e)fc3-fciV'lA-'aja/'Q<,,3Q^^.(JV,2, JV^3)]|1 

- 

< 25|( |lP0,.[Pfei,K'Q<(l-3e)fc3-fci^lA-'9ja''g<fe3Q/3,(JV'2, J^3)]||ii)' 

< 2i||( ||Pfc,..'Q<(i-3s)fc3-fciV'i|li2||A-ia,9''Q<fc3Q;3jW2, JV'3)]|li. 



K'eCf 

V'l 1 1 L i2 1 1 A ^djd^Q<k3 Qpj ( JV'2 , JV'3 )] I ! l; L2 

< 2-^U,\\s[k,] ||Vt,,|Vrlj7/^2||L?L2||Vt,,|VrVV'3||L?L» 

< 2i(i-3s)fe3+^^ ii^^ii^j^^j 2-^11^^11^^^^^ 2(^--)'=32^'=2||^3||5(,^, 
which is again admissible for small e > 0. 

Case 7: kj — 0(1) > + 0{1) > k2 + C. This case is symmetric to the previous one. 

Case 8: k2 — 0{l),max{kx , kg) < — C. We begin with Aq = Q>o and Ai — I, and we drop Ra from tpi 
excluding the case Ai — I'^ and a — Q but nothing else. Then, from Lemma [4221 

||Po/^9^[V^lA-l9j/Q;5,(V^2,V^3)]||Ar[0] < IIV'iA~'9j/Q/3,(^2,V^3)]||l2l3 



< 



S[ki 



which is better than needed. Now suppose a = and A{) = Ai = I'^, which implies that Ai = I. Then by 
Lemma 14.221 

||Po/"a''[ri?o^iA-i9j/Q/3,(V2,^3)]|k[o] 

< Y 2"""ll^0Qm[gmi?0^1 A-la,Po/Q/3j(^2>3)]|lL?L2 
m>0 



< Y 2-^™||Q™Vt.,|VrVl||L?L-l|A-l9jPo/Q/5,(V^2,V^3)]|lL-L2 
m>0 

< ^ 2(l-^)™||4nV'l||L?L2||Po/Q/-i,(^2,V^3)]L?L2 



m>0 



< 



1=1 



Next, consider the case Aq = 7'^, and Ai — I^. As before, we can drop AiRa in this case. Then 

II [^1 A-ia,r Q;3, (^-2 , ^3)] IU[o] 

(5.32) < Y 2-""||PoQm[Q<m-cV^lA-l9,Qm^oQ/3,(^2,^3)]||L2L2 



m>C 



(5.33) 



X! ||-Po(3>o[Q>m-cV'lA ^9jQmPoQ/3j(V'2,'03)]||L2i2 



m>C 



80 



JOACHIM KRIEGER, WILHELM SCHLAG 



First, by Lemma l423l 

^M< J2 '2-''''\\PoQrn[Q<m-c4'l^'^djQmPoQf)ji^2,^3)]\\L-Ll 
m>C 

< J2 2-^"2'=i|!V^l||LrL^ll4nPoQ«(V'2,V'3)]llL?LJ 
m>C 

3 
i=l 

and second, 

E ^''\\Q>^n-cH\^Ll\\QmPoQpj{i^2,i'3)]\\L^Ll 
m>C 

< ^ 2(i--)'=^2-(l--)'"||^i||5[,.,]2^||Q,nPoQ/3,(V'2,^3)]||L?L^ 

i=l 

where one argues as in the previous two cases to pass to the last Hne. 

Thus, ^0 = Q<o for the remainder of Case 8. If Ai = I'^, then necessarily Ai = I'^ which implies a 7^ 0. 
Therefore, 

\\PoQ<od^[I'i'i^-^djrQp,{^2,^3)]\\N[o] 

< \\Qmi^l^~'9,PoQmQpjii'2,y^3)]\\LlLl 
m>G 

< 2'MIQmV'l|lL?LJ llPoQ™ 2/3,(^2, ^3)||l?LJ 
m>C 

<2^^ Y 2-(l-2^)™||^i||s[fe,]2--'"||PoQ™Q/3,(V'2,^3)|!L?LJ 
m>C 

3 

1=1 

which is again admissible. So we may assume also that Ai = I. Now suppose that Ai = I'^. Then we can 
take Ai — Qki< <c whence 

\\PnQ<0d''[Qk,<-<cRai'lA''djIQf3j{^2,^3)]\\Nm 

< \\Qk,<-<cRc.^lA-^d,PoIQf3ji^2,^3)]\\LlLl 

< ||Qfei<.<cVt,,|V|-Vl||L?L- \\PqIQpj{^2,^3)\\l^^LI 

< 2(^-)'=M|Vl||5[fc,] 2(^-)'=-^||^2||5Mll^3||5[fe3] 

3 

i=i 

So we may assume for the remainder of this case that Ai = I which means that we can drop Ra from ipi . 
This leaves the cases A2 = I'^ or A^ = I'^ to be considered. In the former case, necessarily A2 = A^ = /"^ 
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and 

\\PoId''[ItPiA~^d,IQp,{I'tP2,I'^3)]\\N[0] < \\IiJlA-^djlPoQpj{I^ij2j'i'3)]\\LlLl 

< 2'-M|^l II L,~L^^ \\IPoQpjiriJ2,r^3)\\LlLl < 2'^MIV'llUri^ \\IPoQpAl"^2,ri^3)\\LlLl 
<'2'''Ui\\l^LI Y1 \\QP3iQmi'2,Qm^3)\\LlLl 

< ^'''UlhrLl J2 {\\^t,^M''QrnH\L^^Ll\\QrnH\LUS' + 1 1 Q™V^2 1 1 LfL^JI Vt,. | V | Q,n 1 1 L?L~ ) 

m>0 

m>0 1=1 

which is acceptable. The one remaining case is = ^i = ^i = ^2 ^ and A3 = I'^. Of course one 
may also assume that ip^ — Q<cip3- The analysis in this case is similar to the considerations at the end 
of Case 2. More precisely, we first reduce the modulation of the entire output by means of Lemma [4.221 

l|i^oC''3Q(l-3e)fe3<-<c[/V'lA"'5,f'o/Q«(/^2,/^^3)]|k[0] 
< 2-i(l-3e)/c3||^^|,^^^^^ ||/Q^,(/V^2,/^^3)||l?L^ 
<2/c.2-^(l-3e)fe3||^^||^^^,^j 2(^-)'=^||V'2||5[Mll'A3||5[M 
3 

<2'=^2f'=3[]||V;.||5[fe.] 
Next, we reduce the modulation of ^i: 

ll^'oQ<(l-3s)fe35^[Q>(l-3e)fc3V'lA-la,/FoQ«(/V'2,/^V'3)]|U[0] 

< l|Po5^Q<(l-3e)fe3[0>(l-3e)fc3V'lA-l9,/PoQ/3,(/^2,/=V'3)]||L;L^ 

< 2'=^||Q>(i_3e)fc3V'l||L?L^ ||Po/Q/3,(/^2,r^3)||L?L^ 

< 2fc,-i(l-3e)fc3||^^||^j^^j 2(^--)'=^||V'2||sMll^3|U[fc3] 

i=l 

Finally, we reduce the modulation of the interior null- form using Corollary 14. 131 

\\PoQ<{l-3e)hdQ<(l-3e)k3'^-^l^~^djPoQk3<-<cQl3j{Ii^2j''-llj3)]\\N^ 
<2''^MI^l||s[fci] E 2^2-i||PoQ£Q/3j(/^2,rV'3)||L?LJ 

k3<e<c 
<2^+(|-.)^3-Q||^^|j^j^^j 

i=l 

which is again admissible. After these preparations, we are faced with the following decomposition: 

Po9^Q<(l_3e)fc3 [Q<(1^3e)k3A^''d,Q<k3 (/^2, ^^^3)] 

= -Po<3<(l-3e)fe3f^'^[*3<(l-3e)fc3V'lA ^ djQ^ksQpjiQ k3<-<k2+ci'2: Qk3+C<-<k2+ci'3)] 

= E Po,iiQ<(l~3e)k3d'^[Pki,K'Q<{l~3e)k3'^lA^^djQ<k3Qi3j{Qk3<-<k2+C'llj2,Qk3+C<-<k2+C'i'3)] 
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where I = ^[(l — 3e)fc3 — fci] A and dist(K, k') < 2^. Placing the enthe expression in L\Ll. and using 
Bernstein's inequaUty results in the following estimate: 

||fbQ<(l-3e)fc3 [<3<(l-3e)fc3V'lA"^(9j(3<fc3 Q/Sj , ^'''03)] II LjL^ 

1 

- IK X! II^O,K[fti.K'Q<(l-3e)fc3V'lA"^(9jQ<fe3Q/3j(Qfc3<-<cV'2,Qfc3+C<-<cV'3)]|l^ 

k.k' ^C-i 

- IK X! ll-Pfci:«^'Q<(l-3£)fe3'01^"^^jQ<fe3 2/3j(Qfc3<-<C'02,Qfc3+C<-<C'/'3)lli2 

- IK X! II^A;i.K'Q<(l-3£)fc3V'l|li~l|A"^ajQ<A;3Q/3j(Qfc3<.<cV'2,Qfe3 + C<-<cV'3)]|lii 

< 2^2'=i||g<(i_3^)fc3VJi||ic.i2||A~iajQ<fc3Q/3j(Qfc3<.<cV'2,Qfe3+c<-<cV^^ 

<2'-^ + 5||V^l|l5[fe,] |lVt^,|Vrlgfe3<.<c^2||L?Ljl|Vt^.|Vrlgfe3+c<.<cV'3|U?L~ 

< 2£Ji+i(i-3.);c3||^^||^j^^j 2_^||^^||^^^^^ 2(^-)^-3||V-3||5[fc3] 
which is again admissible for small e > 0. 

Case 9: ks — O(-Z), max(A;j , fcg) < ~C. Symmetric to Case 8. □ 

It is important to realize that Lemma 1 5 . 1 1 yields the following statement, which is really a corollary of 
its proof rather than its lemma. 

Corollary 5.2. Let ipi be Schwarz functions adapted to ki for i = 0, 1, 2. Then for any a,(3 — 1, 2, and 
J = 1,2, 

3 

||PoVt,^Ao[Aii?„V'lA"^(9jilQ/3j(A2V'2, A3?/.3)]|1jv[0] < w(fcl, fe, k^) W \\i^^\\s[k,] 

where Ai and Ai are either I or I'^ , with at least one being I'^ . Moreover, we impose the following 
restrictions: 

• if Ai = Ai = then a = Q is excluded 

• if ki = 0{1) > k2> k3 + C, then Aq = Ai = Ai = A2 = I, A3 = I'^ is excluded 

• if ki = 0(1) > k3> k2 + C, then Aq = Ai = Ai = A^ = I, A2 = I" is excluded 
In particular, 

3 

(5.34) \\Po'^tA^^iA-^d,rQpj{ij2,i^3)]\\N[o]<w{kuk2,k3)l[\ms[k,] 

1=1 

Proof. Note that the first exclusion in our list is precisely the exclusion in Lemma 15.11 The only real 
difference between this statement and that of Lemma 15.11 lies with the fact that we no longer require 
the outer most derivative to be . But this mattered only in one case, namely when we applied Tao's 
bound (|5.ip in Cases 6 and 7 above. Moreover, inspection of the argument in those cases reveals that the 
d^cfidpil) null-form was needed only in those instances which are excluded as the second and third conditions 
of our above list (in fact, the modulations were narrowed down much more before any need for (|5.ip arose). 
The final statement is an immediate consequence of the first one, since we removed Ra altogether (which 
eliminates the first exclusion) and since the other two exclusions do not arise due to Ai = I'^. Therefore, 
one simply sums over all choices of Ao,Ai,A2 and A3. □ 

In fact, the proof of Lemma [5.11 makes no use of the fact that A^^dj contains the same index as the 
null-form Q/3j. But the strengthening resulting from replacing A^^dj by |V|~^, say, is of no benefit to 
us so we do not carry it out. The following variant of Lemma |5. II covers the other two types of trilinear 
nonlinearities arising in the Coulomb gauged wave-map system. 
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Lemma 5.3. Let ipt be Schwarz functions adapted to ki for i = 0, 1, 2. Then for any a = 0, 1, 2, j = 1, 2, 

3 

(5.35) ||Po5''Ao[Aii?^^iA-l9,/Q„j(A2^2,^3^3)]||Ar[o] < w'(fci,fc2,fc3)nilV'*IU[fc,] 

4=1 

3 

(5.36) \\Pod''Ao[A^RP^:^^-^djIQp,{A2^2,A^^^)]\\N^o-^<w{ki,k2.h)\{U^^^ 

i=l 

where Ai are either I or I'^ , with at least one being 

Proof. Both these bounds foUow from CoroUarv l5 . 21 provided we are not in those cases described as Items 2 
and 3 in the hst of exclusions (observe that the first exclusion does not arise due to our limitation to Ai = /). 
So let us consider the second exclusion fci = 0{\) > k2 > k^ + C and Aq — Ai ^ Ai — A2 — I, A3 = P 
(the third one being symmetric to this case). Then (|5.36p is an immediate consequence of (|5.1I) . see (I5.30p 
and (|5.3ip above. As for (|5.35p . observe that due to the analysis of (|5.29p we may assume that the outer 
derivative hits ■01- Hence, it suffices to bound 

l|Po/[/a''i?/3V'iA-iaj/Q„,(/V2,rV'3)]lk[o] 

However, due to the property that || □/Po^lli^^a < ||0||s[o] and d^dp ~ □, this is easy: 

\\PoI[Q<cdPRf3^iA-'djIQ^jiIi^2j'i'3)]\\Nio] 
< \\PoI[Q<cd''Rp^iA-^d,IQ^,{Iij2,I'i^3)]\\LlLi 

<\\Q<cd^Rp^Pl\\^Ll\\A''djPkJQc.jiI^2,I''^3)]\\L^L^ 
<||^l|l5[,,]2^(l-3s)/c32e'c.||^^||^^^^j||^^||^^^^j 

as desired. □ 

The following technical corollary will be important later. 

Corollary 5.4. For some absolute constant ctq > 0, and arbitrary Schwartz functions ipi, 
2 

(5.37) V ||Po Vt.^iV'iA-ia.r 2^,(1^2, V'3)]IU[o] < sup max 2^"«l'=l||PfeV»llsw 

provided maxi^i.2,3 X^fegz ll-P'cV'i|l5[fe] — '^"'^ with an absolute implicit constant. Moreover, given any 
5 > Q there exists a constant L — L{5) ^ \ such that 
1 

El . . 5]||PoVt,,[Pfc,V'iA^'a,J^Q«(^fe.V'2,Pfc3V'3)]|k[o] <^if'sup max 2--"l^l||P,V'4||sw 

— 'fci,fc2,A;3 j,g2*=l'2,3 

where the sum ^'j,^ extends over all fci, fc2, k-^ outside of the range 

(5.38) |fci|<i, k2M<L, \k2-k3\<L 
Finally, if ^J!^ j,^ denotes the sum over this range, then 

2 

El' . . E Ell^0^*.-[^fei'/'l^"'^^-^'^*^2«(^fc^V'2,Pfc3^3)]||jV[0] 



k<k2-L' j=l 

<SK^snp max 2-^<'\''\\\Pk^,\\sik] 

fegZJ=l,2,3 

where L' = L'{L,5) is a large constant. 

Proof. Write ipi — '^i^.^^Pki'^i for 1 < * < 3. In view of the definition of the weights w{ki, k2, k^), 
summing (|5.34p over all choices of ki,k2, fcs yields (|5.37p . The second statement follows immediately from 
the fact that the weights ^(fci, fc2, ks) gain some smallness outside of the rang e dOS]) (namely 2-^^). For 
the third statement one needs to observe that in Case 5 — which is the one specified by (|5.38p but of course 
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with a range specified by the constant L — an extra gain can be obtained by restricting k to sufficiently 
small values compared to ^2 , fca . □ 

5.2. Trilinear estimates for hyperbolic 5-waves. The following lemma finally proves the trilinear 
estimates in the "hyperbolic" case. The argument will rely on the following trilinear null-form expansion 
from 

25^Vi A-i9jQ^j(V'2,V'3) = (□V'i)|V|-V2|V|-V3 - □(^i|V|-V2)|V|-V3 

(5.39) + ^in(|V|-V2)|VrV3 + □(ViA~'a,(i?,^2|VrV3)) 

- (□i/^i)A-i9j(i?ji^2|vrV3) - VinA-iaj(i?j^2|vrV3) 

as well as its "dual" form 

2dP[4>i A"i9jQ^j(7/;2>3)] = -□(v^iivrv^2ivrv^3) + □(^iivrv3)ivrv2 

(5.40) - Vin(ivrv2)ivrv3 - (□^i)A-iaj(i?j^2ivrv3) 

+ □(V'iA-i9,(i?,^2|vrV3)) + ^inA-ia,(i?,V2|V|-V3) 
Strictly speaking, wc shall want to apply these identities to the trilinear expression 

for some P^. In the case of (|5.40p the operator IPk can be inserted in front of any product involv- 
ing V'2 and V'3 which is the case for all but the second term on the right-hand side of (|5.40p . i.e., 
□ (■0i|V|~"'^'03)|V|~"'^'02 (and similarly for (|5.39p ). Since IPj. is disposable, it takes the form of convolution 
with a measure v^. with mass Wh'kW ^ 1. Thus, the second term needs to be replaced by the convolution 

(5.41) / □(v;i|vrV3(- - 2;))|vrV^2(- - vHidy) 



The logic will be that any estimate that we make on □(i/'i|V 1^^-03) 1^1 ^^"02 in the context of the S[k] 
and N[k] spaces will equally well apply to this convolution since all norms are translation invariant. We 
shall use this observation repeatedly in what follows without any further comment. Finally, the weights 
w{ki, fc2, k^) are those specified at the beginning of this section. 

Lemma 5.5. Let ipj be adapted to kj, for j ~ 1, 2, 3. Then 

2 3 

(5.42) ||^Po/9''[/i?a0iA-ia,/Q;3j(/V^2,/V'3)]L[o] ^^(^i'^2,fc3)nil^'lls[fc.l 

i=l i=\ 

2 3 

(5.43) ||^Po/9a[/i?^0iA-ia,/Q;3j(/V^2,/V'3)]L[o] <"^(^i'^2,fc3)nil^'lls[fc.l 

i=i i=i 

2 3 

(5.44) ||^Po/9''[/i?/3V'iA-ia,/Q„j(/V;2,/V'3)]L[o] <^(^i'^2,fc3)nil^'lls[fc.l 

i=l i=l 

/or any a = 0, 1, 2. 

Proof. We begin with (|5.42p . Due to the / in front of ■0i we shall drop the Ra operator. Also, it will be 
understood in this proof that ipi — QKki+cipi for 1 < « < 3 and we will often drop the /-operator in front 
of the input functions. 

Case 1: < ki < kg + 0{1) = kg + 0{1). By LemmaOl 

llPo/5^[Q>O0lA-l9,/Q^,(/V'2,/V'3)]|k[O] < \\PoId''[Q>o^l/^~^d,IQpj{Ii^2j^ML\Ll 

< \\Q>oMl^LI 2-'=M|PfcJQ/3,(/V'2,/V'3)] II L?L^ 

(5.45) 3 

1=1 
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So it suffices to consider 

(5.46) Po/5'3[Q<oViA-i5j/Q^,(/^2,/V^3)] = PoQ<cd'^[Q<o^iA-'d,Q<cQpjiI^2j^3)] 

One can also limit the modulations of ■02, V'a further. Indeed, by (|4.4ip of Lemma [4.121 and Corollarv l4.13[ 

\\PoQ<cd''[Q<oiJiA-'d,IPk,Q/3,{Q>ekJi^2,IiJ3)]\\N[o] 

< 2-^=1 II ViV,,t|Vrl/^/.3|| .o,i,i|IQ>efe.V,,t|Vrl/l^2|| .0,-^.1 

(5.47) ^'=3 

3 



<2-^^'=^(A;2-fci)n 



'i\\S[ki] 



i=l 



which is admissible. Note that we replaced A^^djPki by 2^*^^ as explained in the paragraph preceding 
this lemma. Thus, assume that tpi = Q<ctpi, tpj = Q<ekj'4'i for j — 2,3, apply the identity (|5.40p . and 
estimate the six terms on the right-hand side of (|5.40p in the order in which they appear. First, by the 
Strichartz component (|2.14p . 

iiPo/n(^iivrv2ivrv3)iiAr[o] < ii^o/n(v^iivrv2ivrv3)ii .o.-i.i 

< ii0iivrv2ivrv^3iiL?L^ 

< II 01 i2 2-^=^ II V2 II L^ijo 2-'=^ II ^-3 II LfL^^o 

<2-*nii^.iisM 

i=l 

Second, by (|4.39p of Lemma [4121 and Lemma l4?T0l 

iiFo/[n(^iivrv3)ivrv2]iU[o] < (fc3)iiA-30<efe3°('^iivrV3)ii .o,-i.iiiivrv2iis[M 

< (fc3)l|A-3Q<efe3(V'l|VrV^3)ll .o,iall^2||s[fe.] 



<2/c,-/c32K-fe3-fei)(fc3)-Q||^^||^^^,^ 
i=l 

Third, by (|OT|) and Lemma HTUI 

||Po/[V'in(|VrV2)|VrV3]||Ar[0] 

in.3Q<sfe3('/'iivrv3)ii .0,1,, E 2^^"^°iinQ,(ivrv2 



< 



'=3 j<ek2 '=2 



1=1 

Fourth, again by (|4.4ip and Lemma [4. 101 

||Po/[(nV^i)A-i9,(i?,V;2|VrV^3)]|U[o] 



< 2-^=1 V23||nQ,Vi|| .o,-i,oo||A.iQ<c[i?jV^2|VrV3]|| .0,1,1 

1<C *=! '=3 

<2^2-^ni|V.||5M 
1=1 
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Fifth, with i^ki- k2, 



|Po/n[V^iA-ia,(i?,V2|V|-V3)]IU[o] 



which is admissible for small e > 0. The sixth and final term is estimated by means of (|4.39p and 
Lemma 14.101 

\\PominA-'d,{R,i:2\V\-'i:3)]\\Nm<{ki}\\Ms[k,]m^ 



X,. 

< (fcl)||^l||s[,,]||Pfe,Q<c(i?,^2|VrV3)|| 0,1,1 

< {kl)\\1pl\\s[k^] 2 J 2-T||^2||s[fc,]||V'3|U[fc3] 

which concludes Case 1. 

Case 2: < ki ^ kg + 0{1), kg < kg - C. By LemmaS^l 

\\PoId''[Q>oA^-^djIQp,{IiP2,I^3)]\\N[o] < \\PoId^[Q>o^iA-'d,IQ„,{I^2,Ii'3 

< \\Q>oMlILI 2-^'\\PkJQpj{Ilb2,Ii^3)]\\L-^Ll 
3 

i=l 

So it suffices to consider 

(5.48) PoId^[Q<o^:iA-'djIQf3,{I^2,Ii'3)] - PoQ<cd^[Q<o^iA-'djQ<cQpjiI^2j^3)] 

One can also limit the modulations of -03 further. Indeed, by (|4.4ip of Lemma [4. 121 and Corollarv l4.131 



\\PoQ<cd''[Q<oiJiA-^djIPk,Qpj{ItP2,Q>ekM3)]\\Nm 

<2-''^i|lPfe3VlV,,t|V|-l/^2|| .o,i.i||Q>sfe3V,,t|Vrl/^3|| .o.-i.i 

(5.49) '^'=3 ^'=3 

3 



< 2'=^-'=! (fci - fc2)2-5='=i -Q 11^^ 



which is admissible. As explained in Case 1, we replaced A ^djPk^ by 2 '^i. If < ^2, then we can 
similarly reduce the modulation of the small frequency term, cf. (j5.47p : 

\\PoQ<cd^[Q<o^iA-'d,IPk,QpjiQ>ekM2,Ii^3)]\\N[o] 

1 



< 2-*'-H|PfeJV'lV.,t|Vrl/^3]||^o,i,i||Q>efe.V,,t|Vrl/V'2|l^o,-i,i 

<2^2-^-^-=niiv.,b[fe,] 
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As a final preparation, we limit the modulation of the output in case fc2 < 0. In fact, by Lemma 14.221 

\\PoQil-ie)k,<.<cd^Wl^-^d,IQp,{Ii^2ji^z)]\\Nm 

< \\PoQil-3e)k,<.<cd^[^l^^'djIQf,,{Ilb2ji^3)]\\^o.-i.. 

^ I. 

< 2-^(l-3e)fe.||^^||^^^^^ 2-'''\\PkJQp,{I^2,I^3)]\\LjLl 

3 

i=l 

Thus, for the remainder of this case we assume that tpi — Q<cipii ^2 = Q<ek2Ak2''p2, and V'a = Q<eka'ip3- 
Moreover, the output is restricted by Q<(i-3s)k2AC- We now stimate the six terms on the right-hand side 
of (|5.40p . First, by the Strichartz component (|2.14|) . 

l!i'oO<(l-3.)fc.ACn(^l|VrV2|VrV3)||v[0] < ll^0O<(l-3s)fe.ACn('/'l|V|-V2|V|-V3)|l .0,-i.i 

<2^(i-3-)'=^'^0||Vi|V|-V2|V|-V3||l?l^ 

<2^<'-'^^'^'^"llV'llLrL^2-'=^ll^2L4L^=.2-'=^||V3L^L» 

<2^(l-3e)..A02-^2-^n||^.||5M 
i=l 

which is admissible. Second, by (|4.39p of Lemma [4. 121 and Lemma [4. 101 

||PoQ<(l-3e)fc.Ac[n(V'l|VrV3)|V|-V2]|iv[0] 

<2'=^'^"(fci)||Pfe,voQ<(l-3e)fe.A.fc.n(V'l|VrV3)|| .o,-l,i|||VrV2||sM 
<2-^-^^0(fcl)||A:.vog<(l-3e)fc.Aefc.(V^l|VrV^3)|| .o,lall^2||sM 

/C2 VO 

< 2-'=2V0^^^^2^'"^2^[(i-3-)'=^^-'=^-^il f[ U,\\s[,^] 

1=1 

which is again admissible. Third, by (|4.4ip and Lemma [4.101 

\\PoQ<il^3e)k2Ac[^M\^r'^2)\V\-'M\Nm 

^ l|-Pfe2V0Q<(l-3e)fc2A£fe2 (V'l|VrV3)ll .0,1,1 (A:2V0)||n(|V|-lQ<,fe,^fe,V2)|| .0,-1... 

'^k2V0 ^^2 

3 

< {k2 V 0)2^^^2i[(i-3-)'=^^^'=^-'=il2^ n Il^^ll5[fe.] 

Fourth, again by (|4.4ip and Lemma [4. 101 

||Po/[(nV^i)A-i9,(i?,V^2|vrV3)]|U[o] 

< 2-^=1 V23||nQ,Vi|| .o,-i,oo||A.iQ<c[i?jV^2|VrV3]|| .0,1,1 

1<C *=! '=3 

3 

i=l 
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Fifth, 



||Po/n[^lA-l9,(i?,?/-2|VrV3)]|k[0] < ||^lA-la,Pfe,(i?,V'2|V|-V3)|lL?L^ 
< ||Vi||l~L^ 2-'=i||i?,^2|VrV3|L?is° ^ 2''''\\MLrLl\\RjH\LtL^\\H\Lt 



LiL° 

3 



The sixth and final term is estimated by means of (|4.39p and Lemma [4. 101 
||Po/[^inA-iaj(i?,V2|vrV3)]|k[o] 

<(fcl>ll^l||sMl|A-,Q<eA:3nA-l9,(i?,V'2|V|-V3)|l .0,-1,1 

kl 

<(fcl)||^l||5[fe,]||Pfc,g<.fe3(^.^2|VrV3)||. 0,1,1 

A , 
kl 

3 

which concludes Case 2. 

Case 5; < kj = k2 + 0{1), kg < k2 — C . This is symmetric to the preceding. 

Case 4- 0{1) < k2 = kg + 0{1), kl < —C. This case proceeds similarly to Case 1. Following (I5.47p . we 
begin by limiting the modulations of "02, "03 to 2^*^^. Indeed, by (I4.4ip of Lemma [4. 121 and Corollarv l4.13[ 



\\PoQ<cd^ [/01 A- 1 d.lPo Qp, (Q>efe, /02 , /03)] IU[0] 
-)fel— feoll.;. V7 IV7| — l?-,/. II _ ll/O _ V7 Iv7l — 1; 



3 

^^2ki-k.,2-iek..{k2^k,)l[mSlk,] 

i=l 

which is admissible. Next, we limit the modulation of the output: by Lemma 14.161 



1^0,-^,1 
'=2 



3 

^1 -^'2 



< 2-^||Vi||l-l- ||Po/Q/5,(/^2,/^3)]||l?l2 < 2^ nil^'l 



S[ki 



We now again estimate the six terms on the right-hand side of (|5.40p . First, by the Strichartz compo- 
nent ([2T4)) . 



iiPoQ<fcin(0iivrv2ivrv3)ik[o] < iiPog<fein(0iivrv2ivrv3)ii .0,-1,1 

<2*||0i|V|-V2|V|-V3|!l?l^ 

<2^|l0|U^^i22-'^^||7A2||L4iS=2-^3|103|L^Lo 



<2^ni|0,b[.,] 

i=l 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



89 



Second, by (|4.39|) of Lemma [4T2l and Lemma QUI 

iiPo/[n(V'iivrv3)ivrv2]iU[o] 

< (fc3>||Pfe3Q<efe3°(V^l|VrV3)|Lo.-iall|VrV2|U[fe.] 

fc3 

< {h)\\pHQ<ekA^l\^r'^3)\\.o.iAH\s[k,] 



3 
i=l 

Third, by f{4A^ and Lemma QUI 

||Po/[V'in(|V|-V2)|V|-V3]IU[o] 

<(fc2)||/'fe3Q<efe3(V'l|VrV3)|Lo,l,i||n(|VrV2)|L„,-i,^ 

A^ , " A, 

3 

1=1 

Fourth, again by (|4.4ip and Lemma [4. 101 

||Po/[(nV'i)A~'9,(i?,^2|vrV3)]||iv[o] 

< V 2^||nQ,Vi|| .o,-ioo||PoQ<c[i?,^2|vrV3]|Loi.i 
e<ki+c ''I ''3 

<2'=-^ni|V..||sM 

Fifth, with e^~k2, 

\\PoQ<k^a[^iA-'dj{Rjij2M~'i^3)]\\N[o] 

<2'=ni^iA-i9jPfc,(i?,V^2|VrV3)||L?L=, 

<2^Ml^l|Uri^ E ll^'ci?,^2|Vrlp_,^3||L?L~ 



3 

<2fei-fe22(l-2eK2^[]||V.,||5[,^] 
i=l 

which is admissible for small e > 0. The sixth and final term is estimated by means of ()4.39|) and 
Lemma 14.101 

||Po/[V^inA"'a,(i?,V;2|vrV3)]||jv[o] 
<2'^i||V'i||s[fei]l|ilQ<feinA~'a,(i?,V;2|V|-V3)|| .0,-1,1 

<22^Ml^l||sMll^o(i?,^2|VrV3)| 
3 

which concludes Case 4. 



^0,^,1 



fc2 

1 = 1 
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Case 5: 0(1) = kj , k2 = ks + 0(1). We start with the decomposition 
(5.50) Pod^'[ij,A'^djIQp,(i;2,i^3)]= Pad^liji/^-^djPklQpM^.^^)] 

fe<A;2A0+O(l) 

We first limit the modulation of i/ji: 

fc<fc2A0+O(l) 

< Y \\Pod^Q>ki[Q>k+cii^i[A-'d]pPkim''^2Rji^3)-PknM~'^2R(3i^3 

fe<fe2A0+O(l) 
fe<fc2A0+O(l) 

< Y 2'=ll^illsMllA-ia23P,/(|vrV2i?,^3)-^';./(|vrV2i?/3V'3)]IUrii 

fe<fe2A0+O(l) 

(5.51) 

fe<fe2A0+O(l) i=l 

Hence, if the inner output has frequency ~ 2*^ then we may assume that tpi has modulation ^2*^. As 
usual, we apply (|5.40p . First, by the Strichartz component (|2.14p . 

Y \\PoiaiQ<kAPki[M-^H^\-^H)\\N[o] 

fc<fc2A0+C 

< Y \\PoQ<k+cO{Q<k^iPkI[\V\-'^2\y\-'H)\\^o.-i.i 
k<k2/\Q+C ° 

3 

< Y 2t||Q<fe^iPfc/[ivrv2ivrv3]iiL?L^ < E 2^nii^^ii5[M 

fc<fc2A0+C fe<fc2A0+C i=l 

<2-^'=^-onii^,iuM 

i=l 

For the second term, we can assume that tpi — Q<k2A0+cfpi, see above. Then, by (|4.39p of Lemma [4.121 
and Lemma [4. 101 

iiPo/[n(i/^iivrv3)ivrv2]iijv[o] 

< 2fc.Ao ^ 2^^i|F,,vong,(^iivrv3)ii^o,-^,=.iiivrV2iis[fe2] 

j<k2/\0+C ""s^o 



<2-'=^^"||PoQ<fc2AO+c(V'l|VrlV3)||^o,iJ|^2||s[fc2] 

<2-2'=^-"nii^,ii5M 



1=1 

Third, by (|OT1) and Lemma QUI 

||^0/[0<fe2A0+C^in(|VrV^2)|VrV3]||Ar[0] 

2^^iiPfe2voQ<fc2Ao+c(V'iivrV3)ii .o,i,iiinQ,(ivrv2)ii .0,-^.0 

<2-^^^°niiv,b[,,] 
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Fourth, again by ()4.4ip and Lemma liTTOl 

J2 ||Po/[(nQ<fc+cV^i)A-ia,PfeJ(i?,V^2|V|-V3)]|lAr[o] 

k<k2A0+C 

^ E2^ll°Q^V'l||^o.-i,o.||i'feQ<fe+c[i?,V^2|VrV^3]||^o.i.i 
k<k2A0+Ce<C *=! 

fc<fc2A0+C *=! i=l 

Fifth, with e^k~k2, 

E ll^o/n[Q<fe+cV^iA-i9,Pfe/(i?,^2|vrV3)]IU[o] 

fc<fc2A0+C 

< E 2*||Q<fe+cViA-ia,Pfc/(i?,V^2|VrV3)||L?L^ 

fe<fe2A0+C 

^llV-ilUri^ E 2-* E ll^'ci?,^2|vrip_.V3L?L~ 

fc<fc2A0+c cePfc2_f cePfc^.j! 

3 

< miLTLl E 2(^-2^)(^-^-^)||V2||s[.2]ll^3||s[fc3] <2-(^-'^"=^^°nil^'ll5M 

fc<fc2A0+C i=l 

which is admissible for small e > 0. The sixth and final term is estimated by means of (|4.39p and 
Lemma 14.101 

E ||Po/[Q<fc+c^inA"'5,Pfe/(i?j^2|vrV3)]lk[o] 

fc<fc2A0+C 

< UiWsik,] E 2'=ll^/cQ<A.+cnA-i9,(i?,V'2|vrV3)l!^o,-i,i 

k<k2/\0+C * 

< Ui\\s[k,] E 2'=||Ffcg<fe+c(i?,V2|vrV3)li^o,i,i 

fc<fc2A0+C 

3 

<||Vl||5M E 2'=2^||^2|U[fc2]ll^3|U[fc3] <2"^fe^V0-Q||^^||^j^^j 
fc<fc2A0+C i=l 

which concludes Case 5. 

Case 6: 0{1) ^ ki > k2 + 0{1) > ks + C. Since Lemma l422l implies that 

\\PodP[Q>k2i^iA-^d,iQpj{xi;2M\\LiLi<\\Q>k2MLiLi'i'^^^^^ 

<2(i--)(fc3-fc2) 

1=1 

we may assume that -01 = QKk^"^!- Next, we reduce matters to (|5.1I) . More precisely. 



(5.52) Po/5''[V'iA-i9,/Q^j(V2>3)] = Po/[a''^iPfc,A-ia,/Pfe,Q^,(V'2,^3)] 

(5.53) + Po/[/^i A-i9,9'3pfc,/Q^,(V'2, V'3)] 

The term in (|5.52p satisfies the bounds (|5.30p and (|5.3ip . whereas (|5.53p is expanded further: 

(5.54) Po/[/0i A-^djd^PkJQpM^^^^i)] = PgI[Hi A-ia,Pfe,/(n|Vr V2PjV'3 - PjV'2n|V|-V3 

(5.55) + Ri3i^2d^Rj^z - R,^2Rp^:i)] 
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The two terms in (|5.55p are again controlled by (15. Consider the first term on the right-hand side 
of (|5.54p . Replacing A^^djPk2 by 2"^^^ as usual, one obtains from Lemmas 14.121 and 14.101 

||Vin|V|-V2i?,^3llAr[0] <2'^ E 2'T^II°Q.^|VrV2||^o,-i,ooll^li?j^3||^o.i,i 

j<k2+C '=2 

<2'^1|^2|| .„,i,^2'=-Mfc3)||V'l||sMl|V'3||s[fc3] 

which is more than enough. The second term in (|5.54p is estimated similarly: 



||Vin|V|-V3i?,^2||Ar[0] <2*^ 2^||nQ,|VrV^3||^o,-i,o.||^li?,^2||^o,^,i 

i<fe3+C '=3 ° 

<2'^-1|^2|| .„.i,^2'=Mfc2)||^l||5[,,]||V2|is[fc.] 

which concludes Case 6. 

Case 7: kj — 0(1) > kg + 0{1) > k2 + C. This case is symmetric to the previous one. 
Case 8: kg = 0(i ), max(A;j , fcg) < -C. By Lemma 

l + (l-3£)fc2 

< 2'^MIQ>fci + (l-3s)fe2V^l||L?L^ II^0/Q/3,(/^2,/^3)]|1l?LJ 
3 

A similar calculation shows that one can place Q<:ki+(i-3e)k2 front of the entire output. So it suffices 
to consider 

-Fb<3<fci + (l-3£)fc2^'' [Q<fel + (l-3£)/C2 

= PoQ<ki + (1^3e)k29'^[Q<ki + {l^3E)k2i'l^^^9jQ<ki+cPoQfi]{I^2,Ilp3)] 

We now stiniate the six terms on the right-hand side of (|5.40p . First, by the Strichartz component (|2.14p . 

||PoQ<fei + (l-3s)fe2°(^l|VrV2|VrV3)||7V[0] 

<iiPoQ<fe,+(i-3.)/c2n(^iivrv2ivrv3)i!. 0,^1.1 

<2^[(l-3e)fe2 + fcd||^^|VrV2|VrV3||L?L2 

<2i[(1^3e)fe2+3/c,]||^^||^^^^^||^^||^^^^^2-^||^3||L^Ls° 

<2^[(l-3e)fc2+3/c.]2-^-Q||^,^||^j^^j 
1=1 

which is sufficient. Second, by ()4.39p of Lemma [4. 121 and Lemma [4. 10) 

||PoQ<fci + (1^3e)fe2p(V'l|VrV3)|V|-V2]|U[0] 
<2'==||PoQ<(l-3e)fc2°(^l|VrV3)ll .o,-i,J||V|-V2||s[fc2] 

^0 

< ll^0Q<(l-3s)fc2(V'l|VrV3)|Lo.i i||^2||s[fe2] 



3 



<2^-2^^-^^-°(fci)niiv^di5[., 
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which is admissible. Third, by ()4.4H) and Lemma [4.101 

\\PoQ <fci + (l-3e)fc2 

[V'lndVl i/V'2)|V| VsIIUm 

< l|AQ<(l-3e)fe.(V'l|VrV3)|| o.i.i l|n(|Vr^/V'2)|| o,-i,.o 

k2 

i=l 

Fourth, again by (|4.4ip and Lemma [4. 101 

</£i + (l-3e)fc2 i + (l-3e)fe2 

iJi)A iaj(i?jV2|v| V3)]IU[o] 
<2ki J2 2^||ng,V^i||^o,_i,^||PoQ<fci+c[i?,V'2|V|-V3]||^o.i.i 

^<fel+(l-36)fe2 ''1 ''3 

3 

<22'c,2^(1^3e)fe22'c2(fc^)-Q|j^^||^j^^^ 
i=l 

Fifth, 

ll/^oQ<fe, + (l-3e)fc2°[V'lA-^a,(i?,V2|V|-V3)]|k[0] 
<2K(l-3.)'c2 + fci]||^^A-la,Pfe,(i?,^2|VrV3)||L?L^ 
< 2^[(l-='^)'^^ + ^-^l||^i|U^^i2 ||i?,^2|VrV3L?L^ 

<2^P_3e).2 + fe.l2^J^||^,||,j,^, 
1=1 

The sixth and final term is estimated by means of (|4.39p and Lemma [4. 101 

||^bQ<fei + (l-3£)fe2 [(3<fci + (l-3e)fc2V'inA"^5j(i?jV2|V|^V3)]|ljV[0] 

< 2'=H|V'i||s[fc,]||PoQ<^i+cnA-i9,(i?,V2|vriV3)|| 0,-1,1 

kl 

<2'=MIV'l||sMl|A.3Q<fei(i?,V'2|VrV3)|| .0,1.1 

which concludes Case 8. 

Case 9: k2 = 0{l),max{ki , kg) <—C. Symmetric to Case 8. 

Hence we are done with (|5.42l) . Next, we turn to (|5.43p which is similar; basically, one uses (|5.39p 
instead of (j5.40p . First, one observes that any reductions in modulation which preceded application 
of (|5.40p to (|5.42p can equally well be carried out for (|5.43p since these bounds only use Lemmas 14.161 
and 14.221 Second, observe that the last four terms of (|5.39p reappear as the last four terms of (|5.40p up 
to the order and the choice of signs, both of which are irrelevant. Consequently, one only needs to verify 
that the first two terms of (|5.39p satisfy the desired bounds. 
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Case 1: <ki < k2 + 0(1) = kg + 0(1). In this case the second terms in (|5.39p and (I5.40p satisfy the 
same bounds, whence it will suffice to bound the first term in ()5.39p . However, by (I4.4ip and Lcmma r4.101 

||Po/[(n^l)|VrV2|V|-V3]lk[0] 

< ^ 2l||ng,Vi||^o,-i,o.||P;c,Q<c[|V|-V2|V|-V3]||^o,^.i 

i=l 

which is admissible. 

Case 2: <ki = fc^ + 0(1), ^2 < ^3 — C. Using the arguments from Case 2 above, we may assume that 
V'l = Q<(i-3e)fc2A0-fci''/'i- III addition, it was shown there that it suffices to assume that -02 = Q<efe2A/c2V'2) 
V'3 = Q<ek2ip3- First, 

\\PoI{Q<ii -3e)fc2A0-fci Olpl Q<c[M V2IVI V3])||Ar[0] 

(l — 3s)ko AO-fci , , 

<2 ^ |lnQ<(i -3e)fc2A0-fci 

3 

(l-3e)fc9 AO-fci -I— r 

< 2 i (fci - fc2> n \\H\sM 

1=1 

which is admissible. One may also restrict the modulation of the entire output by (5<(i_3e)fc2A0-fci ■ 
Therefore, applying Lemma [4. 121 and Lemma [4. 101 to the second expression in (|5.39p yields 

ll^oQ<(l-3e)fe2AO-fci[°Q<(l-3e)fc2Aefc2(V'l|VrV2)|V|"V3]|U[0] 

(l-3e)fc2 AO-fci ~ , T 

<2 ^ ||Pfe,Q<(l-3e)fc2Asfe2°(V'l|VrlV2)|Lo,-i,i|||V|-V3||5[M 

kl 

(1-3£)A:2 AO-fci . 

<2 ^ ||Q<(i (V'l|V| "02)11 .0,1,1 IIV'3||s[fc3l 

kl 

3 

(l-3£)fc2A0-fcl 



<2 — ^ — (fci-fc2)niiV'.ii5M 

which is admissible. 

Case 3: < kj — k2 + 0{1), kg < k2 — C. This is symmetric to Case 2. 

Case 4: 0{1) < k2 = kg + 0{1), kj < ~C. This is similar to Case 1. Indeed, the second terms in (I5.39P 
and (|5.40p satisfy the same bounds, whence it will suffice to bound the first term in (|5.39p . However, by 
(|4.4ip and Lemma [4T0l 

iiPo/[(n/0i)ivrv2ivrv3]iiA[o] 

< 2^ll°Q^V'l||^o,-i,=o||PoQ<c[|V|-V2|V|-V3]||^o,i,i 
i<ki+C '=1 ''■2 

3 

<2^^-'=^nii^'ii^^M 

2=1 

which is admissible. 
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Case 5: 0{1) = kj, k2 = ks + 0[1). Here again it suffices to only consider the first term in (I5.39p . 
Moreover, (I5.50|) and ()5.5ip apply whence that first term is bounded by the Strichartz component ()2.14|) : 

iiPo/(Q<fcn^iPfe/[ivrv2ivrv3])ii7v[o] 

fc<fc2A0+C 

< ii^'oQ<fe+c(g<fcnV'iPfc/[|vrv2ivriV3])iiLjL^ 

fc<fc2A0+C 

< E iiQ<fc°V'iiu?L^ii^fc^[ivr'V'2ivrV3]iiL?L- 

fc<fc2A0 + C 

fc<fc2A0+C i=l i=l 

Case 6: 0(1) = kj > ks + 0{1) > kg + C. Here one basically starts from (|5.52[) . which can be handled 
via l(57T|) . 

Case 7: kj = 0{1) > kg + 0{1) > k2 + C. This case is symmetric to the previous one. 

Case 8: kg = 0(1), max(A;j , k2) < — C . As in Case 8 above, one first shows that one can place Q<ki+{i-3e)k2 
in front of the entire output, as well as in front of tpi. So it suffices to consider 

-fo'9<fci + (l-3£)fc2 ['9<fei+(l-3e)fc2 

= PoQ<ki + il-3e)k2 [Q<ki + il-3e)k29'^iJl^^^9jQ<ki+cPoQl3j{I'4'2,Ilp3)] 

We now stimate the first two terms on the right-hand side of (|5.39p . First, by the Strichartz compo- 
nent (I2HD, 

+ {l-3s)k2 

< ||Po/(Q<fe, + (l-3e)fe2°V'l|VrV2|VrV3)||LiL^ 

<2(l-3e)fc2+fe, 1,^,^11^^^^, |,^^|,^^^^^2-*||V^3||l^LS° 
<2(l-3e)fc2+/c,2-^J^||^^||^j^^j 

which is sufficient. Second, by (|4.39p of Lemma 14.121 and Lemma 14.101 and assuming first that ki = 
fc2 + 0(l), 

l|-PoQ</ci + (l-3e)fc2 [^iQ<ki + {l-3e)k2 

^/^l|V| V2)|V| V3]|U[0] 

< Y \\Po[OQ<ki+cPk{Q<k, + (l-3£)fe2''/'l|V| ^''/'2)|V| "^l/'3]||Ar[0] 
k<ki+C 

< Y ii^fcO<fei+cn(^iivrV2)ii^o,-iaiiivrV3iis[fc3] 

k<ki+C 

< Y 2iiPfcQ<fc,+c(V'iivrv2)ii^o.^.iiiV'3b[M 

k<ki+C ^ 

< Y 2'=2^ni|V',||sM 

A:<fci+C i=l 
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which is admissible. If ^2 < fci — C, then by the same lemmas, 

l|-FbQ<fei + (l-3£)fc2p(Q<fci + (l-3£)fc2V'l|VrV2)|V|"V3]||A'[0] 

< ll^0[nQ<(l-3e)fc2+C^fei(Q<fci + (l-3e)fc2V'l|VrV2)|VrV3]|k[0] 

< l|i'fc,Q<(l-3e)fc.+Cn(^l|VrV2)||. 0,-1,1 II |VrV^3||5[fc3] 

kl 

-3£)fc2+c('0l|V| ^2)11 . 0,^,1 Il''/'3||s[fc3] 
3 

I (1 — Selfco— fcl ~m f 

1=1 

which is again admissible. Finally, if fci < k2 — C, then arguing analogously yields 

||^^0Q</ci + (l-3e)fe2[°(Q</ci + (l-3£)fe2V'l|VrV2)|V|"V3]||Af[0] 

< l|APQ<fe2^/c2(Q<fci + (l-3£)fe2^l|VrV2)|VrV3]|k[0] 

< iiPfe2Q<fc2°(^iivrV2)ii .o.-i.iii ivrv3iis[fc3] 

<2'^-^||Pfc,Q<fc,(Vl|VrV2)|| .o,^,J|^3||5[fe3l 

<2'=^niiV'dUM 

i=l 

which concludes this case. 

Case 9: k2 — 0(i),max(fcj , kg) < — C. Symmetric to Case 8. This concludes the analysis of ()5.43p . 

Neither of the identities (|5.39p or (|5.40p applies to (|5.44p . Hence, (|5.44p requires somewhat different 
arguments. 

Case 1: < kj < k2 + 0[1) — ks + 0(1). As in (|5.45p one sees that it suffices to consider i/ji = Q<otpi- 
Then Qaj = Q<cQaj and we split 

PoId''[IR0ij,A-^d,IQaj{ItP2ji'3)] 

(5.56) ^ J2 ^oQ<i-cd''[R(}Q<i-ci'iA-'d,QeQc.,{I^2j^3)] 

e<c 

(5.57) + J2 PoQi^d^[RfiQ<e,iJiA-^djQiQo,jiI^2,Ii'3)] 

l-C<li<C 

(5.58) + PoQ<e,d^[Ri3Qe,A^-'d,QiQ^,iI^P2,I^3)] 

e-c<i2<c 

Decomposing (|5.56p via Lemma HTTl into caps of size 2^ yields 

PoQ<i-cd^[Rl3Q<e^ci'iA-'djQiQc.jiIi>2,Ii>3)] 

d<'[R[3Q<,-cPk,,n'^lA~^d,Q,Qo,,{Ii>2,Ii>3)] 
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where k ^ k' denotes that these caps have distance about 2 2 . Hence we gain a factor of 2^ from the 
nuUform involving and RjS. From (12.29^ one now obtains 



KESSHUm ;$ I] ( J2 \\Po,^Q<e-cd''[Ri3Q<i-cPk,,.'iJiA-^djQiQ^j{Ii;2Ji^3 
<^2^2-h^( ^ ||Pfc„«Q<^-c^i||^[.]2-2''^^||Q,Q„,(V'2>3)|li2^. 
2-2-||Vi||s[fci]2--2--||V'2||s[fe.]llVA3||s[fe3] 

3 

fc -I ko -1 — r 

<2^-^nii'/'^ii^^w 



Inf[/ 



Here we also used Lemma 12.71 as well as Lemma 14.161 The expressions in l|5.57p are decomposed into caps 
of size 2 2 but without separation. Therefore, with a gain of 2^ from the outer null-form, 



(5.59) < E ( E ll^'o,.g£i5^[i?/3Q<£iPfci,«'V'iA"'5,Q,Q„j(J7^2,/^3)]|!i2ii 

To pass to (j5.59p one invokes the improved Bernstein estimate of Lemma [2.11 Hence, this can be further 
bounded by 

^ E E IIQ<^i^fei,«'V^illiri^2-2'=i||Q,Q„,(/V;2,/V^3)]|li2i2)^ 

i-C<iY<C K'eCf^ 
"2" 

^ E E IIQ<^,^fc„K'^illl[fc„.'])'2-^-^2^2'=^-^||g,Q„,(/V.2,/^3)]||L?L2 



3 



fc -r KO -w J- 

<2-^-^nii^. 



i\\S{ki\ 



For (I5.58P one proceeds similarly, performing a cap decomposition and placing the entire expression 
in LjL-^. We skip the details. 

Case 2: < ki = ks + 0(1), k2 < ks — C . This is essentially the same as the preceding with Lemma [4. 221 
replacing Lemma 14.161 

Case 3: < kj — k2 + 0{1), kg < k2 — C. This is symmetric to the preceding. 

Case 4- 0(1) < k2 — kg + 0(1), ki < — C. This is very similar to Case 1. First, one checks that the entire 
output can be restricted by Q<ki- This implies that due to the /-operator in front of ipi, the decomposition 
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([536l) - (l538l) continues to hold but with £ <ki+C: 

PoId^[IRfj^PiA-'d,IQ^jiI^P2,I^3)] 

(5.60) = J2 PoQ<i-cd^[RpQ<i-ci^i^-^djQiQa.j{I^2Ji^3)] 

e<ki+c 

(5.61) + J2 PoQi^d^[R0Q<i^ipiA-^djQeQa.j{It^2jt^3)] 

e-c<ei<ki+c 

(5.62) + J2 PoQ<e,d^[RpQi,J^i^^^djQiQa.j{I^2,I^3)] 

1-C<l2<ki+C 

One can again decompose (|5.60p into caps, but of size 2^2^. Therefore, 

<£-cd'^ [RpQ<l-cPki ,K' NF[k 

2 

< ^ 2^^2^( E ll^fc,,KQ<.-C^l|j|MllQ£i^0Qaj(V'2,^3)lli.i 

< E 2^^2^||^i||s[fc,]2-^||V2bMllV'3||s[fc3] 

l<ki+C 

3 

<2-^-^\{\ms[k.} 

i=l 

which is admissible. Furthermore, || (|5.6ip || w^nj is bounded by 



< E ( E \\Po,.Qi,d''[RpQ<i,Pk„.'i^iA-^d,Q,Qa^,{Ii;2,Ii^3)W.o.^i.^ 

l-C<li<ki+C fc,K'GCfi_fej^ ^° 

2 

2 

< ^ 2^-^^( E IIQ<^i^fciXV'l|li,~L^oc||Q,PoQa,(/V'2,/V'3)]|li2z,0' 



< ^ 2*2^( E IIQ<^i^fei.«'^llll[fc,.K'])^2^"*IIQ^^0Qa,(/V'2,/V'3)]||L?LJ 



3 

S[fc 



<2^-^nii^^ 



i=l 



Finally, (|5.62p is similar to the previous estimate and we skip it. 

Case 5: 0{1) = ki, k2 = kg + 0{1). We apply (|5.50p and reduce the modulation ofipi via (|5.5ip to V'l 
<9</cV'i- Furthermore, 

(5.63) Poa''/[i?/3Q<fcV'iA-ia,PaQa,(V'2,V'3)] =Po/[n|V|-iQ<fc^'iA-i9,PiJQ„,(V'2,V'3)^ 

(5.64) + PoI[Ri3Q<k^i A''d,d^PkIQo.j{^J2,^3)] 
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Lemmas 14.121 and 14.161 imply the following bomid on ()5.63p : 

^ \\Poip\v\-^Q<ki^i^-^d,PkiQo.AMz)]\\Nm 

k<k2/\0+C' 

^ ^ ^ 2^||n|vrig™Vi|!^o,-i,JlA-i9,Pfc/Q„,(V'2>3)]|!^o,ia 

fe<fe2A0+Cm<fc " 
fc<fc2A0+C i=l 1=1 

which is admissible. The seeond term (I5.64p needs to be expanded as follows: 

(5.65) 2RpQ<k^i A-ia,5'3Pfc/Q„,(V'2,^3) = □[Q<fc|VrVi ^^^d^PklQc^jiMz)] 

(5.66) - □g<fc|VrVi A-iajPfc/Q„,(V'2,^3) 

(5.67) - g<fc|VrVi □A-ia,Ffc/Qaj(V'2, V-s) 

We just dealt with the term (j5.66p . Since the modulation of the entire output is < 2'"', one concludes that 

^M< ll°[Q<fe|vrViA-ia,Pfe/Q„j(^2,v^3)]||^o,-i.i 

/c<fc2A0 + C " 

< '^-'Ul\\LrLl\\^'^d,PkIQc.M2M\L-Ll 
k<k2A0+C 

< ^ 2^niiv..ii5[..]<2-^'=^-nii^.iU[.., 

fc<fc2A0+C i=l 1=1 

as well as, from Lemma [4. 121 

^M< Y IIQ<fe|V|-VinA-iajPaQa,(^2>3)]|U[o] 

k<k2Aa+C 

k<k2/\0+C ° 

fe<fc2A0+C 1=1 j=l 



which is sufficient. 

Case 6: 0{1) — kj > k2 + 0(1) > kg + C. As before, one reduces the modulation of ■01 to tpi = Q<k2'^i- 
Furthermore, 

(5.68) Pod^I[Rf3Q<k2^iA-'djPk2lQo.j{4>2,^3)]=PoIp\V\-'Q<k2^jiA-^d,Pk2lQc.j{^2,^^^^ 

(5.69) + Po/[i?/3Q<fe2^i A-'djd^Pk2lQo.j{^2,^3)] 
Lemmas 14. 121 and 14.221 imply the following bound on ()5.68p : 

||Po/[n|VriQ<fe2^iA-i9jPfe,/Q„j(V'2,^3)]|k[o] 

< J2 2^||n|vriQ™Vi||^o,-i,i||A-ia,Pfe2^Sa,(^2>3)]||^o,i,i 

m<fe2 ° 
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which is admissible. The second term ()5.69p needs to be expanded as foUows: 

(5.70) 2i?/3Q<fc,V'i A-i5j9^Pfc,/Q„,(Vj2,^3) = □[Q<fcjVrVi A-ia,Pfc,/Q„j(V'2, V-a)] 

(5.71) - □Q<fcjVrVi A"'9,^fe,/Q„,(V'2,V'3) 

(5.72) - Q<fejVrV^i □A-ia,Pfc,/Q„,(V'2, V'3) 

We just dealt with the term (|5.7ip . Since the modulation of the entire output is < 2'"'^, one concludes that 

62ni)< ||n[Q<fcjvrVi A-ia,Ffc,/Q„,(^2,V'3)]|Lo,-i 1 

<2^\\^l\\L^L2\\A-'djPk,IQo.j{^2,i'3)\\L-Ll 



S[ki 



as well as, from Lemma [4.121 

(EZl < ||Q<fc|VrVinA-i9,Pfc,/Q„,(V'2>3)]||jv[o] 

<Ul\\s[k,]\\OA-'^,PkJQaJ{i^2,i'3)\\.o.-i.^ 
3 

which concludes Case 6. 

Case 7: kj = 0(1) > kg + 0(1) > k2 + C. This case is symmetric to the previous one. 

Case 8: kg — 0{l),max(ki , k2) < — C. The modulation of the output can be reduced to Q<ki- 

\\Po^^IQ>kdRpQ<k^i'l^~^^JPoIQc.Jii'2,i'3)]\\NlO] 

<2-^U,\\L^L^\\A-'d,PoIQo.j{^P2,^3mL^Ll 
3 



<2^2(5-^)'=3-Q|j^j 



S[ki 



Similarly, the input can be reduced to Q<kii^i- As in Case 6, 

Pod^'Q<k^ [RpQ<k^iJl A-^djPoQ<k^ Qaj (V'2>3)] 

(5.73) = PoO<fcJn|VriQ<fc,^i A-la,PoQ<feiQaj(V'2>3)] 

(5.74) + PoQ<k^[RpQ<k^A ^~'d,d^PoQ<k,Qo.j{^2,^3)] 
Lemmas 14. 121 and 14.221 imply the following bound on (|5.73p : 

||PoO<feJn|VrlQ<fe,Vl A~^djPoIQc.j{'4>2,i>3)]\\N[0] 

< J2 Z'^llnlVl-lQ^T^ill .„._!, J|PoQ<feiQaj(^2,V^3)]|| .04.1 
m<ki ''1 " 

3 

i=l 

which is admissible. The second term (I5.74p needs to be expanded as follows: 

(5.75) 2RpQ<k,iJiA-'^djd^PoIQaj{4'2,i'3) = □[Q<fcjvr Vi A-ia,Po/Qaj(V'2, V'3) 

(5.76) - □Q<fcjvrVi A"ia,Po/Qa,(V'2,^3) 

(5.77) - g<feJVrlVl □A"^a,Po/Qaj(V'2,V'3) 
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We just dealt with the term (|5.76|) . Next, 

(EZa < ||ng<fe,[Q<fcjv|-ViA-ia,Fo/Sa,(V'2>3)]ll .o.-i.i 

^0 

<2^|||VrV^l||L,-L,~||A-la,Po/Qa,(V'2,V^3)||L?Lj 
3 

i=l 

as well as, from Lemma H^H 

(EZZl) < ||Q<fcJVrVl □A-la,PoQ<fciQaj(^2,^3)]||jV[0] 
< \\lPi\\s[k,]\\OA-'d,PoQ<k^Qo.j{^2,^3)\\ .0.-^.1 

j=i 

which concludes Case 8. 

Case 9: k2 = 0(i),max(fcj , kg) < — C. Symmetric to Case 8. □ 

Remark 5.6. It follows from the high-low-low interaction case of the proof of Lemma [5.51 that for some 
cr > 0, 

3 

(5.78) ||Po/[PfcJV'i9^a,A-ip,/Q^^.(P,^^2,P,^^3)||^j^j <2-'=u;(fci,A;2,A:3)nilV'.||5[M 

i=l 

provided fci = 0(1), k < k2 = k^ + 0(1) < 0(1). 

5.3. Improved trilinear estimates with angular alignment. We conclude this section on trilinear 
bounds with a technical result which we shall require in several instances, such as the blow-up criterion of 
the following section. By Corollary 15.41 one gains extra smallness outside of the parameter range (|5.38p : 
note that the latter describes precisely Case 5 in the proof of Lemmas 15 . II and [ 5 . 51 which is the high- low- low 
case of interactions. In fact, the exact same gain as in that corollary can also be obtained for the trilinear 
expressions of Lemma 15.51 

Corollary 5.7. The nonlinearities of Lemma \5.5\ satisfy the estimates of Corollary \5.Ji\ I.e., given 5 > Q 
there exist L, L' large so that the S~gains in the sum over ^.^ as well as ^J!^ ^.^ with k < k2 — L' , 

are obtained for the three types of trilinear null-forms in Lemma \5.5\ 

Proof. As in the case of CoroUarv 15.41 this follows from the form of the weights w{ki, k2, k^) as well as 
from the fact that an extra gain in Case 5 of Lemma 15.51 was obtained when k < k2 — L' . □ 

However, one cannot gain smallness in the high-low-low case without further assumptions. In this 
section we shall prove that angular alignment between the Fourier support of at least two of the inputs 
implies smallness in this case. 

We start with the contributions by I'^Qpj. In Corollarv l5.4l we isolated one case where smallness cannot 
be obtained without any further assumptions. It was given by the sum X^l'i k2 k ez O'^^r the range (j5.38p 
together with k2 — L' < k < k2 + 0{1). Recall that L and L' are very large depending on S. Throughout 
this section, t/'i will be Schwartz functions satisfying 

max^Ell^fc^'^lllw 

for some constant K. We shall use J2'ki fca fesez repeatedly in the sense that it was defined earher. 
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Lemma 5.8. Given any 5 > Q there exists r7io((5) large and negative such that 

fc2+0(l) 2 

K2,K36C„f, k = k2-L' j = l 

dist(K2,K3)<2'"0 

<5i^2sup max 2-"«l*''l|lFfc^,|ls[fc] 

feeZ «=1,2,3 

as weH as 

fc2+0(l) 2 

E El„fc„fc3ez E Ell^0^*.-[^'^-i.-i^l^"'^^-^'^^-2«(^fe-«=^2,Pfc3V'3)]|k[0] 

«i,K2eCm„ k=k2—L' j = l 

dist(Ki,K2)<2"0 

*:2+0(l) 2 

+ E El,,fc„fc3gz E Eii^o^*.-[^fei.«i^i^''^j-^'^'^2«(^^^^2,p/c3.K3V'3)]iU[o] 

Ki.KaSCmo k=k2—L' j=l 

dist(Ki,K3)<2'"0 

<^i^2g^p j^^^ 2-"«l'=l||PfcV»lls[fc] 
fegZ»=l,2,3 

Proof. The proof simply consists in verifying that the argument in Case 5 of Lemma 15.11 allows for this 
extra gain. We first consider angular alignment between tpi and V'2- In this case, we will need to repeat 
the argument of Case 5, obtaining the gain from Bernstein's inequality. First, restrict the output by Q>o 
and assume that tpi = Pki,Kii^i and '02 — Pk2,K2'4'2 with fixed caps ki, K2. In the end, one verifies that it 
is possible to sum over these caps. Then 

\\PoQ>od^[i'iA-'d,rQp,{ij2,tp3)]\\Nm 

fe2+0(l) 

(5.79) < J2 \\PoQ>o[i'iA-^djQk<.<cPkQi3jii^2,i'3)]\\L-^Ll 

k—k2 —L' 

fe2 + 0(l) 

(5.80) + E 2"''"ll^0Qm[Q<rn-cV'lA"'a,a„PfeQ;3j(^2>3)]||L?L= 

k—k2~L' m>C 

fe2 + 0(l) 

(5.81) + E E \\PoQ>o[Q>rn-C^lA-^djQ^PkQl3j{i^2,i'3)]\\L-^Ll 

k—k2 — L' m>C 

First, by Lemma [4. 181 and with M large but finite and | + = |, 

fe2+0(l) 

E Ul\\LrLz\\Qk<-<cPkQpj{i'2,i^3)]\\L-^LM 
k—k2~L' 

k2+0{l) 3 

< ^ 2™''(^-i)||V'i|Uj.i2 242-'^^2l'=^l^||V'2||s[MllV'3||s[M <'5nil^^llsM 
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Since p > 2 one can take mo large and negative to obtain the final estimate here. Second, again by 
Lemma I4.18| 

fc2+0(l) 

I] 2-""||PoQm[Q<m-cV'lA-l9,Q™PfcQ^,(V'2,V'3)]|li?L2 
k—k2—L' rn>C 

fc2+0(l) 

k—k2 —L' rn>C 

fc2+0(l) 3 3 

k—k2—L' i—1 i—1 

and third, 

fc2+0(l) 

^M< E E IIQ>"-cV'l||L?Ls2-'=||Q„PfeQ;3j(V'2>3)]||Lrir 
k—k2 — L' m>C 

fc2+0(l) 

<2M J2 2™°(^-i) 2-^'-^)™llV'ills[fe,]2^|ig™PfeQ/3,(V'2,^3)]|U?L.. 

k—k2—L' m>C 
fe2+0(l) 

<2"o(^-i)2lfe^llr ^ ^ 2-(^-2-)™||Vi||s[M2-^"lQ™n.Q/3,(^2,^3)]llL?L^ 

k—k2^L' 7n>C 

3 

<'^nii^''iis[fc.] 

i=l 

where one argues as in the previous two cases to pass to the last line. Next, suppose the output is limited 
by Q<o. Then 

fe2+0(l) 

||PoQ<oa^[/^V'lA-l9,rQ^,(V'2,V'3)]|U[0] < E E \\Qmi^l^-'d,PkQmQpj{^2,i^3)]\\LiLl 

k—k2—L' rn>C 

fe2+0(l) 

^ E E IIQ™^llli?i£2-'ll-P'^-^"2/3,(V'2>3)|U?L» 

(5.82) ''='=-^'"^^ 

^ ^ /C2+0(l) 

<2™o(|-i) ^ ^ 2-(i-2-)™||V'i||s[,,j2--™2l'=^l*||P,.Q„ 2^,(^-2, ^3)||l?lj 

k—k2~L' ni>C 

k2+0{l) 3 

<2™o(^-^) ^ |i^i|i5M2*2--'=^2l^-^l*||V'2||5[fe2]ll^3||s[fe3] <^nilV^'ll5[fe.] 

k=k2 — L' i=l 

which is again admissible. To conclude the case of angular alignment between 'ijji,'ijj2, we sum over ki, K2 
using Cauchy-Schwarz, Lemma [2. 181 and Corollarv l4.20l 

Finally, consider the case where tp2 and ■03 are aligned on the Fourier side. Using Lemmas 14.171 and 14.211 
instead of Lemmas 14. 16l and 14. 181 respectively, one immediately verifies that the desired gain can indeed be 
obtained. The only exception here is the estimate (|5.22p . But this case is excluded here as it involves IQjSj 
and not I'^Qpj. □ 



Next, we need to obtain an analogous statement in the hyperbolic regime of the inner nuUform. As in 
Corollarv l5.41 Lemma [531 implies the following result. 
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Corollary 5.9. Let S > be small. Then 



^' ^' ^ fc<fc2-L' j = l 

1 

^' ^' ^ k<k2-L' j=l 
2 

+ El,,^. E |lE^0^"[^^^'=i^l^"'^J-^^fc2/3,(Pfc.V'2,Pfe3V^3)] 



k<k2-L' 3 = 1 



<SK^snp max 2-'^«l'=l ||Pfc?/>,|l5[fe] 



where L' — L'(L,6) is a large constant. 

Next, we need to obtain an improvement in the range (j5.38p under the additional assumption of angular 
alignment. 

Lemma 5.10. For any S > there exists mo(6), a large negative constant, such that 

fc2+0(l) 2 

E El',,fc„fc3ez E \\Y.Pod''[RaPk,i'iA-'d,IPkQpj{Pk2,.2i^2,Pk„.M]\\^[o] 

K2,K3GCmQ k = k2—L' j = l 

dist(K2,K3)<2'"0 

<SK^ sup max 2-"°l'=l ||Pfe^,||5[fe] 



as well as 



fc2+0(l) 2 

E T!i,k2M€Z E ||E^o9c.[i?''Pfc,^iA-ia,m.Q;3,(Pfe„«,^2,Pfe3,K3^3)]|U[o] 



K2,K3GCmo k = k2—L' j = l 

dist(K;2,K3)<2'"0 

fc2+0(l) 2 

+ E El,,,,3,, E |lE^o^M^'^fc^^i^"'^^-^^^2,,(p..,«.V'2,Pfc3,«3^3)]L[o] 

«2,''3GCmQ k = k2—L' j=l 

dist(K2,K3)<2™" 

<<5/^2sup max 2-"°l'=l||PfeV»l|s[fe] 
fcez*=i.2:3 



/or any a — 0, 1, 2. An analogous statement holds in case ■01, ^2 or ■01, -03 are similarly aligned. 

Proof. We begin with the first trilinear form, and also assume alignment between 02 and -03. We first 
reduce ourselves to the purely hyperbolic case, i.e., when all inputs are restricted by the operator /, as 
well as the entire output. Without further mention, implicit constants are allowed to depend on L, L'. 
In particular, we assume that fc, ki, fc2, ks are fixed in the range we are summing over. In the notation of 
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Lemma Em if = I'^, then Ai = I'^ and by Lemma [4. 171 

J2 \\Poi'd''[r^t,.i^,A-^d,iQp,{Pk,,.,iJ2,Pks..si^3mNm 



dist(K2,K3)<2"0 

dist(^t2,^3)<2"'n 

^ E E 2''-^^'"IIQ™V'l||L?L^2-^-||Pfc/Q^,(Pfe,,„,V'2,Pfc3,«3V'3)]||LrLS° 

dist(K2,K3)<2'"0 



< 



53 ll^l||s[fci]2*|l/PfcS/J,(Pfc„K,V'2,ft3.-3V'3)||L?L2 



^2 ,^3^^771,-) 

dist(K2,K3)<2"*0 



^ ^22 ||?/,i||5[;,^j2 2 ||Pfe2V^2||s[fe2]ll-Pfe3'/'3||s[fe3] < '5||'(/'l||s[/ci]||-Pfe2V'2|U[fe2]ll^'c3'/'3||5[fc, 



Summing over ki = 0(1), k2 — + 0{1) yields the desired gain. Hence, we can assume that Aq = / as 
well as Ai = I. If A2 = P, then also A3 — /"^ and 

IIPo/9''[/^iA-ia,/Q^,(m„«,V2,m3,K3V'3)]iU[o] 

m>k2+C 

< Uih^Ll 2-'\\IPkQpj{rPk,^.,^2,I'Pk,,.si'3)\\LlLr 

< IIV-iIIl-L^ Y1 '^^''^\\Ql3j{Qr,iPk2.n2-4'2,Q,nPh,,Ksij3)\\LlL^ 

m>k2 + C 

Splitting the modulations of the last two inputs dyadically yields 

^UiWlT^LI E 2™-^1|Pfe2,«2Qm^2|L?LS=ll^fe3,«34n^3lL?LS= 
m>k2+C 

<2'"0+'=2|j^^|j^^^^2 2'^-''2-'^'-'^'^2^'-''^'''\\Pk2..2Q^y^2\^^ 

m>k2+C ''3 

<2"«||V'l||s[fe,]l|ft2,K2V'2|| .-l+.,l-.,2||Pfe3,«3V'3|| .-I+..I-..2 

, A , 

fc2 ^=3 

Summing over the caps K2, K3 and ki = 0(1), k2 = k^ + 0(1) yields the desired gain. 
We may therefore assume that Aq = Ai = A2 — A^ = I, which reduces us to the trilinear nuUform 
expansion (|5.40p restricted to Case 5 of Lemma 1^3] Beginning with the first of the trilinear nonlinearities 
and for the case of aligned ■02 , ■03 1 we now modify the analysis of Case 5 from that lemma. For ease 
of notation we will fix caps K2,K3 and drop the projections Pk^.Ki- In the end, an application of the 
Cauchy-Schwarz inequality will allow for summation over the caps. We first limit the modulation of tpi: 

\\Pod^Q>kI[Q>k+cI^i A-^djPkI{Rfi^p2Rji^3 - Rj^2R0^3)]\\n[o] 

< WQyknQyk+cIA [A-l92^Pfe/(|VrV2i?j^3) - Pfe/(|VrV2i?/5^3)]]||^o,-^.i 

< ||g>fe+c^i 11^2^2 II A-l92^Pfe/(|VrV2i?,^3) ~ Pfe/(|VrV2i?/3V'3)||Lri? 



< 



2-1l^i||sM2'=^2"»||0i||s[,.,]||V.2llLrL^IIV^3llLri^ ^^'^nil^^'llsM 



where the gain is a result of Bernstein's inequality. Summation over K2,K3 is admissible here in view of 
Lemma l2.18l Hence, if the inner output has frequency ~ 2*^ then we may assume that ipi has modulation < 
2*^. Next, we apply (|5.40p and bound the six terms on the right-hand side of that identity one by one. 
Previously, we estimated the first term by means of the Strichartz component (|2.14p . However, this does 
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not seem to yield the angular improvement so we use a different argument: 

||Po/n(g<fc^lPfe/[|VrV2|VrV3])||Ar[0] 

< J2 ll^0Qa(g<feV^lPfe/[|VrV2|VrV3])||^0,i,l 
a<k+C ° 

< E 2t||Q<feV.iiu^^i.2'=iiftg,[|vrv2ivrv^3]iiL?L^ 

a<j<k+C 

+ 2"2^iiQ<fc^iiis[fc,]iiPfeQ,[|vrV2ivrV3]ii^o,i,i 

j<a<k+C 

Lemma [4. 101 was used to pass to the last line. By Corollary 14. 91 one can continue as follows: 

22 11^-111^=.^. 2''S2- — 2-—U2\\s[k,]U3\\s[k,] 

j<k+C 

(5.84) 3 

+ 2'=||V^i||s[fe,]^2-^2-^2*||V2bMllV'3b[M <^nilV^^llsM 

j<k+C i=l 



Moreover, CoroUarv 14.91 shows that this bound allows for summation over the caps. 

For the second term, we can assume that -ipi = Q<k2+c4'i^ see above. Then, by CoroUarv 14. 141 as well 
as CoroUarv 14.91 and some large constant M, 



J2 \\PoIpi^l\V\-'Pks,.si^3)\Vr'Pk,,.,4'2]\\NlO] 



dist(K2,K3)<2'"0 

<2'=^|mo| ^"^i E ll^ong,(^i|V|-iPfe3,«3V3)|P.o._i,.)'li|V|-V2b[M 

J<k2+C KsSC^o ^° 

3 3 

<2^|mo| Y 2^2^2*2 = 2-'=^ n ll^'llsW ^'^nil^^llsM 

j<k2+C i=l i=l 

Third, by Lemma [il^ and ^j^^ of Corollary g^l 

Y ||Po/[Q<fe..+C^l°(|V|-lPfc„.,^2)|V|-lPfc3,,37^3]|U[o] 



ng 

dist(K2,K3)<2'"0 



j<k2+C K2,K36C„o ° '=2 

dist(K2,K3)<2'"0 



^( E \\PoQ<k2+c{^i\y\-'Pk,,M\\,.,,)'\\Msik2] 

^ E ( E \\PoQAi^i\y\-'Pk,,.M'.o,^,,y\msik2 

< 5] <52^2^2^2-^-^ni|^,|U[,,] <^ni|^,|U[fc,] 



f fcn — ^ fco 

.22^2^: 

<'</£2+C i=l 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



107 



The summation over the caps was carried out expHcitly for the second and third terms since it requires 
some care. Fourth, by ()4.41|) and Corollary 14.91 

\\PoI[{nQ<k+M^-^d,PkI{R,i'2M-^^z)]\\Nn 

< 23|jnQ,V'l||.o.-i,=„||PfcQ<fc+c[i?,V^2|VrV3]||. 0,1,1 

t<k+C ''1 

3 

E E 2'||^i||^o,i,oo2'^2*2^^||V'2||5[fe,]|||VrV^3||5[M ^'52T[J||V;,||s[fe,] 

l<k+Cm<k+C '=1 i=l 

Since fc = fcj + 0(1) = fcg + 0(1), the fifth term 

||Po/n[0<fc+cV'iA-ia,Pfc/(i?,^2|vrV3)]|k[o] 

is bounded exactly like the first, see (|5.83p . (|5.84p . The sixth and final term is estimated by means of (|4.39p 
and Corollary l49l 

||i'o/[Q<fc+c^inA-i9jPa(i?,^2|vrV3)]|k[o] 

< II^iIUm 2'^||Pfeg<fc+cnA-i9,(i?,^2|vrV3)ll .0.-1,1 

k 

< m\s[k,] E 2iiPfcQ™(i?,v2ivrV3)ii^o,i,i 

m<k+C 

3 

<5Ui\\s[k,] E 2^-2^2^2-*||^2|l5Mll^3||5[fc3] <'52'==nil'^^lls[M 

m<k+G i=l 

as claimed. 

We now repeat this analysis for the case of alignment between ijji and ■03 (the remaining case being 
symmetric). We again begin with the reduction of various modulations. Using the notation of Lemma l5.ll 
if A{) ~ P, then Ai — I'^. By (I4.5ip of Lemma [4. 161 and with | = ^ + ^ where 9 < oo is very large, 

^ \\p^i-d^[i-Vt,,Pk,,.,^i^-^d,iQp,{^2,Pk,,.,^MNm 

dist(Ki,K3)<2™0 

< E E 2-"'"|l^'oQ™[Q™Vt,,Pfe„«,Vl A"'9jPfe/Q^,(l^2,Pfe3,K3^3)]|!L?L^ 

dist(Ati,K3)<2"^o 

<Y^2(l-e)m ^ |lQmP;.i..iV'l|lL?LS 2-'=||Pfe/Q;3,(^2,P;c3,«3V'3)]L,~LS 

dist(Ati,K3)<2'"0 

<2™o(^-i)^2(i-)™( ll^fci..iQm'Ai|li.i.)'2(^-i)'=( \\IPkQpji^2,Pk,,.M\l.r^. 

3 

<\mo\2"^°^i--^h^'~l^''U,\\^a^-,^4Pk,^^^^ 
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Hence, we can assume that Aq = I as well as Ai = I. If A2 = I^, then also A3 = I'^ and 
||Po/9'^[/Pfc,,.,ViA"'9j/Q^i,(rV'2,m3,/.3V'3)]|k[o] 



m>k2+C 

-fei 



<\\Pk„MLrLl E ^''''\\QpjiQm^2,QmPk,..,^3)\\LlL^ 
m>k2+C 

< WPk^^.^ML^Ll J2 2""''1IQmV'2||L?L~ll-Pfc3,«3Q™V'3||L?LS 

m>k2+C 

m>fc2+C 

< 2^||Ffc,,«,V^l||ioci2||?A2|| l+.,l-.,2ll^'fc3.«:3V'3|! .-l+e.l-e. 



X 2 = 

m>k2+C ''■^ '"3 



'=2 ''3 

Summing over the caps ki,K3 and fci = 0(1), = + 0(1) yields the desired gain. For Tpi one uses 
Lemma [2. 181 As before, this reduces us to the trilinear nullform expansion (|5.40p . By the estimate (|5.83p . 
it suffices to consider P^k+ci^i if the inner output has frequency ^ 2^ . Beginning with the first term on 
the right-hand side of (|5.40p . one has 

dist(Ki,/t3)<2'"o 

< E E ll^'0Qa(Q<fcPfc„K>lPa[|V|-V2|V|-lPfe3,«3^3])|l .0,1,1 



a<k+C Ki,K3gCmo 

(5.85) dist(Ki,K3)<2™0 

< 5] 2t2'=(5^||Q<,.F,,,.,^i||i^„.^2)'(^||P.Q,[|VrV2|Vrip.3,.3V'3]|li.^^^ 
+ ^ 2^2t||^ib[.,](^llP.Q,[|VrV2|V|-^P,3^«3V'3]|l^,i,^)' 

i<a<k+C K3 

Corollary 14.81 was used to pass to the last line. By Lemma 12.181 and Corollary 14.91 one can continue as 
follows: 

<5 Y 2^||V'i|U^^,..2'=2-^2-^||^2|U[fc2lll^3||5[fc3] 

j<k+C 

(5.86) 3 

2''Ui\\s[k,] 2-^2-^2-^\\i^2\\sik2]m\sik,]<Sl[ms[k^] 

j<k+C i=l 



Moreover, Corollary [49] shows that this bound allows for summation over the caps. For the second term, 
we can assume that ipi = Q<k2+ci^i, see above. Then, by Lemma [4.121 as well as Corollarv l4.9[ 

Y \\Poip{Pk^.M^\-^Pk,,.M^\-^4^2]\\Nm 

dist(K:i,K.3)<2'^n 

Y II^OnQ.(^'fc.,K.V'l|V|-lPfc3,K3V'3)||^„,-l,„.|||V|-V^2||5[fe2] 
3<k2+C Kl,K3eC,„o « 

dist(Ki,K3)<2™0 



<5 J2 2'^2^2^2i2-^^l[ms[k.]<Sl[msik.] 



j<k2+C 
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Third, by Lemma [US] and (|4:32l) of Corollary SSI 

5^ \\Poi[Q<k,+cPk,..,i^M\w\-'ij2)M-'Pk„.,M\Nio] 

dist(fci,fC3)<2'"0 



^ E E ii^oo<fc.+c(/'fc„.,^iivripfe3,.3^3)ii^o4,iiinQj(ivrv2)ii^o,-^, 

j<k2+C Ki.KseC^o ° '=2 

dist(Ki,K3)<2'"ci 

< V \\PoQ<k,+c{Pk,..,^lM~^Pk,,.,^3)\\.o.i.iU2\\slk,] 



dist(/ti,K3)<2'''f' 

< E E \\hQi{Pk,,.,^iM-'Pk,,.M\\^o.LAMs[k,] 

dist(Ki,K3)<2'"0 

« . fc2 , ^3 



£<fe2+C Ki,K3eC„„ " 



£<fc2+C i=l i=l 

Fourth, by Lemma [4. 121 Cauchy-Schwarz applied to the cap-sum, and Corollarv l4.91 

\\PoI[{DQ<k+cPk„.M^-'d,PkI{R,ij2 |vriPfc3,,3V3)]IU[o] 

'«i,K3eCTOQ 

dist(Ki,K3)<2'"0 

<|mo|^ 2l||ngw^i|i^„._i,^( ^ \\PkQ<k+c[Rj^2N\-'Pk,,.,^3W.o.^.. 

e<k+C '=1 K36C™o 

3 

E E 2^iiV'iii^o,i,o.2^2*2^iiV'2iis[,,]iiivrv3ii5[M ^-^s^nii^^iisM 

f<fc+Cm<fe+C *=! i=l 

Since k = ki + 0{1) = fc2 + 0(1), the fifth term 

||Po/n[0<fc+c^iA-ia,Pa(i?,^2|vrV3)]||jv[o] 

is bounded exactly like the first, see (|5.83p . (I5.84|) . The sixth and final term is estimated by means of 
Corollary 14. 141 and Corollary [ 



J2 ||Po/[Q<fc+cPfei..iV'l°A-la,Pfe/(PjV'2|V|-lPfe3^«3V'3)]|U[0] 

Kl,K36Cm(j 

dist(K;i,K3)<2™0 

< |mo|||^i|isM2'= ( E ll^feQmnA-i9,(P,^2|vriPfc3,.3^3)ro,-i,, 

m<k+C KseCjng 

3 

<SUi\\sik,] E 2^2^2t2-*||V2||s[fc2]ll^3lU[fc3l <'^2'=^nil^^llsM 

m<k+C i=l 

as claimed. The other two types of trilinear null-forms are similar and left to the reader. □ 

Remark 5.11. The proof of the preceding estimates actually leads to a shghtly better result: letting 
PoF{Pkj^'ipi, Pk2ip2, Pka'ips) be a frequency localized trilinear null-form as above, then given any i5 > 0, 
there exists some < —100 such that we can write 

PoF{Pk,^l,Pk,^p2,Pksij3) - Pi + P2 
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where Fi is a sum of energy, X'^'^''', as well as wave-packet atoms of scale I > Iq (where scale refers to the 
size 2' of the caps k used), with the bound 

3 

ll-P'llliVM < W(fci,fc2,/C3) Jl \\Pk,1pj\\s[k,] 

i=i 

and universal implied constant (independent of S), while we also have 

3 

ll-F'illwio] ^ Sw{ki,k2,k3) Jl Il-Pfc.^jlbfe] 

j=i 

The reason for this is that whenever a wave-packet atom of extremely fine scale is being used to estimate 
some constituent of PqF, one gains a small exponential power in that scale. 

6. QUINTILINEAR AND HIGHER NONLINEARITIES 

Here we detail the estimates needed in order to control the higher order error terms generated by the 
process described in Section [31 This section is quite technical but the main point here is that the higher 
order terms, while still somewhat complicated, are much easier to estimate than the trilinear null-forms, 
and only require a very mild null-structure. We start with the lowest order errors, of quintilinear type. 
These are either of first or second type, see the discussion in Section [3l We commence with those of the 
first type, which can be schematically written as 

v,,t [v-v-i (i?, vv-i (tZ-v-iq^j (V»))] , 

where not both v, fi are simultaneously zero. Assume that i/ = 0, 7^ 0, the remaining cases being treated 
analogously. The following lemma is then representative for the higher order errors, for a universal S > 0. 

Lemma 6.1. We have the estimates 

||V,,t[^'oV^oV-ip.,(i?oPfeiV^iV'ip,,(Pfe,V;2V-ip,3Qjfc(Pfe3V'3,i'fc4V^4)))]|k[o] 



< 25[min,^o{r,.fc,}-max,^o{r,,fc,}] -Q 1 1 p^^^ ^ . || ^j^^j ^ ^ < -10 

i=0 

||V,,t[Pfe„^oV-ip.,(PoPfe,^iV-ip,,(Pfc,^2V-ip,3Q,fc(Pfe3 7/;3,Pfe4'A4)))]|k[o] 

4 

< 2<5fc0 2<5[min{r,,fc,}-max{r,,fc,}] "Q || ^ - 1| ^[^^j , n € [-10, 10] 

i=0 

||V,,tPo[Pfco7/'oV-lp,, (PoPfci^lV-lp,,(Pfe,V^2V-lp,3Qjfc(Pfc3V3,Pfe4V'4)))]||7V[0] 

4 

< 2-5fe0 2'5[n"n{'-..fc.}-max{r,,fc,}] "Q 1 1 p^^^ ^ J ^^^^j ^ ^ > 10 

i=0 

All implied constants are universal. 

Proof. All three inequalities are proved similarly, and we treat here the high-low case in detail, i.e., the 
first of them. We first deal with the elliptic cases: 

(i): Output in elliptic regime. This is the expression (we have included the gratuitous cutoff P[-5,5] in 
light of ri < -10) 

[PoVoV-ip.,(PoPfeiV'iV-ip.,(Pfe,V2V-^P,3Q,fe(Pfe3 7^3,Pfe4^4)))] 

= 5I^-^t^h5.5]Q;[^o'/'oV-ip.,(PoPfei^/'iV-ip,,(Pfc,^2V-ip,3Q,fe(Pfe3V'3,Pfe4V'4)))] 
;>io 

Now distinguish between further cases: 
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(il): maxjfci, . . . ,/c4} <C I, RoPkiiln = i?o-Pfei(3<;-iooV-'i- In this case at least one other factor Pk^'tpj 
has modulation at least 2'~^°. For argument' s sake, let this be Pfe2V'2 = Pk^Q>i-io'^2 (the other cases 
being similar), so we now reduce to estimating 

1] V^,tP[_5,5]Q4^0V'0V-lp.,(i?0i'fciQ<i-100V'lV-lp.,(Pfc,Q>i-10V'2V-lp,3gjfc(Pfc3V'3,-Pft4V'4)))], 
1>W 

where we also make the further assumptions of case (il). Freezing / for now, we estimate this expression 
as follows: first, note that we get 

||V-lp,,(Pfe,0>Z_10^2V-lp.30,fe(Pfc3V3,Pfe4V'4))IU. 1 

4 

< 2(l^^)('=2-02[™'"{'"2,3>fe2,3,4}-max{r2,3,fe2,3,4}] j~J 1 1 Pj. . 1 1 gj^ .] 

This follows by straightforward usage of Bernstein's inequality and the definition of S[k\, as well as ex- 
ploiting the null-structure oiQjk- Furthermore, we have 

\\RaPk,Q<i-wMLl^ % 2^('-*'i)2-^||Pfc,VIUM, 
where e > is as in the definition of S[k], which implies that 

\\R^Pk^Q<i-imMLrLi < 2<'-'''h^\\PkMs[k,] 

From here we get 

||Va.,tP[-5,5]Qi[^oV'oV-^Pri(PoPfeiQ<;-iooV^i 

X V-lp.,(Pfc,Q>/_ioV'2V-lp.3g,fe(Pfe3V'3,Pfc4V'4)))]|| 

^0 

<2-''\\PoMl^l2 

X ||V-ip,,(PoPfciQ<;-iooV'iV-ip.,(PfeQ>/„ioV'2V-ip,3Q,fe(Pfc3V'3,Pfc4V'4)))||L2L2o 

X ||V-lp.,(PfeO>z_loV2V-lp.3 0,fc(Pfc3V3,Pfe4V'4))|L,. 1 

Substituting the bounds from before, this is bounded by 

ri . r, . r -, min{min{ri 2}-'si.O} 

<2^2™'"'^ ' J 2 ^ 

4 

X 2^('-'=i)2^||P,,V||s[fei]2(l-^)('==-')2['"'"^=.3.'=^.3.4-max{r,,3,fe2.3,4}] "Q ||P, . V;,- 1| ^[fe ,] 

This is equivalent to an estimate of the form claimed in the lemma, with an extra gain 2~^' which allows 
us to sum over I > 10. 

(12) : maxjfci, . . . , A;4} -C RoPkiijji = RoPkiQ[i-ioo.i+wo]4'i- The estimate here is similar except that 
summation over I is made possible since we have 

Pk,Q>k,i^i e x-^^'''-''' 

(13) : maxjfci, . . . ,k4} <C I, RoPkiipi = PoPfei'3»;+ioo]V'i- This is again similar. Fixing the modulation of 
-RoPfeiQ>j+ioo]V'i to size 2^1, ?i > / + 100, there is at least one other input which has modulation at least 
comparable to 2'^. Then one proceeds as in case (il). 

(i4): max{A;i, . . . , fc4} > / + 0{1), PoPfciV'i = RoPk^Q ,4}V'l- 
Here we obtain a gain in min{ri,2,3, ^1,2,3,4} — niax{ri,2,3, ^1,2,3,4}, which suffices to offset the loss due to 
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the possibly large modulation of i?o-Pfei<3<inax{fei,2,3,4}V'i- Specifically, write 

Vx.tQ; [-PoV'oV"^Pr-i (-Ro<3<max{fei,2,3.4}-Pfci V'l 

= Vx,tQ;[PoV'oV-ip^,(i?oQ<feiPfeiV-'i 

X V-^PrAPk2i^2V-^Pr,Qjk{Pksi'3,PkM))] 
+ Vx,t(5i[PoV'oV"^Pri(i?oQ[fei,max{fei^2,3.4}]-PfelV'l 

X V-^PrAPk2i'2y~'PrsQjk{Pks^3,Pk,i>4m 

Here we use the inequalities 

\\V-'PrAPk2i^2^-'PrsQjk{Pksi^3,PkML,.k 

4 

< 25[™{'-2,3,fel,2,3,4}-max{r2,3,fcl,2,3,4}] \\Pk.tPi\\g^i,.], 



i=l 



||V-lp,2(Pfc2V'2V-lp.3Q,fc(Pfe3^3,Pfe4V'4))||LrL| 

4 

< 2min{r2,3,fci,2,3,4}-ma.{r2,3,fci,2,3,4} JJ ||p^^^. . 

i=l 

Then we can estimate 

,max{fei,2,3,4}] 
X V-lp,2(PfeV'2V-lp,3 0,fc(Pfc3^3,Pfe4V'4)))]|| 

<2-^'||PoVo||l~l2 

X ||V-lp.,(i?oQ[fc,,rna.{fei,2,3,4}]-PfeiV'lV-'P.2(Pfc2V'2V-^P.3Q,fe(Pfe3^3,Pfe4V'4)))||L?L~ 

To conclude the contribution of this term, one then checks, using standard Littlewood-Paley trichotomy, 
that 

||V-ip.,(PoQ[fe i,max{fci,2,3,4}] 

Pkii'lV Pr^{Pk^1p2V ^Pr3Qjk{Pk3^3,Pk4'il^4)))\\LlL^ 

miii{i-i 2,'=l}-'n'"'{'-l,2,'=l} 

<2m.nW,2,fc.}2 , ||ii0Q[fe„x„ax{fe..2,3,4}]^fclV'l||^24 

X ||V-lP,2(Pfe2V'2V-lP,3Qjfe(Pfc3V3,Pfc4^4))|U~L| 

Combining with the bound from above, and furthermore assuming the e in the definition of ||.||s: to be 
small enough, we conclude that for suitable 5 > we have 

||V^,tQi[PoVoV-ip^,(PoO[fei }]Pk^tpl 

X V-lP.2(Pfc2V'2V-lP.3Q,fc(Pfc3V3,Pfc4V'4)))]|L-l+e,-l-e,l 



< 2~'^'2'*[™™^^''^''J''^^^~™'^''^^°^'"^''^^'^1 ||-P'fe-V'i||s[fe-] 



i=0 



and summing over 10 < Z < max{A;i,2,3,4} yields the desired bound. 
For the term 

^x,tQl[Po%^~^Pr^{RoQ<k^Pk^i^l 

xV-^Pr,iPk2i'2V-''Pr3Qjk{Pk3i'3,PkM))] 
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from further above, estimate 



\\Vx,tQi[Poi'oV-^PrARoQ<k,Pk,i'i 

^0 

<2-^'||PoV'olUri| 

X \\V-^Pr,iRoQ<k,Pk,^lV-^PrAPk2i'2V-^Pr,Qjk{Pksi'3,Pk,i'4)mLjL^, 

and we have 

||V-lp^,(iioQ<fei-PfeiV'lV-^Pr.(Pfe.V'2V-lPr3Q,fc(Pfc3^3,ffe4^4)))||L|L~ 

min{ri 2,'si} niin{ri 2 ,^1 } -niax{ri 2 ,^1 } ,, 

<2 = 2 ^ WPMl^li 

X \\V-'PrAPk,^2^-'PrsQjk{Pksi^3,PkM)\\i^2Hi^ 

which in conjunction with the bound from above 



\\V-'Pr,{Pk,^2y-'Pr,QjkiPks^3,PkM)L^.L^ 

4 

< 25[™M'"2,3,fcl,2,3,4}-max{r2,3,fcl,2,3,4}] llP^j.'^JgJj..] 



i=l 



imphes that 



il V^,tQi [PoV-o V-ip,i (i?oQ<fci ^fei V^i 

V-lp,2(Pfc2V'2V-lp,3Q,ft(Pfc3^3,-Pfc4V'4)))]|L, l+e,-l-e,l 



< 2~''2 5 2 5 



25[min{r2,3ifei,2,3,4}-max{r2,3ifei,2,3,4}] J~J ||Pfc l/'i 



lS[fti] 



i=0 



Summing over Z > 10 yields a bound as claimed in the lemma with S = ^. 

(i5): max{A;i, ...,k4}>l + 0(1), RaPkJ^i = -RoPfci Q>max{fcl,2,3,4}^l• 
Freeze the modulation of Po-PfeiV'i to dyadic value 2'^ » 2'^^^^''^''^-^''^\ Here there must be at least one 

other input with modulation at least comparable to 2'^. Let this input be Pfc2^2 for definitiveness' sake, 

the other cases being treated similarly. Thus consider the term 

V^,tQ,[Po^oV-^P^,(PoQ;iffeiV'iV-^Pr2(Pfc2<3>;i+o(i)^2V-^P^3Qjfc(Pfc3V3,Pfc4V'4)))] 
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Assuming a high- low frequency cascade ri ^ fci ^ ^2 , we can estimate this by (using Bernstein's inequal- 

ity) 

\\^.,tQl[PQ^Qy~^PrARoQhPk,^l 

X V-lF,,(Pfc,Q>j,+o(l)V'2V-lp,3Q,fc(Pfc3V'3,^'fc4^4)))]|| 

X ||V-lp,,(i?oO,,Pfe,7^iV-lp,,(Pfe,Q>,,+0(l)V2V-lp,3Q,fe(Pfc3 7/;3,Pfc,V4)))|lL;L~ 

X \\Poi^o\\LrLl\\RoQhPkJjl\\LlJ\Pk2Q>h+0(l)i'2\\Ll^ H H -P^j V'j I! S[fc,] 



3=3A 
4 



Summing over li ^ maxjfci 2,3.4} > I + 0(1), one obtains a bound of the form claimed in the lemma with 
1 
2 



(5 = i in the particular case at hand. The remaining frequency interactions, while keeping our assumptions 



on the modulations, are treated similarly. This concludes the elliptic case (i). 
(ii): Output in hyperbolic regime. Now we consider the expression 
V.,tP[_5,5]Q<io[Po^/'oV-ip., {RoPk^^l 

xV-'Pr,{Pk,^p2y-'Pr3QjkiPk3i'3,PkM))] 

We decompose this into 

V.,tP[_5,5]Q<io[Po^oV-ip., {RoPk.i'i 

xV-'Pr,{Pk,^p2y-'Pr3QjkiPk3i'3,Pk,i>4m 

(6.1) = V,,tP[_5,5]Q<io[PoVoV-ip,,(Po^feiQ<fci^i 

xV-'Pr.,iPk,^2y~'Pr3QAPk^l^3^PkM))] 

(6.2) + Va;,tP[_5,5](3<lo[Po^/'oV"^Pri(PoPfeiQ[fei,max{fci,2,3,4}+0(l)]V'l 

X V-lp,,(Pfe,^/'2V-lp,3Q,fe(Pfe3l/^3, Pfe,^4)))] 

(6.3) + V^,tP[_5,5](3<io[Po^/'oV~^P,.i(PoffciQ»max{fci,2,3,4}V'l 

X V-ip,,(Pfe,^2V-ip,3Q,fe(Pfc3 7/;3,Pfe4^4)))] 



To estimate the first expression (|6.ip on the right, we exploit the fact that we control sharp Strichartz 
norms, in addition to the basic null-form bilinear estimate controlling Qjk{Pk34'3i Pk4,i^4)- The key is the 
fact that we have the almost sharp Klainerman-Tataru built into S. To see this, consider the most difficult 
case, a high-low frequency cascade corresponding to ri <C fci <C ^2. We estimate the expression by starting 
from the inside: 

\\V-'Pr,iPk,^2y-'Pr3QMPksi'3,PkM)\\ | ^ 

= 2-'-^ E \\'^''PrAPk..c^^2'^-'Pr3.c,Qjk{Pk3i^3,PkM)\\j^, 

Cl.2ei?.fc2,r2>dist(ci,-C2)<r2 * 

<2--=( J2 ll^fe..C4V'2|li4igo)^||V-lp.3,.2g,fe(/'fe3V'3,Pfc4V'4)||L2^ 

Ci^Rk^ ,7-2 
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Here we have used Cauchy-Schwarz and Plancherel's theorem. Then using the definition of |l.|ls, we can 
bound this by 

CieRk2.r2 

4 

fco ^2-^r> min{r3,A;3 4}— max{7-3,fc3 4} 

< 2"'^^2^2T2 ^ •- n \\Pk,Ms[k,] 

Turning to the full expression further above, we then get for the contribution of this term to the hyperbolic 
part of the output 

llV,,tQ<io[Poi^oV-ip.,(i?oQ<feiPfci^i 

< |!PoV'o||LrL^I|V"'Pn(^oQ<fciPfciV'lV-^P.,(Pfc,V'2V-lp,3g,fe(Pfe3^3,Pfc4V'4)))||LjL;^ 

< WPoMl^ 

X \\^~'PrA J2 RoQ<k^Pk,,c^4'iy-'Pr2,cAPk2i^2V-'Pr,QMPk3^3,PkMmLiL^ 

ci.2eHfcj,,-j,dist(ci,-C2)<2'-i 

We intend to substitute the intermediate bound from above for 

\\V-'PrAPk2^^2y-'PrsQAPk.^3.PkM)\\ 4 , 

where we can exploit that, by Minkowski's and Plancherel's inequality, we have 

Thus we can estimate, using Cauchy-Schwarz, Bernstein's inequality and the preceding observation 
l|V-ip.,( E RoQ<k,Pk,.c,i^i 

Cl,2eflfci,ri,dist(ci,-C2)<2'-1 

xV''Pr2,c2iPk2^2y~'PrsQAPks^''3,PkMmLlLS^ 

< ( E ll^fci.c,v^i|li4io.)^||v-ip.„e,(Pfe,v2v-iF.3g,fe(p,3V'3,Pfe4V'4)))|l I 

4 

1-1 -fci 3 ^ ''2 r2-k2 min{r3,fc3 4}~max{r3,fc3 4} 

< 2T2^^i2-''^2T2T2 5 [] ||Pfc,V'2||sfel 

j=i 

But by our assumption ri <C fci ^ k2 we have 7-2 = fci + 0(1), whence we can replace the above bound by 

[PoVoV-ip.,(PoQ<feiPfei^i 

xV-'Pr2{Pk2^2V-'Pr,QMPk.^3,PkMm\LlH-' 
4 

J-l -fcl '■2-'°2 min{i-3,fc3 4 }-max{i-3,fc3 4 } 

< 2T2T2 5 n ll^fc,V'2||s[fe,], 

and this is again enough to yield the statement of the lemma (here with S ^ j^). The remaining frequency 
interactions can be handled similarly. 



Next, consider the second term (|6.2p above, i.e., 

Va;,tP[_5,5]Q<lo[Po'0oV^"^Pri(P.oPA:iQ[fci,max{fci,2.3,4}+O(l)]'01 

X V-lp,,(Pfe,^A2V-lp,3Qjfe(Pfe3l/;3, Pfe4 7/.4)))] 
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This is much simpler: wc get 

l|Va;,t-P[-5,5]Q<lo[-foV'oV~^Pri (-Ro-Pfei Q[fci,max{fci,2,3,4}+O(l)]'01 

1)]^1 

X V - 1 P., ( Pfc, V2 V - 1 P,, (Pfe3 V3 , Pfe, V^4 ) ) ) ! I L J L ^ 

For definitiveness' sake, we again assume that ri <C A;i <C ^2, the remaining cases being similar. Then we 
get 

V-ip.,(J?oPfciQ[fc, ,max{fei,2,3,4}+0( l)]i'lV-^PrAPk2i'2V-^Pr,Qjk{Pk,i>3,Pk,i'4m\LlL^ 

<2''-'''\\R0Pk,Q[kurn..{k,,,,,,,}+O{l)]H\LlJ^^^ 

4 

< 2-i-fci2^(max{fei,2.3,4}-fei)2 \\PkM\s[kA 

3=0 

This corresponds to a bound as in the lemma with S = ^ — e, where we recall e is as in the definition of 
II • ||s[fe]. The remaining frequency interactions for this term are treated similarly. 

Finally, consider the last term above 

Va:,tP[-5,5]<3<lo[PoV'oV~^Pri (PflPfeiQ }V'i 

xV-^Pr,iPk,i>2V-^PrsQjk{Pksi'3,Pk,i'4)))] 

Here we again need to compensate for the losses coming from estimating Po-PfeiQ>max{fci 2 3 4}V'i- Freeze 
its modulation to dyadic size 2' . Then either at least one other input has at least comparable modulation, 
or else the output has modulation ~ 2' (in which case necessarily / < 0(1). In the latter case, one then 
estimates (where / max{A;i_2,3,4} and we assume all other inputs to be at much lower modulation) 

||Va;,tP[-5,5] Q<10[P0^0V-^PrAP«PkMl 

X V-^PrAPk.^2^~^PrsQjk{Pksi^3,PkMm\N[0] 

= II V^,tP[-5,5]Q;[fb^oV-^P^, {RoPk, Qii'i 

X V- 1 P,, (Pfe, ^2 V-^P.3 Qjk {Pks V'3 , Pfc4^4)))] ||iV[0] 
< \\Va^,tP[-5,5]Ql[Po^oV-^PrARoPk,Ql^l 

X V-lp,2(Pfe2^2V-lp.3Qjfc(Pfc3V3,Pfc4^4)))]|| .-1,-1,1 

<2-5||PoV;o||LocLj||V-lPri(PoPfei(3!^l 

X V-'Pr,iPk,'>p2V-'PrsQjk{Pksi^3,Pk,^4m\LjL^ 

Here the second factor above is estimated by 

||V-lp^,(PoPfciQ;V'lV-lp^2(^'fc2V'2V-lp^3 0jfe(Pfc3V3,Pfc4V'4)))||LfL~ 

4 

< 2 ^ 2 s 2 s 2^'-'=^) H \\Pk,i^j\\s[k,] 

Inserting this bound into the last inequality but one and summing over I l^- max{A;i,2,3,4} results in a 
bound as in the lemma with 5 = ^ — e. 

The case when at least one further input has at least modulation at least comparable to 2' is similar, one 
places the output into L\H^^ . 

This completes the proof of the first inequality of the lemma. The remaining ones are treated by an 
identical procedure. □ 

In a similar vein, one has estimates controlling the second kind of quintilinear term. We state the 
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Lemma 6.2. For the second type of quintilinear null-form, we have the following estimates for suitable 
5 > 0; 

||V,,t[(Po[V-l(Pfe,^lP,,V-lQ.,(PfeV'2,Pfe3V'3))]PriV-^/Q^,(Pfc,V4,Pfc5V'5))||iV[0] 

5 

<; 2*[min{0,fei,2,3,sl}-max{0,fei,2,3iSi}]2'5[min{'"i>fe4,5}-max{ri,fe4,5}] || Pfc . || gj^ .] n < —10 

i=l 

II V^,tPo[(P. JV-^(Pfc, V'lf'a2 V-'Q.j(Pfe2V'2, Pfc3V'3))]Pri V-l/g^j(Pfe,V'4, PfcaV's)) ||iV[0] 

5 

< 2*'^i2''t™™'f*^'^'*'^'^'^^~™'*^'f*^'^'^^'^'^^l2'^[™™'f''^''^'''^^~™'*^'f''^''^*'''*^l ||P/c.^/'j||5[fe.], n G [—10, 10] 

i=i 

||V^,tPo[(P.JV-l(Pfe,V'in2V-^g.,(Pfe^2,Pfe3^3))]PriV-l/g^j(Pfc,V4,Pfe5V'5))||jV[0] 

5 

< 2-i5si2''[™'"{si,2,fci,2,3}-max{si,2,fci,2,3}]2'5[™™{'"i>'=4,5}-max{ri,fe4,5}] ||Pj^. .-0^ || gjj^ .] n > 10 

Proof. We verify this again for the first inequality above, the other ones following a similar pattern. As 
usual, we distinguish between elliptic and hyperbolic output components: 

(i): Output in elliptic regime. This is the expression 

Vx,tP[-5,5] 0>io[(Po[V-i(Pfe,V'i-P.iV-iQ,,(Pfe,V2,Pfe3V'3))] 

As usual the only slight complication arises due to the fact that w may have u = Q. Freeze the modu- 
lation of the output to dyadic size 2', I > 10. Then one re-iterates the same steps as in the preceding proof: 

(il): max{fci^2,3} I, time derivative falls on term with modulation < 2'~^°°. In this case at least one 
additional input (which is not hit by a time derivative) has modulation > 2'"^*^. For example, assume this 
is Pki'ipi — PfeiQ>i-io'0i) the other cases being treated similarly. Then assuming a high-low scenario, say, 
i.e., fci 1, we have (using Bernstein's inequality) 

\\Po[y-HPk^Q>l-wAPs^y~'Q.,iPk,i'2,PM)]\\LlLl 
<\\PkrQ>l-10MLlJ\Ps^'^-'Q^J{Pk.^2,PkM\Ll^ 

3 

< 2-^2(i-^)('=-')2<'-'=^) n \\PkMs[k,] 

i=i 

Substituting this into the full expression, wc obtain for the output the bound 

||Vx,tP[_5,5]<3i[(-Po[V-l(Pfc,Q>,_loVl^.iV-lQ.,(Pfc2V'2,Pfe3V>0)] 

XP,,V-ljO^,(Pfc,V4,Pfc5V'5))|| .-i+.,-l-e,l 

<2-^'||Po[V-i(Pfc,Q>i_ioVi^.iV-iQ.,(Pfc,V2,Pfe3V'3))]|L2^ 

X ||P^, V- ^/Q^j (Pfe, V4, Pfe5 |k~ 
<2(5-^)'||Po[V-l(Pfc,Q>i_ioVlJ'.iV-lg.,(Pfe,V2,Pfe3V'3))]|UjL2 

X IIP,, 1 IQ,, (Pfc, V4, Pfe5 V-s) Ik- 

5 

< 2(2-^)'2-^2(i-^)('=^-')2^('-'==)2 5 H ||Pfc,V,||s[fe,] 
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Summing over I 3> max{fci,2,3}, the desired inequality of the first type of the lemma follows in this case. 
The remaining frequency interactions within 

are handled similarly. 

(i2): max{fci,2,3} <C I, time derivative falls on term with modulation ~ 2'. In this case, we place the 
time derivative term into Lf ^, and are guaranteed gains in the maximal occurring frequency: for example, 
consider the term (arising upon unraveling the inner Q^yj null-structure with = 0) 

Po [V-\Pk, Vl-P«i (Pfe Ql+0{1) -Ro V'2-Pfc3 V's))] 

In the high- high case ^2^51, one can then estimate 

||Po[V-^(Pfc,Vl-P«iV-^(Pfc,Qi+0(l)PoV2-Pfe3V'3))]||L?_, 

min{0,fci ,61 } — max{0,fci ,61 } min{6i ,^2 }~™^^{® 1 } 
< 2 2 2 2 

X ||-PfeiV'l|Uf>ijl|-Pfe2Qi+0(l)-RoV'2||^2^1 WPksi^sh^Ll 



From here one estimates the full expression by 

II V^,tP[_5,5] Ql[{Po[y~\Pk, ^iPs, "^'HPk^ Ql+Oil) Ro^2Pks ^3))] 

X Pr^V-^IQ^.JiPk,^4,PkM)\\ .-l+e,-i-.,i 

^0 

<2-^'||P0[V-l(PfciVlP«iV-l(Pfc,0i+O(l)i?0V'2Pfe3V'3))]||L?,, 

X \\Pr,V-'lQf,,{Pk,lbi, PkMh^^ 

X l|ftiV'l||z,~Lj||Pfe2<3!+0(l)V'2|| .-i+,,i-e,i||Pfc3V'3||L~I,2 

^ 2min{ri,fe4,5}-max{ri,fc4,5} JJ . ||s[fe .] 

j=4,5 

One may sum here to obtain a bound of the type as in the first inequality of the lemma, with S = ^. 
The remaining frequency interactions within 

Po [V-i (Pfci Vi^'«i (Pfc, Oi+o(i)i?oV'2Pfc3 V-s))] 

are again handled similarly. 

(iS): max{A;i^2,3} I, time derivative falls on term with modulation 2'. In this case at least one 
additional term has at least comparable modulation, and one argues as in case (il). 

(i4): max{fci,2,3} > 1 + 0{1), time derivative falls on term with modulation < max{A;i,2,3} + 0(1). Here 
the losses coming from the time derivative are easily counteracted by the gains in the large frequencies: 
first, one reduces the inputs Pfc2,3V'2,3 to the elliptic regimes. To do so, note that we have 

l|Po[v-i(PfeiViP«v-i(Pfeg[fe }PoV'2Pfe3V'3))]||l,2^ 

3 

< 2 ^ 2<--{^i.=.3}-'=^) H ||P,^Vills[fe,], 
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and inserting this into the full expression is easily seen to yield the desired inequality. Hence we have 
reduced this case to the expression 

Vx,tP[-5,5]<3![(-Po[V-l(Pfc,Vl^'«iV-lQ.j(Pfc,Q<fe,V2Pfe3Q<fe3^3))] 

Of course in the present case at least one of k2,3 > I + 0{1). Assume that we have a high-high-low type 
situation in 

-Ps 1 V " ^ Q^j (Pfc2 Q < fc2 V'2 P/C3 <3 < fc3 V'3 ) , 

i.e., .si ^ k2, this being the most delicate case. We distinguish between two cases: 

(a) : modulation of Ps^ . . . is less than 2'+*^(^\ In this case, we may "pull out" a (time)- derivative from 
the Qyj-nuU-form, using the simple identity 

R^^^Rj^^ - Rj^^R^^^ = a,[V-V'fiiV'2] - dj[y-^ij^R^^2] 
Hence in this case we can estimate 

l|Vx,tP[-5,5]Qi[(P'0[V-l(Pfe,^i'lP.iQ<;+O(l)V-lQ.j(Pfe2'3<fe2^2Pfc30<fe3V'3))] 

xP,,V-l/Q^j(Pfc,V4,Pfc5V'5))|| .-l+e,-l-.,l 

^0 

<2-^'||P0[V-^(Pfe,Vl^'aiQ</+O(l)V-lg.,(Pfeg<feV2Pfe3(3<fc3V'3))]||L~LJ 

X ||P^,V-^7Q^j(Pfe,V4,Pfc5V'5)||LfLSo 

5 

J J J ri min{ri ,fc3 4}-max{ri ,fc3 4} j- nl T— T 

< 2-^'2'-'=^2^2 5 2--{^i''=i'°> H \\Pk,^j\\sik,] 

One can sum over I < max{fci,2,3} to get the desired first inequality of the lemma in the case at hand. 

(b) : modulation of P^^ ... is ^ 2'. In this case the modulation of the first input Pfei Vi needs to be 
comparable to that of 

Ps^^-'Q.j{Pk,Q<k,i^2PksQ<ksi^3))] 

Hence we can write this contribution as 

^ V,,tP[_5,5]Q![(^'0[V-HPfe,Qi,+O(l)^lPaiQ/iV-lQ.j(^fc2Q<fc2V'2Pfc3g<fc3V'3))] 

X Pr,y-^IQi.j{Pk,i'4,PkM) 

To estimate it, we use 

||P.lQilV-lg.,(Pfe2Q<fe2^2Pfe3Q<fe3^3)|U2^ <2'l-'=^2-^ Yl \\Pk,Q<kM\slk,] 

4=2,3 

We the insert this bound into the full expression. In case that ki > 0(1), we can estimate 

\\^x,tP[-5MQl[{P0[^~\Pk^Qh+O{l)^lPs^Qh^~'Q.l{Pk,Q<k,MsQ<k,i^3)^ 

xP,,V-l/0^,(Pfe,V4,Pfe5V'5))]]|| .-l+e,-l-.,l 

<2-^'2^||Pfc,g;,+0(l)V'l||L|,J|f'«iQ;iV-'Q.,(Pfc2Q<fe2V'2Pfc3Q<fe3V'3)IL|,, 

X ||Pri V-'/Q^j(Pfc, V4, PkMhr^ 
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In case that Zi < + 0(1), we can bound this by 

2-^'2^||Pfe,Qi,+o(i)Vi||Lf,JI-P«i<3;iV-'Q.j(Pfe,Q<fe,V2-Pfc3(3<fe3V'3)||L?^ 

<2-^'252-^||Pfe,Vi||5[fei]2'^-'^2-* n \\Pk.Q<M\s[k,] 

1=2,3 

X ||PriV-l/g^j(Pfc,V4,-Pfc5V'5)||i~ 

5 

i=l 

Summing over ki + 0(1) > h ^ I and then over Z > 0(1) results in a bound as in the first inequahty of 
the lemma with 5 = ^ + e. 

Next, still in the case ki > 0(1), if Zi < ^2 + 0(1), one proceeds as before but uses 

\\Pk,Qi,+o(i)MLl^ < 2-^2(i-^)('=-'^)||Pfe,V'||5[fc,] 
One obtains a final bound with the same ^ = 5 + e as in the preceding case. 

In the case fci < 0(1), one simply places PkiQh+o(i)i'i into L'^L'^, thereby gaining an additional factor 
2'=!. We omit the details. 

This concludes case (i), when the output is in the elliptic regime. 
(ii): Output in hyperbolic regime. This is the expression 

V^,tP[-5,5]Q<10[{P0[V-\Pk,^lPs,V-^Q.j{Pk2iJ2,Pk,^3))]Pr,V-^IQ^^^^ 

To treat it, we decompose 

Po[V-\Pk,^lPs,V-'Q.j{Pk^^p2,Pks^3))] =Po[V~\Pk,^lPs,y-'l'Quj{Pk,^2,PkM)] 

+ Po[V-l(Pfc,^lP,,V-l/Q.,(Pfe,V2,P/c3V'3))] 

(iia): contribution of the elliptic type term. This is the expression 

'7^,tP[-5,5]Q<w[{Po[V-\Pk,i>lPs,V-^I''Quj{Pk,i'2,Pksi'3))]Pr,'^^^ 

We shall treat the case si <C —10, i.e., the case of a high- low interaction within 

Po[V-l(Pfc,V^lJ'.iV-^Q.j(Pfc,V2,Pfe3^3))] 

The remaining cases are again more of the same. Now freeze the modulation of the expression 

Ps,v-'rQ.j{Pk,i'2,PkM 

to size 2^, si. Then decompose the corresponding full expression into the following: 

Va;,tP[-5,5] Q<10[(P0[V-Hj'fei^lJ'.iQ;V-^rg.,(Pfe^2,Pfe3V'3))]PriV-^/g^j(Pfc,^4,Pfc5^5)) 
= V^,tP[_5,5]Q<10[(P0[V-l(Pfc,g>i_10V'lf'.iQ/V-^rQ.j(Pfe,V2,Pfe3V'3))] 

(6.4) xPr,V-''lQ^jiPk,i>4,Pk,i'5)) 

+ V^,tP[_5,5]<3<io[(Po[V-^(Pfe,Q<;_io^iP,,Q;V-iFQ.j(Pfe^2,Pfe3V'3))] 

(6.5) xPr,V-''lQ^j{Pk,i>4,Pk,i'5)) 
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The first term ()6.4|) on the right can tlien be estimated by 

l|V,,tP[_5^5]Q<10[(^0[V-l(PfciQ>,-10V'l^'siQ/V-lrQ,,(PfeV2,i'fc3^3))] 

< \\Pk^Q>l^wMLlJ\Ps^Qly-'I'Q.J{Pk,^^2,Pk,^3mL^,L^ 

x\\Pry^ IQ^^j [Pk, ^4 , Pfc5 ^5 ) 1 1 L~ 

Then from Lemma 4.18 and Bernstein's inequahty we infer that provided fc2 S> si, we have 

2-*||P,,Q,V-irQ,,(Pfe,V^2,PfeV'3))||L?Ls' <2^'2-^--^«i''=^.3}max{fc2-5i,l}2 J] \\Pk,i^j\\s[k,] 

i=2,3 

Inserting this into the preceding bound we infer that 

\\Pk^Q>l-lMLlJPs^QN-^I'Q.APk.^2,Pk,i'z))\\L-L^ 

x\\Pr,W-'lQ^j (Pfe, 7^4 , ^-5 ) 1 1 L^^ 

5 

< 2^2'^'2-'™'''^{^i''=2'^> max{A:2 - si, l}22™"{''i''='''5>-™^'^{''i''=''"'-> Y[ \\Pk,i^j\\s[k,] 

j=i 

Summing over I > si yields the bound of the first inequahty of the lemma with S = e—. On the other 
hand, when fc2 = si + 0(1), say, one can use Lemma 4.23 instead, which then gives the desired inequality 
with (5 = i — e. 

Next consider (|6.5p . Here we distinguish between the cases I < ri +0(1) and / 3> ri. In the former case, 
as before assuming si < —10, we get 

l|V,,tP[_5,5]Q<lo[(Po[V^l(Pfe,Q</-10^lPsiQ/V-lrQ,j(Pfe,V^2,Pfe3^3))] 

X P,.i V"^/g^j(Pfc,V4, PfesV-s)) II Lim 

^ ll^feiQ<;-loV'l||Lj°°L2 ||Psi(5;V"^P(5^j(Pfe2V2,Pfe3l/'3)llL?L~ 

X II P,, V- (Pfe, 7^4 , Pfca ^5 ) II if L~ 

Using Lemma 4.18-4.23 again, we obtain the bound 

5 

< 2^2'('-'==)|si - fc2p2 -2 J] \\Pk,i^i\\s[k,] 

3 = 1 

One may sum here over si < I < r\ + 0(1) to get the desired first inequality of the lemma with (5 = e— . 
Next, consider the case r\. But in this case we can write 

V.,tP[_5,5]Q<io[(Po[V-i(Pfc,Q<,_ioV'iniQ;V-irQ,j(Pfe,V2,Pfe3'/'3))] 

X PnV-l/Q^,(Pfe,^4,Pfc5V^5)) 
= V,,tP[_5,5]Q[,_io,io][(Po[V-l(Pfc,Q<,-ioVl^siQiV-lrQ,,(Pfe.,V2,P/c3V'3))] 

X P.iV-l/Q^,(Pfe4V4,Pfe5V'5)) 

But this we can then estimate via the ||.|| . _i _ 1 1 -norm of the output, i.e., it suffices to bound 
l|V.^tP[_5,5]Q[;-io,io][(^o[V-i(Pfe,Q<,-ioViP.,Q,V-irQ,,(Pfc,V'2,Pfe3^3))] 

xP,,,V-l/Q„(Pfe,^4,Pfe.V'5))|l ..1,-1,1 
<2-5|lP,^Q;V-lrQ,,(Pfe,^2,Pfc3V^3)||L?L~||Pfc,Q<;_10V^l||ic.i.|j 

X P,,, V - 1 /Q^j (Pfe4 V4 , ^'fc5 V'5 ) 1 1 

From here the estimates are continued in a fashion identical to the ones used to control (|6.4|) . This com- 
pletes estimating the contribution of Psi V"^/^Qi/j(Pfc2V'2, Pfe3V'3))- 
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(iib): contribution of the hyperbolic type term. Next we consider the contribution of 

Ps^V-'lQ,jiPk,lP2,PkM), 

which is the expression 

V.,tP[„5,5]0<lo[(Po[V-HFfc,^lP.,V-l/Q„,(Pfc,^/'2,Pfe3^3))] 

We shaU again make the reduction si < —10, the remaining frequency interactions being treated analo- 
gously. This is accomplished using Lemma 4.16. We obtain 

\\y.,tPl-5,5]Q<w[{Po[y'\Pk^^lPs^V-'IQuJiPk,^2,Pk,^3))] 

xP,,V-l/Q^,(Pfc,V'4,Pfe5V'5))ILiH-i 

< \\PkML^Ll\\P.^^-'IQM,^^2,Pk,^J3)\\LUr\\Pr^^ 

5 

< 2^2 5 2 n \\Pk,^As[k,] 

This is as desired with S — ^. □ 

6.0.1. Error terms of order higher than five. Here we consider the errors generated by repeated apphcation 
of Hodge decompositions, which are of higher than quintic degree. We recall that they arise when we apply 
repeated Hodge decompositions to the second and third input in 

or else to the second and third input in 

To simplify the discussion, we shall call terms that arise in the first situation 'of the first type', while those 
in that arise in the second situation will be called of 'second type'. In either case, we associate a binary 
graph with each such expression as in the discussion above. We call expressions whose associated graph 
has only directed subgraphs of length at most three 'short', and those with directed graphs of length at 
least four 'long'. For technical reasons, it will be most convenient to organize the 'short' and 'long' higher 
order terms into suitable sums, which are easier to estimate. Specifically, note that each of these higher 
order terms consists of nested terms of the form 

(6.6) . ..V-'PsAPk^Ru^bPr^y-'iPk^^Ps^^-^PsA- ■ •]], 
here the case of a node with one outgoing edge, or alternatively 

(6.7) ...V-ip,,[P,,V-i[PfciV^V-ip,J...]]V-i(Pfe,^P,3V-M---]] 
in case of two outgoing edges. 

It is the first type of expression which may cause some mild difficulties due to the presence of the R^- 
operator, which for v = may be formally unbounded. However, re-combining a term of type (j6.6p with 
a suitable term of the form (j6.7p and using the relation 

fc=l,2 

we replace each such 'intermediate' gradient term (i.e., not contributing to one of the innermost Q^j null- 
forms in case of 'short' expressions) by its non-gradient counterpart We shall call the resulting 
expressions 'reduced'. Thus for example the (short) quintilinear expression 

V,^t[-Pfcl V'lV-lp., [Pf^^R^^^p^^ [Pk,i;V-^Pr,Q^j{Pk,i^4, PkM]]] 

has reduced version 

V,,t[Pfc,VlV-lp.JPfe,^2.Pr.[Pfc3V'V-lp.3g^,(Pfc,V4,Pfc5V'5)]]] 

Now we can formulate 
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Proposition 6.3. Let 

P0F21+1W, / = 2,3,4 

be short reduced higher order expression of first type at frequency ^ 1 . We can write it in nested form 
PoF2i+i{^) = 

X V-l[...V-lp.,,_,g^,(Pfc,,V2i,Pfe,, + ,V'2i+l)]]]]] 

Then we have the following bounds: 

(1) If ri ^ —10, we have 

21+1 

||Poi^2i+i(V')IU[o] < 2^[-'"{'=--'=-+-'-— '^-->-"-'^{'=--''=-+-'---'---> n \\PkM\s[k,] 

for a suitable constant 5 > 0. 

(2) If ri e [-10, 10], we get the bound 

21+1 

||PoP2;+i(^)||jv[o] < 2^^-^2^["""{'=^>--'=-+-'---— >— '^'^{'=--'=-+-'^i--'---> n \\PkM\s[k,] 

(3) If ri > 10, we have 

21+1 

||PoP2i+i(^)lk[o] < 2-^'^-i2^['""{'=----''=-+-'^---'---^>---'^{'=---'^--+-'----'---> n \\PkM\s[k,] 

The proof of this follows the exact same pattern as the one for Proposition l6.1[ and is omitted. In fact, 
for Z > 2, one no longer needs to use the sharp improved Strichartz endpoint as in the case 1 — 2. 



In a similar vein, we have the analogue of Proposition 16.21 A short reduced expression of the second 
type can be written as 

(6.8) 

PnF2l+z{i^) =V,,tPo[V-lp., [. . . V-^Pr, [Pfc^ + ,Vj + lV^lp.^ + , [Pfe,+.^j+2 

X V~l[.. . V~lp^2,-lQMi(^fe2,V'2^Pfc2, + iV'2/+l)]]]]PsiQ^jV"l(Pfc2,+,V'2;+2,Pfc2,+3V'2!+3], 

where I = 1, 2, 3. Then we have 

Proposition 6.4. Using the representation (j6.8p . let PoP2;+3('0) a short reduced term at frequency ^ 1 
of the the second type. Then the following hold: 

(1) If si < —10, we have 

||PoP2;+3('0)l|iV[o] <2'''*i2''[™™^'*^''^^'+^''^^'+^^^™^'^^''^''^^'+^''^^'+^^l 

2;+3 

^ 2'5[n"n{fe2,...,fc2i,ri,...,r2,-i}-max{fe2,...,fc2,,ri,...,r2,-i} "Q \\P^^iP^\\s^^.^-^ 

(2) If si e [-10,10], we have 

||PoP2;+3(^)||7V[o] <2''''^2*f™™^*i'''2'+^''^2'+3^~™^'^^^^''^^'+2''^^'+^^l 

2;+3 

^ 2*[™in{fe2,...,fc2i,ri,...,r2!_i}-max{fe2,...,fc2l,''i,...,r2i_i} J~J || Pj, . || ^jj. j 



124 



JOACHIM KRIEGER, WILHELM SCHLAG 



(3) If Si > 10, we have 

21+3 

^ 2S[min{k2,...,k2i,ri,...,r2i-i}-niax{k2,...,k2i,ri,...,r2i-i} J~J 1 1 J^fc ■ 1 1 5[fc ] 

i=i 

Again the proof is similar to the one of Proposition 16. 21 
Note that in order to estimate the expressions of short type, we still need to to use a little bit of null- 
structure to make them amenable to estimation by the S'-spaces. This is no longer the case for 'long' 
expressions PqFi1{^P) of reduced type: write such an expression as 

PoFniib) = 

V,,tPo[Pk^i'iy-'Pr^[-- ■ y-'Pr, [Pk, + ,^Jj + iy-'Pr, + ^ [Pk,+2^,+2 

X V-i[...V-ip.,(Pfc,„,AioPfe,,Vii)]]]]] 

if it is of first type or 

Poi^ll(V^) =y.^tPo [V-IP., [ . . . V-'Pr^ [Pfc^.^,^, + iV-lp,^. + , [Pk,+2i'l+2 

xV-'[. . .V-'Pr,iPk,o^wPk,M]]]]Ps,y~HPk^2^12Pk,,^13)], 

Note that the innermost bilinear expressions 

V-ip,g(Pfc,„7^ioPfeiiVii) 

are no longer null- forms. 

Proposition 6.5. Let P^FniTp) be a long expression of either first or second type, written as in immediately 
preceding. The if PoFii{'ip) is of the first type, we have if ri < —10 

11 

||PoPll(V')llw[0] 2^'''^^^^^^'^^''''''''-'''^^''''''^'-'^~'^^'^^^''^'''''''^'^^'''''^^^2^^^^^^^ Y[ \\Pk-i^j\\s[k-] 

i=i 

Thus by contrast to Provosition 1 6. 3\ case (1), we have an extra factor 

2(5[min{/i:io } — max{fcio }] 

whence we cannot gain in case of high-high interactions in the innermost expression 

^'^Pr,{Pk,„^wPk,,^ll) 

Proof. This is purely an application of our available Strichartz norms: indeed, we have for suitable 5 > 

1 1 P,.JPfeo V- 1 P., (Pfe,„ V^io P;oi 1 ^11 )] 1 1 I + 

11 

where we define 

Further, we have for p = 1, 2, .... 7 and suitable (5p > 



where scaling dictates 



^P = 2-|-2(i+)-i 



The proposition follows by applying these two inequalities sufficiently often. □ 
Remark 6.6. We note that in the estimates above, we have not used wave-packet atoms. 
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7. Some basic perturbative results 

This section develops some of the basic perturbative theory required for our work. More precisely, 
we introduce a norm locally on some time interval (— To,Ti) which we denoted by HV'IIsC-To.Ti) with the 
property that its finiteness insures that the gauged wave map ip can be continued outside of that time 
interval. The second topic we discuss is the issue of defining wave maps with data which are merely of 
energy class. This is accomplished by means of passing to the limit in energy of smooth wave maps. 

7.1. A blovir-up criterion. Assume we are given a wave map u : (— TqjTi) x ^ with Schwartz 
data at time t = 0, by which we mean that the derivative components t/)^, i = 1, 2, a = 0, 1, 2, and thus 
also the Coulomb components V'q, are Schwartz functions at time < = 0. These functions will then also be 
Schwartz on fixed time slices on the maximal interval of existence (— Tq, Ti) x R^. The following norm will 
provide us with sufhcicnt control for long time existence and scattering. 

Definition 7.1. For any Schwartz function on (— To,Ti) x set 

ll^^ll^ •= ll^'='^lls[fc]((-To,Ti)xR2)) ' 

Here 

l|-Pfc'/'lls[fe]((-To,Ti)xR2) := sup |!-Pfe'0i||s[fe]([-T',T]xR2) 

T<Ti,T'<To 

where the local norms are those from (|2.67p using the ||| • ||| -norm. 

The goal of this section is to prove the following result. 

Proposition 7.2. Let {—Tq.Ti) be the maximal interval of existence for the wave map u in the smooth 
sense. If \\ip\\s < oo then necessarily Tq — Ti — oo. Moreover, the wave map scatters at infinity, i.e., the 
components tp, (j) approach free waves in the energy topology as t ^ ±oo. 

The strategy for proving the theorem will be to demonstrate an apriori bound 

sup \\(f){t, ■)\\h- < oo 

te(-To,Ti) 

for some s > 0, using the assumption \\4'\\s < oo- By the Klainerman-Machedon local well-posedness 
theory, this implies that u may be extended smoothly to some interval (—To,Ti + e) for e > provided 
Ti < oo, which contradicts minimality, and similarly for Tq. Once we know that u exists for t e (— oo, oo), 
scattering will follow by using a similar argument. To obtain apriori control over sub-critical norms, we use 
Tao's device of frequency envelope: for some Si > depending only on certain apriori parameters specified 
later, define 

(7.1) Cfe:=(5]2-^^l^-^l||P,</.(0,.)||i.)^ 

Here as always we let = the vector of derivative components. Proposition [7i2] now follows from the 
following result. 

Proposition 7.3. Let {—Tq,Ti) be the maximal interval of existence for the wave map u in the smooth 
sense. If \\ip\\s < oo, then there exists a number Ci — Ci{u) < oo (which may depend in a complicated 
fashion on the luave map \i, and not just its energy) such that 

\\Pk(f>\\L^((^To,Ti)-Ll) < CiCk 

In fact, 

l|-Pfc'0lls[fe]((-To,Ti)xR2) < CiCk 

To establish the existence of Ci, we shall cover the time interval (— TqjTi) by a finite number of shorter 
open intervals Ij (which can still be very large): let < Co- Then 

(7.2) (-To, Ti) = \jf^J,, Ml = Afi(Co), 
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where iplij will satisfy a suitable smallness property. The idea then is to bootstrap certain bounds on each 
Ij, beginning with the interval containing the time slice t = 0. More precisely, the intervals Ij will be 
chosen so that the wave map restricted to each Ij is well approximated by a free wave. While the error 
can be treated perturbatively, the free wave has better dispersive properties which we can exploit. All 
functions will be smooth in space and time and Schwartz functions on fixed time slices. 

7.1.1. Splitting the wave map on shorter time intervals. We first derive a simple estimate on the nonlinear- 
ities appearing in (|1.12p and (|1.13p . It will be based entirely on the Strichartz estimates, see Lemma [2. 171 
We will keep the time interval (— To,Ti) from above fixed throughout. 

Lemma 7.4. Let maxi=i,2,3 < ^o- Then 

l|-Po(V'l|Vr^(V'2V'3))llLf^((-To,Ti);L2) < Co SUp SUp 2^ ^ \\Pki)^\\ s[k]{{-To,Ti)xR-^) 

1=1,2,3 fceZ 

provided M is large and with an absolute implicit constant. Alternatively, one has the bound 

ll^o(^l|V| (^2'03))||Lf ((-To,Ti);L2) < ||'/'2||l~L2||V'3|1l-L2 SUp2 \\Pk^l\\ s[k]{{-To,Ti)xR'^) 

with an absolute implicit constant. 

Proof. Assume to begin with that ipi is adapted to ki E Z. As in Section^ we now consider all possible cases 
of interactions. Also, we shall drop the time interval {—To,Ti) from our notation with the understanding 
that integration in time is to be restricted to this interval. Moreover, replacing each ipi by a globally 
defined Schwartz function ipi with the property that 

||'0i|ls[fe.] < 2||'(/'i||s[/c,]([-T',T]xR2), tpi\[-T',T] = '4'i\[-T' .T] 

for some T',T as above, allows us to assume that the ipi are globally defined initially. Finally, fix any 
M > 100. 

Case 1: < kj < kg + 0{1) = k.s + 0{1). Then 

||Po(^l|Vrl(^2^3))|LM^. < \\PMlM-'{MM\Li'Ll 

3 

< \\MLl'L^'^~'''\\MLrLl\m\LTLl<2-'-^X{\\Ms[H 

i=l 

where the final estimate is from (|2.37p . 

Case 2: < kj = k2 + 0{1), fca < fcg — C. If k^ > 0, one proceeds as in Case 1. Otherwise, 

||Po(V'l|V|-l(V'2V^3))||Lf < ll^'o(^l|Vrl(^2V^3))|LfLi 

<\\lPl\\LrLl 2-'=MIV^2||Lri^ll^3llLfLS° ^2'=^'"^H|^l||s[fe,]||^2|l5[Mll^3llLfL^ 
3 

<2-fei2'=^(i-^)I]llV^.|lsM 

i=l 

by p.37|) and Bernstein's inequality. 

Case 3: < kj — k^ + 0{1), k2 < kg — C. This case is symmetric to the previous one. 
Case 4: 0(1) < kg = kg + 0(1), kj <-C. Here 

||Po(^l|Vrl(7/^2^3))|LMi. < ||Po(^i|V|-1Po(^2^3))|!lm^, 

^ HlhfL^ IIV'2||l~L2|!V'3||l~L2 <2''mipi\\^iL2\\lp2\\L-^Ll\H'3\\L^Ll 
3 
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Case 5: ki = 0(1), k2 = ks + 0{1). In this case we estimate 

iiPo(v^iiv|-i(7^2V'3))iiLf < E WPoii^ii^r'PkiM^smLfLi 

fe<fe2A0+C 

< E Ul\\LfLim-'Pk{i^2^3)\\LrL^ 
k<k2A0+C 

Li 

k<k2A0+C 
i=l 

Case 6: 0(1) ^ ki > ks + 0(1) > ks + C. Here one has 

||Po(V'l|V|-l(V2V'3))|LMi. < ||Po(V'l|VrlPfe,(^2V^3))|LMi. 
< m\L-'Ll\\\^r'PkAM3)\\LrLr 



< 



\\lpl\\sik,] ||'02i/'3||l-L2 < ||V'i||s[A;i]IIV'2||l~L2||V'3||l~LS 



3 



i=l 

Case 7: kj = 0{1) > fcg + 0{1) > k2 + C. This case is symmetric to the previous one. 
Case 8: kz — 0{1). max(fcj , kg) < — C. Finally, in this case the estimate reads 

\\pM'^r\^2^z))\\L-'Li < WPM'^r^hiMamL-'Li 

3 

< IIV^l|lLfL~IIV'2^3||LriS <2'=^(l^^)2'=^nil^«lls[M 

4=1 

Case 5; fcg — 0(i),max(fcj , fcg) < — C. This is symmetric to the preceding case. 

We now drop the assumption on the frequency support of the inputs. Summing over all these cases yields 
the bound 

||^^o(V'i|Vri(^2^3))ILf < sup sup [2-^||PfeV4|ls[fc]] max V|l^fc^jlll[fe] 

.=1,2,3 k& '-''^'^t^Z 

which proves the first bound. The proof of the second estimate is implicit in the preceding and the lemma 
is proved. □ 

Remark 7.5. If ip2, ips ^re gauged wave maps with energy bounded by E, then the second bound of the 
preceding lemma becomes 

(7.3) \\Po{iJl\y\^\M3))\\Lfi(-To,T,);Ll) ~ '^^P 2"^||^'/c^l||s[fc]((-To,Ti)xR2) 

k€Z 

with an absolute implicit constant. 

Our main goal here is to prove the following decomposition of the gauged wave map. 

Lemma 7.6. Let \\4'\\s < Co- Given Eq > 0, there exist Mi = A/i(Co,£o) rnany intervals Ij as in (|7.2p 
with the following property: for each Ij = (tj,<j+i), there is a decomposition 
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which satisfies 
(7.4) 

(7.5) 



X] ll^*:^WLlls[fc](7jXR2) < £0 



where the constant M2 = A/2(Co,£o) satisfies M2 ^ Cq^q some M > 100. Moreover, P^ip^L '^'^^ 

Pktp'f'^ are Schwartz functions for each fc S Z. We also have the bounds 



(7.6) 



\Pk^N\\\s[k]{IjXl 



< 



Ck 



with implied constant depending on Co, provided Ck is a sufficiently flat frequency envelope with \\Pkip\\s[k] ^ 

Cfc. 

Proof. The '0q satisfy the system (|1.12p - (|1.14p . Consider the frequency component PoV'a- 
Case 1: The underlying time interval / = (— To,Ti) is very small, say |/| < ei with an ei that is to 
be determined. As explained in Section 12.51 one uses the div-curl system (jl.l2p . (|1.13p in this case. 
Schematically, this system takes the form 

dtPo^ = V^Po^ + Po[^V-\^^)] 

where we suppress the subscripts and also ignore the null-structure in the nonlinearity. Therefore, 



(7.7) \\Pam-Pom\\Li< 

For all j G Z define 
(7.8) 

Clearly, 

(7.9) 

Lemma 17.41 implies 



VxPoipis, •) ds 



LI 



Po[V'V-i(^2)](s,-)ds 



LI 



a-j := sup 2 " ||^^fcV'lls[fe](/xK2) < Cq 



kez 



f Wa,PolP{s,-)ds 

Jo 



< 



Ll 



£i||^o'/'||5[o](/xB2) < ooei 



Po[V'V-i(^2)](s,.)ds 



LT(L,Ll) 



LUhLl) 



^ C'o oo £1' 



Po[^V~\^l^^)]{s,-)ds 

From the div-curl system (|1.12p and (|1.13[) . 

\\dtPonLl(i;Li) < I|V.Po^||l?(/;L^) + WPoi^^-Hi^^MLUL.L-^) < C'o' ^0 4"^ 
where we assumed without loss of generality that Cq > 1. We claim that these bounds imply that 



(7.10) 



S[0](/xR2) 

provided ei was chosen sufficiently small depending on Eq. To see this, let /' := [— T',T] C I ~ {~To,Ti) 
and pick any smooth bump function x supported in / so that x = 1 on /' and with < x l£ 1- Moreover, 
let X be any smooth compactly supported function with x = 1 on / (the choice of this function does not 
depend on /'). Then define 

m := m [Pom + f x(s)a.Po^(s) ds] 

Jo 

By construction, ?/> is a global Schwartz function so that ip — ip on I' . Moreover, by the preceding bounds, 
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provided ei was chosen small enough (this smallness does not depend on the choice of /'). This now implies 
that 

IIV'II .0.1 1 < eooo 
whence (TTTU)) . In view of (HI]), (fTTU)) and (jTT)) . 

(7.11) ll^oV'(0 --F'oV'(0)||s[o](/xR2) < eooo 

We now define PqV'l to be the free wave with initial data (Po'0(O),O) at time t = 0. Clearly 

\\Po^.,tML^H-^ ^ II^O^(0)||l^ 

ll^oV'L - ^oV'l(0)IIs'[o](/xR2) < soao 
The second inequality here implies that 

llPoV' - ^oV'lI1s[o](/jxR2) <£oao 

Thus in the present situation, we approximate PqiP by the free wave PqiPl just described and the bounds 
which we just obtained should be viewed as versions of (|7.4p and (|7.5p on a fixed dyadic frequency block. 
Several remarks are in order: First, we shall of course need to construct and ipNL for each such dyadic 
block Pk, and then obtain the global bounds required by (|7.4p and (|7.5p . In this regard, any bound 
depending on aj can easily be square-summed since 

< C(Af)^||P,^|||f,j(,,„.) < C{M)C', 

] fcGZ 

Second, the construction we just carried out applies to Pk'ip equally well provided |/| < 2~'^£i. Moreover, / 
can be any time interval on which ip is defined — with any € I playing the role of t = — and we shall 
indeed apply this exact same procedure to those intervals Ij which we are about to construct provided 
they satisfy this length restriction. 

Case 2: The underlying time interval / = (— ro,Ti) satisfies |/| > ei with ei as in Case 1. To construct 
the Ij, we shall use the wave equation (jl.l4p for tpa- By means of Schwartz extensions and successive 
Hodge type decompositions of the i/'a-components as explained above, the nonlinearity can be written as 

(7.12) DVa = FJi;) = Fl{^) + Flii^) + F'M) + Fl{i,) + FI\^), 

where the superscripts denote the degree of multi- linearity, see Section [3] The contribution of the trilinear 
null-form F^{ip) here is in a sense the principal contribution, and causes the main technical difficulties. 
We now make the following claim: There exists a cover I = U^=i open intervals Ij, 1 < j < Mi , 

Ml = Mi(eo); such that 

(7.13) ^ max ^ ||^'£J^a(i/^)||?^M(/^.xM^) < ^o^l 

We verify this for each of the different types of nonlinearities appearing on the right-hand side of (|7.12p 
starting with the trilinear ones. Let us schematically write anyone of these trilinear expressions in the form 
Vt,a;[V'i|V|~^/'^Q(V'2, "03)] or Vt,a;[i?'(/'i|V|^^/Q(i/'2, V'a)]; where Q stands for the usual bihnear nuUforms 
and R for a Riesz transform (each of the ipi = ip but it will be convenient to view these inputs as 
independent). Break up to inputs into dyadic frequency pieces: ipi = P^^ipi for * = 1; 2, 3. In view of 
our discussion in Section [?751 it suffices to consider the high-low- low case jfe — fcal < L, fc2 < /ci + L for 
some large L = L{eo). In addition, it suffices to restrict attention to frequencies k > k2 — L' where Pk 
localized the frequency of Q and L' = L' [5) is large. Finally, one can assume angular separation between 
the inputs: there exists toq = mo(£o) <C — 1 so that (|7.13p reduces to the estimates 

(7.14) ^max^ ^ l|VMP4^fci,«iV'i|VriPfcrQ(Pfe„K.02, Pfe3.K3V'3)]||^M(/,xE=) < ^oCq^ 

~ ~ k,£,ki ,A;2 ,^3 

(7.15) ^m|x^^ ^ l|VM^4^fei,«i^'0i|Vr^PaQ(Pfe„K.02,Pfe3,K3V'3)]||^M(/,xR=) <£oCo' 
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where the sums extend over integers fc, £, ki, ki, ks as specified above, as weh as over caps ki, K2, ks € Cmo 
with dist(Ki,Kj) > 2™" for i ^ j- Let us first consider the case where the entire output is restricted by 
Q<2mo+i in rnodulation, and the inputs are in the hyperbohc regime, i.e., Pkiipi — Q <ki+c Pki'ipi where 
C is large depending on L. Then we bound (|7.14p (and (|7.15p ) as follows, first on the whole time axis M 
(assuming as we may that the inputs have been suitably extended): 

||Vt,,Q<2™o+^-CP4^fel,Kl^l|Vr^PferQ(Pfe,,«,^A2,Pfe3,K3V^3)]||^M 

k,£,ki ,^2 

(7.16) ^ E E WP^.-Q 

fc,£,/ci ,/C2 ,^3 kGC,„p 
^1 A2:^3 

Note that the 2^^-factor produced by the output is canceled against the scaling factor which is part of 
the A^[£]-norm, see Definition l2.9l By the usual arguments involving disposable multipliers, we may replace 
|V|~^Pfc7'^ by 2~'^^ (implicit constants are allowed to depend on L). Since the inputs are hyperbolic, we 
may also ignore the null-form Q. For any k, 

maxdist(K,K,) > 2™" 
Let us assume that this happens for z = 3. Then by (|2.29|) . followed by (|2.30[) . 

(lLl6l)<C(L,mo) E 2-'=^||Ffe,.«,Vli^fc2.K2V'2|li2i.||Pfc3..3^3|||[fc3] 

k,£,ki ,k2-,k^ 

< C{L,mo) E ll^fcl-lV'l|l|[fc,,«,]l|n-2,K2V'2f5[fc„«,]||Pfc3,K3V'3|||[fc3,«3] 

k,i,ki ,/C2 ,^3 

< C{L, mo) ( E ll^fe^lllw) ' < C{L, mo)C'„ 

Note that we are not assuming that Pki,Ki4'i are wave-packets, i.e., localized in modulation to < 2^™°+*^' 
but only to modulations < 2'^'+'^. Therefore, to pass to the last line one needs to use Lemma [2.71 for the 
modulations between these two cut-offs. However, this only costs a factor of < |too| which is admissible. 
We now rewrite the first line in this estimate in the form 

(tZini) <C(L,mo) I E '2'''''\Pk^,.^Mt.x)Pk,,.,Mt.^)?\\PH,M\\k,]d^^^ 

•'^^ k,£,kiMM 

ftl,K2,K3 

By the dominated convergence theorem, we can cover the line (and especially (— Tq, Ti)) into finitely many 
intervals Ij such that 

C(L,mo) / E 2-'=^|Pfei,Ki^i(t,2;)Pfe2,K2'/'2(t,a;)n|P;,3,,3^3|||ffc^]dtda; <eoCo' 

for each Ij. Moreover, the number of these intervals is < Mi{e). Refining the intervals further if necessary, 
we may similarly assume that 

(7.17) C{L,mo) [ E 2-''-\Pk,^,,Mt,x)Pk,.n,Mt,x)\''\\Pk,,nsMl[k,]dtdx<eoC^ 

Atl ,K2 ,K3 

for each Ij. Moreover, the number of these intervals can be taken to depend only on Co and Sq (since 
L and tuq have the same property). Retracing our steps shows that these intervals have the desired 
properties (|7.14|) and (I7.15P under the modulation assumptions Pk^ipi — QKki+cPkiipi, and the additional 
assumption that the output is limited to size < 2^™"+^ Schwartz extensions implicit in (|7.14p and (|7.15p 
are simply obtained by multiplying the functions by smooth bump functions). The remaining cases 
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where these modulation assumptions are violated are handled similarly. For example, consider (|7.15p for 
outputs of modulations > 2^+*-^ but again on the whole time axis 



||Vt^,P£Q>,+c[Pfei,Kii?V^i|V|-ip,JQ(Pfc„K,7/;2,Pfe3^,3V'3)]||?,[,] 

k,i,ki ,^2 ,kz 

< J2 l|Vt,.P^0>f + c[i^fcl,KiiiV'l|VrlPfe/Q(Pfe,,,,^A2,Pfe3,K3^3)]f._l+„_i_e,. 

k,lMMM 

Ki,K2,«;3 

kXMMM m>i-\-C 

< 2-2'll^'c,.K,V'lf._I+.,,-.,2 2'=||PaQ(Pfc„K.^2,Pfc3,K3V'3)|li.i. 

k,lMMM 

Ki,K2,K3 

< 2-2£||p^^^^^^^||2_^^^^^_^^^2'=||/:(Pfc„«,V'2,Pfe3,K3V'3)|li.i. 
k,l,kiMM 

<C{L,mo)Cl 



where the final bound again follows from (|2.29p (£ stands for the usual averaged space-time translation 
operator which arises via removal of disposable multipliers). Writing out the L^L^-norm explicitly in the 
previous estimate allows us again to choose intervals Ij with the desired properties. The remaining case 
of output modulations Qm with 2mo + £<m<£ + C is similar: 



Y llVM^'^Qm[Pfei.«iPV'l|Vr^Pfe/Q(Pfe2,K2^2,Pfe3,K3^3)]||?^[,] 
k,£,ki ,^2 ,^3 

< Y \\^t,.PiQn^[Pk,..,R^l\V\-'PkIQ{Pk,..,'4'2,Pk,,.,i'3)]f.^l 

< Y 2-^||Pfe„.,Q™V'l|li~i. ||PaQ(Pfc„K.^2,Pfe3,«3V'3)|li.i2 

k,£,ki ,/c2 ,^3 

/tl ,K2 ,K3 

<C{L,mo)C^ 



Due to the L^L^-norm one can now proceed as before. Finally, suppose that the output as well as i/'i aie 
hyperbolic, but that ip2 and ip3 are elliptic. Then 



( Y llVMP£Q<^+c[Pfci,KiQ<fci+cP^Ai|vripaQ(Pfe2,«2V^2,Pfc3,«3V'3)]|j?,[,])' 

k,£,ki ,A;2 ^k^ 

< E E 2-^|lVt.,P,g<,+ c[Pfci,.iQ<fci+cPV'l|V|-lpaQ(Pfc2,K2QmV^2,Pfe3,«3Qm^3)]|lLjL2 

k^l^k\^k2ikz m>k-2 + C 

«l,/«2 A3 
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which can be further estimated as 

^ E APiQ<i+c[Pk,,n^Q<k^+cR4'l\yr'PkIQiPk,.n,Qrn^2,Pk,,.,QM^^^ 

k,£.,k\,k2-,k^ m>k2-\-C 

K,i ,K.2 ,^3 

^ X! X! \\PkuKi1pl\\L^Ll\\PkIQ{Pk2,K2Qr,i'4'2,Pk3.KsQ7n^3)]\\LlLl 

k,£,ki,k2-,k^ m>fc2+C 

Ki ,K.2,K3 

^ E E ll^fciAiV^l||LrL^.2"-'=^||Pfe,,,,g,„1^2||L?L^||Pfe3.K3an^3||L?L- 

^1,^2,^3 

<C(L,mo)C6 

by Bernstein's inequahty and the definition of S[k]-, to pass to the second line use that PiQ<i+c is 
disposable. Breaking up the iji;^-norm in the third line of this estimate into disjoint time intervals allows 
us to obtain the desired conclusion as before. Alternatively, one can gain smallness here by taking C in 
m> k2 + C large; this will be important later (see Remark [7]8|. We leave the analogous analysis of ()7.14p 
to the reader. 

The proof of the claim (|7.13p for the higher degree nonlinearities is outlined in the Appendix. 

A crucial feature of the construction of the intervals {Ij}i<j<Mi above is that is universal, i.e., it does 
not depend on the choice of the underlying frequency scale. We now conclude the proof of Lemma 17.61 
Fix some Ij and localize ^ to frequency 2''. If \Ij \ < e\ 2"*^, then Pki^N^ '■— Pk'4' satisfies the bound (|7.4p 
by the analysis in Case 1. Otherwise, one represents the solution via (|2.68p . The bounds in Case 1 above 
then imply the estimate 

ll(^fc^)|[t^._,,2-^^,-.l2-^]lls[fel ll^fc^llsw 

The free wave Pfe'0L at dyadic frequency 2^ is now defined as the free evolution in ()2.68p . whereas Pkip^^\ 
is the sum of the other two terms in that formula. Summing over k now yields the claimed local splitting 
of tjj in Lemma 17.61 

Finally, the proof of (|7.6p is implicit in the preceding and we skip the details. □ 
Remark 7.7. Later we will apply (j7.6p in the following context. If 

(E WPki^wiik])^ 

k>kQ 

for some (very small) > 0, we have 

where the implied constant depends on ||'i/'||5. 

Remark 7.8. The preceding proof can be easily modified to give the following result that will be important 
later: Let ip be the gauged derivative components of an admissible wave map. Assume that we have an 
apriori bound of the form 

(7-18) E E 2-'=^||P,,,«,V^P,„«,^||i.^+^[2(i-)'-(^-)'=||F,Q,V|U. j2 < A 

ki>k2 ^i,2^=C„iQ k<l 
dist(K;i,K;2)>2~™C) 

where mo is sufficiently large depending on the energy E oi ijj. Then we can infer a bound of the form 

\ms<C2{E,7no,K) 

This is done by a bootstrap, with the desired smallness coming either from the intervals or the gains 
from the angular alignment. Moreover, assume that for each ki > k2 one has 

E -P/ci,KlV'^fc2,K2'0 = fklM + 9klM 

Kl,2eC77io 
dist(Ki, K2)>2~'"0 
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PkQyki/j = hk + ik 

with for some positive integer u 

(7 19) '''^''^ ''^^ 

ki>k2 k<l 

where 5 > is smah depending on the energy and the integer i/, but independent of HV-'lls- Then one can 
again conclude 

ll^ll5<C2(i?, mo, A) 

Note the the time intervals Ij are determined only by means of the fki,k2 ^-nd not the gkiM- 

7.1.2. Proof of Proposition \7.3\ Recall that we are making the assumption \\ip\\s < Co- We first show that 
the wave map cannot break down in finite time, i.e., T = T' = oo. Assume for example that T < oo. For 
£o > a sufficiently small but absolute constant (which will be specified later), pick the A/i(Co, eo)-iiiany 
intervals Ij as in Lemma 17.61 It will suffice to consider that interval Ij^ which has T as its endpoints. 
Alternatively, starting with that interval Ij containing the initial time slice t = 0, one can inductively 
obtain control over the frequency-localized constituents of ip, the Pkip- 



Lemma 7.9. Let Ij ~ {tj,tj^i) be an interval as in Lemma \7.6\ Introduce the frequency envelope 

Ck := (E2-^«l'=-'l||P.V'(i,v)lli.)^ 
fez 

where ao > is some small constant. Also, write iplj^ — ipj^ + V'tvl- Then there is a number Ci = 
Ci(tPl) < oo with the property that 

\\PkM\s[k](ijxK.-^) <CiCk, V/seZ 

Proof. We prove this by splitting the interval Ij into a finite number of smaller intervals depending on ip^ ■ 
Thus we shall write 

Ij ^i'lji 

for a finite number of smaller intervals depending on tpL- The exact definition of these intervals will be 
given later in the proof. On each Jji, we now run a bootstrap argument, commencing with the bootstrap 
assumption: 

\\Pk1p\\slk]{JjXR2) < A{Co)ck 

Here A(Co) is a number that depends purely on the apriori bound we are making on the wave map. We 
shall show that provided A{Co) is chosen large enough, the bootstrap assumption implies the better bound 

WPki'WsmjjxR-') < ^^^^cfc 

We prove this for each frequency mode. By scaling invariance, we may assume k = 0. As before, one needs 
to distinguish between \Jj \ < ei and the opposite case, where ei is chosen sufficiently small. In the former 
case, one directly uses the div-curl system 

5tV = v,V + V^v-i(V'') 

as in the previous section to obtain the desired conclusion for /qV-'- Thus we can assume that the interval 
satisfies \ Jj \ > ei, which means we can control (Po'0(to, ■), Podtipito, •)) for soniG to G Jj vici 

\\{Poi;{to,-),PodMto,-))\\LixH-^^MCo)co 

for some constant Ai(Co), which is explicitly computable, independently of A{Cq). Passing to the wave 
equation 
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via Schwartz extensions and Hodge decompositions as before, we first consider the principal terms PoF^{ip). 
These terms can be schematically written as 

More accurately, they are of the form 

Vt,,P, [Pfe, 1 V I -^Pkl^QiPk, V'2 , Pfc3 .^3 V'a )] 

yt,xPe[Pk,,n,Ri'lM'^PkIQiPk,.K,i^2,Pks^.:M] 

with a Riesz projection R and a nuUform Q. Substituting the decomposition ip — ip^ + ipNL into the inner 
null-form yields 

PoV,,t[^V-l(V^2)] = PoV^,t[i^W-\^l)]+PoV.,,tm-^i;Li'NL)]+Po^x,tm~Hi^%L)] 

Note that the last term automatically has the desired smallness property if we choose Eq smaller than some 
absolute constant. Indeed, by (|7.4p . and the trilinear estimates of Section [5l 

\\PoV..tm~Hi^%L)]\\Nm < egsup2-'^''l'=l||P,Vlls[fe] < £o^(Co)co « A(Co)co 

kez 

for small £o- Next, for the mixed term Po'^ x.t['^'^~^ {^l^^nl)], choosing eg sufficiently small (depending 
on Co), we can arrange in light of Lemma 17.61 and the trilinear estimates 

\\Po'^.,tm'\MNL)]\\N[o] < A{Co)Ciel~^ CO « A{Co)co 

The first term 

PoV.A^v~\^l)] 

requires a separate argument. In fact, we treat this term by decomposing the interval li into smaller ones. 
In order to select these intervals, first note that upon localizing the frequencies of the inputs according to 

Po^x.APk.i^^^^PkiPk^i'LPkM)] 

one obtains from the trilinear bounds of Section [5] 

\\PoV..t[Pk,i'^~^Pk{Pk,i^LPk,i>L)]\\N[0] <£0 2-"l'=il||Pfc,Vl|l5[fci] «v4(Co)co 

in the following two cases: fci, A;2, ^3 fall outside the range (|5.38[) (the high- low-low case), or, if they do fall 
in the range (|5.38[) . then k < k2 ~ L' . Here L and L' are large constants depending on Co,£o, due to the 
bounds on tpL from Lemma 17.61 Thus, denoting by 

PoV,^a^V-i(^i)]' 

the sum over all frequency interactions described by these conditions, one then obtains the estimate 

l!PoV,,t[^V-i(V'i)]'|U[o] « A{Co)co 
Employing the notations of Section [5751 it thus suffices to consider the sum of expressions 

fe2+0(l) 

El' . . E Po^.APk,^^-'Pk{Pk.i^LPk,^L)], 

^-^ki,k-2,k3£Z 

k—k^ — L' 

where, of course, the implied constants may be quite large depending on Co,£o- Furthermore, by the 
results of that section, we may assume that the inputs have pairwise angular separation on the Fourier 
side, and in particular we make this assumption for the free wave inputs Pk2 V'l and P^., "0^ . Thus we have 
now reduced ourselves to estimating 

fe2+0(l) 

E E!\ , E ^ov.,4Pfc„.,^v^ipfe(p,„«,^LPfe3,,3^i)], 

Kl ,K,2^K3GCmQ k — k2—L' 

The next step is to exploit the dispersive properties of the expression 

v-^Pk{Pk,,.,i^LPk„.,i^L) 
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First, due to the energy bound for ipL, there exists some finite set A C Z so that 

fe2+0(l) 

Kl,K2,K3 6C,„(, '^S^^ k=k2-L' 

<£02-"''l^-^l||Ffe,Vll5[feiI 

On the other hand, assume now that k2 € A and consider 

where k,k3 are chosen as in (|5.38|) . Note that the set A depends on the dyadic frequency of the output, 
in this case frequency 2°. Changing the frequency locahzations of the output amounts to a rescahng of A. 
Nonetheless, one has the following estimates which are independent under rescaling: 

||V-lPfe(Pfc„«,VLPfc3,«3VL)||L;L- < C3(VL,fc2) 

In particular, 

^ \\V-'Pk{Pk,,.,^LPk,,M\\LlLS^ < C4(V'l) <00 
k2'£A 

To prove this bounds, set fc2 = by scaling invariance. But then Pk2^L{tj, ■) & Schwartz function in the 
a;-variable. Using the angular separation of the inputs it is now straightforward to see that 

Indeed, this follows from stationary phase and the angular separation of the inputs. We now define the 
intervals J, by requiring that 

/C2+0(l) 

H H \\^~^Pk{Pk2.K2^LPk^^K^i^L)]\\L\L^(J,y.^^) < ^0 

Kl,K2,«;3£CmQ fe2SA k=k2—L' 

maxi^j dist(Ki,Kj)>2™0 \k2-k3\<L 

It is furthermore clear that we also obtain 

fe2+0(l) 

51 Xlfci:fc2,fc3GZ X! ll^0V^,t[Pfci,„iVV"^Pfe(Pfc2,K2V'L Pfc3,'«3V'L)]IU[0](,/,XK2) 

Kl,K2,K3eC„o '^SS^ k = k2-L' 

<eo2-""l"^l||Pfc,Vlls[M «^(Co)co 
which completes the bootstrap for the trilinear source terms. 

The contribution of the higher order terms is dealt with in the appendix. 

By applying the above bootstrap argument on each of the finitely many intervals Jji comprising each 
Ij, the proof of Lemma [7^ now follows. □ 

The proof of Proposition l7.3l can easily be concluded. Indeed, one infers from the Klaincrman-Machedon 
criterion that T = T' = oo. Moreover, we obtain a global apriori bound 

llPfcV-bw < Cick 

were the constant Ci depends implicitly on il)^. Unfortunately we have no apriori way of controlling this 
number. Moreover, Lemma FTBl implies the scattering for large times. 
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7.2. Control of wave-maps via a fixed i^-profile. A fundamental issue tiiat we need to address is 
the very definition of wave maps with data that are in some sense only of energy class. To propagate such 
data under the wave map evolution, we shall use approximations by smooth wave maps each of which can 
be continued canonically. The following lemma justifies this procedure. 

Lemma 7.10. Let <jf^ he the derivative components of a sequence of Schwartz cZasQ wave maps u" : 
(— rj\T")xK^ — !■ on their maximal time interval of existence and assume that the Coulomb components 
^;j(0, •) satisfy 

hm Ul{Q,-)-V^Ui=Q 

n — >oo ^ 

for some Va € L^(R^). Denoting the collection of components Va by V, there is a time Tq = 7o(V^) > 
such that min(rQ" , T") > Tq for all sufficiently large n and 

limsup||Clls((-To,To)xR2) < C{V) < oo 

n — >-oo 

Furthermore, there is a constant Ci{V) with the following property: defining the frequency envelope 

4"^= max iT2-^\'^-'\\\P,rjh)^ 

eel. 

for sufficiently small fixed a > 0, one has for all k £ Z and all large n 

„maxJ|P,V2bw((-To,To)xM^) < 

Finally, the wave map propagations of the tAS converge on fixed time slices t = to € [— To,To] in the 
-topology, uniformly in time. 

The proof of this lemma will occupy the remainder of this section. Before we begin with the proof, we 
discuss some related results and implications of Lemma 17.101 Most fundamental is the following stability 
result: 

Proposition 7.11. Let u : [—To,?!] x ^ be an admissible wave-map with gauged derivative 
components denoted by ip. Assume that ||'i/'lls([-To,Ti]xR2) = A < oo. Then there exists ei = ei(^) > 
with the following property: any other admissible wave-map v defined locally around t — and with gauged 
derivative components ip satisfying ||V'(0) — V'(0)||2 < s < Si extends as an admissible wave-map to [—Tq, Ti] 
and satisfies \\ip\\s{l-To,Ti]xR^) < A-\- c{ei) where c(e) — * as e —* 0. 

Proof. The proof will be given in Section [^31 as it follows directly from the proof of Proposition 19. 121 □ 

As a consequence, one has the following important continuation result. 

Corollary 7.12. Let be a sequence of Coulomb components of admissible wave maps u" : / — > 

where I some fixed nonempty closed interval such that for some to € I one has 

hm U2{to,-)-v4Li^o 

n — >oo 

with Va G L^(M^) as well as 

sup |lV'"||s(/xE2) < OO. 
n 

Then there exists a true extension I of I ( meaning that it extends by some positive distance beyond the 
endpoints of I in sofar as they are finite) to which each u" can be continued as an admissible wave map 
provided n is large. 

Proof. By Proposition 17.111 we can define lim„_^oo ^/'^('•i •) the L^-sense for t an endpoint of /. By 
Lemma 17.101 the -02 extend beyond the (finite) endpoints for n large enough. □ 

We can use the preceding results to define wave maps with data at the level of the Coulomb gauge. 



In the usual sense that 4>^\t— const is Schwartz on . 
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Definition 7.13. Assume we are given a family {Va}, a = 0,1,2, of L'^{M?)- functions, to he interpreted 
as data at time t = 0. Also, assume we have 

= lim V2 

n — *oo 

where {V'"} Coulomb components of admissible wave maps at time t ~ 0. Determine I = (— Tq, Ti) to 
be the maximal open time interval with the property that 

sup{/ C I, I closed\ liminf ll-^^llgj-j^ga) < oo} 

Then we define the Coulomb wave maps propagation of {Va} to be 

^^{t,x) := lim tel 

n — *oo 

We call / X the lifespan of the (Coulomb) wave maps evolution of {Va}- 

It is of course important that the hfe span does not depend on the choice of sequence and, moreover, 
that the "solutions" Va are unique. These statements follow from Proposition l7.11l 

The aforementioned uniqueness properties are now immediate - indeed, simply mix any two sequences 
which converge to Va- Moreover, we can characterize the life-span as follows. 

Corollary 7.14. Let Va, {'4'a}^ I be as in Definition \7-13\ Assume in addition that I =/= (— cx3,cxd). 
Then 

(7.20) sup liminf ||i/)2|js(jxK2) = oo 

JC/ 
J closed 

Proof. Suppose not. Let / = (— To,Ti) where w. 1. o. g. we assume Ti < oo- Then there exists a number 
M < oo with the property that for every closed J d I with € J one has 

liminf ||i/;;'||5(jxR2) < M 

n — ^oo 

Now observe that 

limsupllCllsCJxR^) = oo, 

n, JGI 

where J ranges over the closed subsets of /. Indeed, if not, we have 

limsup||V';'||5([o,Ti]xR2) < oo 

n — >oo 

But then by CoroUarv 17.121 one can extend ipa beyond the endpoint Ti of / to some interval / for n large 

enough while maintaining the finiteness of ||V'2lls(/xK2)' contradicting the definition of /. 

Now pick El as in Proposition 17. 1 ll with M replacing A, and pick J d I, uq large enough such that 

IIC1ls(JxM2)»M, sup ||(C-V^^r)(0, OIU^ <ei 

n,m>no 

But by our definition of M there exists /cq > tiq with the property that 

Ut"\\siJxWL^) < M 

and then applying Proposition 17. Ill to ipa^i^^ ') '^^ obtain a contradiction. This proves the corollary. □ 

Another important property is to be able to ensure the apriori existence of wave maps flows "at inflnity" , 
i.e., the solution of the scattering problem. In this regard, we have the following result. 

Proposition 7.15. Assume we are given admissible data at time t — of the form 

^a=da{SiO~to){dtV,V)) +0L2il), a = 0, 1, 2 

Here {dtV, V) ^ L'^ x is a fixed profile- Then for to — to{dtV, V^) > large enough and 0^2(1) small 
enough, the wave map associated with ipa exists on (— oo,0], is admissible there, and we have 

IIV'q||s((-oo,0]xR2) < 00 
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Moreover, letting be a sequence of admissible Coulomb components (i.e., associated with admissible 
maps) at time t = satisfying 

C->a45(0-to)(9t^,^)) 
for {dfV, V) as before and tg large enough also as before, the limit 

lim ij2{t,x) ^'f^{t,x), te(-c3o,0] 

n — ^oo 

exists independently of the particular sequence chosen. We call this the Coulomb wave maps evolution of 
the data 

d4s{o~t„){dtV,v)) 

at time t ~ —oo. A similar construction applies at time t — oo. 

Corollary 7.16. Assume that for a sequence of admissible Coulomb components ■i/'JJ at time t = we have 

ij2 = d4S{t-f'){dtV,V))+OL2{l) 

Then if tn —>■ oo, the limits 

lim + x)^^^{t, x) 

n — *oo 

exist in the L^-sense on some interval (— oo,— C), uniformly on closed subintervals, for C large enough. 
We have 

limsup||?A2(t + a;)||s((-oo -Co]xR2) < oo 

n — >oo 

for Co > C . We call the maximal interval I — (— oo, — C) for which these statements hold the lifespan of 
the limiting object ; here C may be negative or — oo. A similar construction applies when tn — oo. 

Both Proposition 17.151 as well as Corollary 17.161 will be proved in Section 19.81 Having defined limiting 
objects as in Lemma [7.131 (temporally bounded case) as well as Corollarv l7.16l we can now define in 
obvious fashion the norms 

ll^'^^'llsCJxK^) = lim ||d!5(JxR^) 

n— >oo 

for J C / closed, with I the lifespan of the limiting object. This is well-defined due to Proposition 17. Ill 
We can then also state the following 

Lemma 7.17. Let ^"2^ be as before, with lifespan I. Assume in addition that I =/= (—00,00). Then 

(7.21) sup ||^'^||s(JxR2) = 00 

JCI 
J closed 

The same conclusion holds for arbitrary I provided the sequence "02 is essentially singular. 

We now turn to the proof of Lemma 17.101 We begin with the the lower bound on the life span of the 
02- In essence, this is a consequence of the fact that -02 in implies a uniform non-concentration 

property of the energy of the ipa- This then allows one to approximate the corresponding wave maps 
with derivative components (j)a on small discs — with radii depending only on the limiting "profile" V — 
by small energy smooth wave maps; the small energy theory and finite propagation speed then imply a 
uniform lower bound on the life span. Technically speaking, restricting to small scales requires some care 
since localizing the wave map by applying a smooth cutoff does not necessarily decrease the energy. To 
see this, let x be a cutoff to a small ball B of size r. Then the first term on the right-hand side of 

(7.22) [ |V(x0)(a;)pdx < /" \(j){x)\^ dx + ( \V(t){x)\^dx 

Jv? J B JB 

does in general not become small as r ^ 0. 

Let £0 > be the cutoff such that smooth data with energy less than Eq result in global wave maps. More 
precisely, we will rely on the following result by the first author, see [22]. 
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Theorem 7.18. Given smooth initial data (x, y)[0] : x — > which are sufficiently small in the 
sense that 



where Eq > is a small absolute constant, there exists a unique classical wave map from M^+i to 
extending these data globally in time. Moreover, one has the bound X]a=o ll^ct|ls(Ri+2) ^ C'eo where C is 
an absolute constant. 

Denoting the actual map at time t = giving rise (together with the time derivatives) to (jj^T^^ay 
by (x, y)(0, •) : H^, where we have omitted the superscript n for simpUcity, we now consider a 

"re-normahzed" map, subject to a choice of xq E and ro > 0, 

(7.23) (xi,yi) := U^^^^,^^^^^, gXn.-.oi<..o, log[-(o,•)]^ 

^ yo ^ 

Here X[\x-xo\<ro] is a smooth cutoff to the disk D^g^ro ■— — a^ol < ^o} which equals one on |a; — a;o| < 
say, and 

xq := -/ x{x)dxidx2, yo := exp ( logy(x) (ia;ida;2) 

J [\x-xo\<ro] J [\x-xo\<2ro] 

with := \B\~^ Jg. Note that we have chosen the cutoffs on the two components differently - the one 
on the second component is slightly larger than the first. This is merely a technical convenience which 
amounts to yi = ^ when Vx[|a;-£!;o|<ro] 7^ 0. Lemma \7.2l\ below verifies the desired smallness of energy 
property for these data. We begin with a basic imbedding lemma which we shall need in the proof of that 
lemma. Even though we only require the case d = 2, we formulate this lemma in any dimension. 

Lemma 7.19. Bl^,{R'^) ^ BMO(M''). 

Proof. By duality, it suffices to prove that ^ i (^'^) for the Hardy space H^. Thus, we need to 
show that 

j2-2-'^\m\2<cid) 

for any cj) which is an 7i^(R'^) atom. Here Pj are the usual Littlewood-Paley projections to frequencies 
of size 2^. By scaling and translation invariance we may assume that supp(0) C i?(0,l), \(t>\ < 1 and 
/ (j){x) dx = 0. If j > 0, then we use that 

\\PM2 < II0II2 < c{d) 

If j < 0, then writing Pj(f> = 2^'^iIj{2^-) * (j) we conclude that 

\P,4>{x)\ <C f 2^('^+i) \Wi;\{2^{x-ty))dt\cl,{y)\dy 
Jb(o,i) Jo 

which implies that 

\\P,^2 <C [ 2J"('^+i)||V^||22-^"^|0(y)|dy < C(d)2^(^+i) 

^5(0,1) 

and we are done. □ 

The importance of BMO in this context lies with the fact that exponentiation maps small balls in BMO 
into the Ap-class. Recall that w is an Ap-weight in the sense of Muckenhaupt (see Chapter 7 in [7] or 
Stein [43] for all this standard material) provided 

(7.24) IQr^ / w{x) dx [\Q\^^ I w^^P'{x)dxY^^ <Aj,{w) 
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uniformly for all cubes Q C M"^ for some constant Ap{w). Here 1 < p < cxd andp' — as usual. Note that 
Ap C Aq a p < q. The Ai class is defined as all w with Mw < Cw a.e., where M is the Hardy-Littlewood 
maximal operator. At the other end one has Aoo ■= Ui<p<oo which is characterized by the estimate 

for all S* C Q (this is deep and requires the "reverse Holder inequality"). Here C and (5 > only depend 
on w. From the John-Nirenberg inequality, it; = e"^ is an Ap weight for some 1 < p < oo provided 
||0||bmo < ''0 is small enough and the Ap-constant Ap{w) in (|7.24p only depends on tq. 

Lemma 7.20. Let \\(p\\l^ < A and set w := e'"'^-' Then for any 1 < p < oo one has Ap{w) < C{p, A) 
where the latter constant only depends on p and A. 

Proof. For any 6 > 0, 

#{J(^^\\\PM\2>S}<S-'A' 

In particular, for any (5 > there is a decomposition ip = ip + {ip — ip) so that || (— A)^^(^||oo < CS~^A^ 
and, by Lemma l7.191 

||(-A)-^((P-^)||bmo < CS 
By the John-Nirenberg inequality one may choose S small depending onp £ (1, oo) such that exp ((— A)^ 2 ((^- 
<p)) E Ap with some absolute Ap-constant. Since 

||g(-A)-^^;|| ^^cs-^A^ 
II 1 1 00 — 

we are done. □ 

The importance of Ap weights lies with the fact that the Hardy-Littlewood maximal operator M as well 
as Calderon-Zygmund operators T are bounded on LP{wdx) with constants that only depend on the 
dimension and the Ap constant from (I7.24p (and T in case of a singular integral) provided 1 < p < 00. In 
the present context, we will require a version of Poincare's inequality with A2 weights. Now for the small 
energy lemma. 

Lemma 7.21. Let (x",y") be as in (|7.23p applied to (x",y"). Then given Eq > 0, we can pick tq > 
small enough such that 

Here V is the spatial gradient and does not depend on n. Since one can clearly also arrange 

\\X[\x-xo\<ro]'t'o\\Ll < £0, 

we have now achieved smallness of the energy of these data. Moreover, tq > can he chosen uniformly 
in xq e R^. 

Proof. We assume as we may (by rescaling) that ||(/'a||2 + ll'/'alb < 1 for a = 0, 1, 2. We shall also suppress 
the time dependence and drop the superscript n. In view of (|7.22p it suffices to estimate the contributions 
of those terms in which the derivatives falls on the cutoff x in (|7.23p . Starting with the component 

Yi — X[\x-xa\<ra] y[xo) ' '^'^tc that Poincare's inequality implies that, with B := {\x — xq\ < ro}, 



'0 



B I yo 



y(^)i ^ f |Vy(^) 



dxidx2 ^ 



2 



dxidx2 



^ / \(l)a{x)\'^ dxidx2 ^ ^ / \'ipa{x)\'^ dxidx2 <^ el 



< 

Q = l,2 



uniformly in n provided ro is small enough. Here we used the relation (|1.4p and that the gauge change 
is given by multiplication by a unimodular factor. For the Xi-component, we make the preliminary 
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observation that y G Ap for any 1 < p < oo. Indeed, by Lemma r7.19( for any 1 < M < cxd we can find 
C = C{M) so large that 

ll-FR\[-c,c]logy||BMo = ll-fR\[-ac] X! ^"^^j<^jIIbmo < ^^"^ 

3 = 1-2 

which imphes that y2 := exp {Pr\[-c{p),c(p)] logy) G Ap for any 1 < p < oo with a suitable C{p). Since 
Lemma [7.191 implies that ||yy2^^||oo < C, the claim follows. We now use the following weighted Poincare 
inequality, see Theorem 1.5 in 8 : for any w G A2, and ball B of radius r > 0, 



\f{x) - w{x)dx < C{wy f |V/(a;)|2 w{x)dx, {J)b / f{x) 

J B J B 



dx 



Consequently, with w ~ y ^ (z A2, and in view of our definition of Xq, 



r ^{x) xo 1 Y]<^'dx,dx2<y^ I \cj^Ax)\^ dx,dx2 

Jb y{x) Jb y{x) .^nJB 



By our choice of cutoffs in (|7.23p we are done. To obtain the final statement of the proof, simply note that 
we can always find Tq > such that 



2 

sup ^ / 



\Va{x)\'^ dxidx2 < el 



Consequently, for all sufficiently large n, 

2 



sup V / \tp2ix)\'^ dxidx2 ^ el 



and therefore also 



sup V / \(t/^(x)\^ dxidx 



2 <eo 



for all large n, which is all that is needed for the proof. 



□ 



We will also require an analogous result on small energy outside of a big ball. Thus, let i?o S> 1 be large 
and define 



(7.26) 



(X2,y2) := {x[\x\>Ro 



yo 



Here X[|a:|>fl:o] ^ smooth cutoff to the set {\x\ > Rq} which equals one on \x\ > 2Rq, say, and 
Xo := 4 x(x) dxidx2, yo cxp ( 4 logy(x) dxidx2) 

J[B.o<\x\<2Ro] J[^<\x\<B.o] 

In analogy to (|7.23p the construction here is such that y2 = ^ on the set {Vx[|a.|>7^p] 7^ 0}. 

Lemma 7.22. Let (x2,y2) be as in (|7.26p applied to (x",y"). Then given Eq > 0, we can pick i?o > 
large enough such that 

„ VxS 



211 iiVy?ii 



y2 



Here V is the spatial gradient and Rq does not depend on n. Since one can clearly also arrange 

\\X[\x\>Ro]<I>o\\li < £0, 
we have now achieved smallness of the energy of these data. 
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Proof. The argument is completely analogous to the one for Lemma [7. 211 The only difference is that ones 
uses the following Poincare inequalities on annuli instead of disks: for any Rq > 0, 



\f{x) - if)R„rw{x)dx < CRt / \^f{x)\'w{x)dx 

I Ro<\x\<2Rq JRo<\x\<2Ro 

for any j42-weight w and a constant C which only depends on the A2 constant of w. As usual (/)i?,o 
denotes the average of / over the annulus. For w — I this is of course standard, and for general w it 
follows from □ 

Next, we wish to establish control over the ^/^^ in the 5-norm on a nonempty time interval (—To, To) 
uniformly in n. The idea is to apply Theorem 17.181 to the finitely many small energy maps given by 
Lemma [7.21l and then to reconstruct and also bound the original sequence ip'^ in terms of these constituents. 
The latter of course relies on finite propagation speed and involves smooth partitions of unity. In order to 
handle partitions of unity, we need to derive estimates of the form 

\M\\s<c{xm\s 

for Schwartz functions x a-nd some constant C(x). Due to issues having to do with the slow decay as well 
as limited regularity of the logarithmic potential A~^9(/) which appears in the phase of the gauge change, 
we will need to allow for a larger class of functions x- The following lemma is tailored to such purposes. 

Lemma 7.23. Let x G C°°(R^+^) satisfy the following propertie^^: for some constant A 
• maxfc^o,i max|„|<ioo Wdt^^^xW^L^^ < A for all 2 < p < 00, 1 < q < 00 
. II (r) maxdCI, |ei'°")x(T, C)||ljl^== < A for all 2 < q < ^ 

Then there exists an absolute constant Co such that ||x'0l|s ^ C'oA||?/'||5 for any Schwartz function -0. The 
S-norm here can be defined in terms 0/ both the original S[k]-spaces from Definition \2.S\ as well as the 
stronger ||| • ||| -norm, and it can he either localized to some interval in time or be defined globally in time. 

Proof. It suffices to consider global in time estimates. We begin with the original S'[fc]-norm. We need to 
prove that 

(7.27) (Ell^^W)l!sw)'<C(x)ll^ll5 

fcez 

We begin with the energy component of S[k]. If fc < C, then by Bernstein's inequality 

(7.28) \\Pk{xn\LrLl < 2*||x||L,^L3||^||LrL^ < 2^||x||LrL3||V'l|5 < 2*A||V||s 

Here we used that 

kez kei, 

On the other hand, if A; > C, then 

\\Pk{x^)\\LrLl < \\Pk{P<k-10XPkmL^Ll + \\Pk{P>k-WXn\L^Ll 

< WxW L^L^\\Pk^A\L^Ll + \\P>k-10X\\L^J\i^\\L^ LI 

< {\\x\\LrL^ + \\^X\\LrL^){\\Pk^\\slk+0{l)]+'2-''\ms) 

<^(ll^fe^ll5[fe+o(i)]+2-^||V||s) 
where we used the reverse Bernstein inequality 

\\P>k-iox\\LrL^ < 2-1|Vx||l-lo= 



^^The logarithmic potential in m.lll l decays like \z\~^ (but in general no faster) which explains why we need p > 2 in 
the first condition. Since one in fact has asymptotic equality with \z\~^ up to a multiplicative constant, it follows that the 
Fourier transform of this potential around zero exhibits a |5| "^-singularity, which explains the second condition. Finally, we 



cannot control more than one time derivative of ([TTTT}, and showing that one time derivative can be controlled in terms of 
the energy alone is nontrivial and requires the div-curl system for rp, see Corollarv l7.25l 
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Square-summing now implies the desired bound. To proceed we need to control ||Pfcx|l5[fc]. If fc < 0, then 

ll^fcXlls[fe] < l|-PfcQ<feXll .0,1 1 +||ft(3>feX|| l+e,l-e,2 



<2i( sup (|ryn£(r,,7)ndr)%2(-^+-)^-( / (r)^ sup M^\x{t,^)\^) drX 



(7.29) <A2(^3+^)fe 
whereas if fc > 0, then 

WPkxWsM < llPfeQ<fcxll .0.1.1 + \\PkQ>kx\\.-^,+....... 

<24||PfeQ<fcx||L?L2 +2(-^+^)'=||PfeQ>fe9txllL?L^ 

(7.30) <2-i'"=( / (r)2 sup (|ryp2|x(r, r;)n dr) ^ < A2-i°'= 

Next, if fc < C, then 

||PfeO<fc(xV')ll .0,1,. < 2* ||F.(x^)|UjL^ < 2* ||xlU?Lso|l^ll5 < 2iAms 

-^k 

whereas, if fc > C, then by Lemma [4. 101 



(7.31) \\PkQ<k{xn\^oi^^< E '^'^'''''^—^ \\Pk,x\\s[k,]\\PkMs[k.] 



where the sum is only over those fci,fc2 which are admissible by the low-high, high- low, and high-high 
trichotomy. Distinguishing these cases and using the estimate (|7.29p , (|7.30p . one obtains 

ll^fc(xV')ll ^0,1 ,0. < A{\\Pk^\\s[k] + 2-''Ms) 
^k 

which is sufficient. Next, if fc < C, then 

\\PkQk<.<cixn\ <2(s+-)'=||xV'|| ^ # <2(s+-)'=||xllL?L3|j^||s2(s+^)'=^||V.||5 

— — V 2 r 2 T L> t X 

^k i^t^x 

and for j > C, using that PkQj is disposable, 

\\PkQ,{xn\.-i+.^.-.a < E2'*'"'^2(^'"'^'[ll^^-Q.(Q<.-i0XV')IL £ +IIQ>,-ioX^^^ 

k jyf-; t X t X 

< ^2^(i-^)2(H+^)'=[||p,Q,(g<,_ioxV^)ll^,j +2--'||aa||L?L|ll^^^ 

j>C ' " 

< A2(H-)fe||^||^^^, + ^ 2^(^-^)2^i+^)''\\P,Q,{Q<,^,oxm^,J 

j>C * " 

The first term on the right-hand side here can be square summed over k < C, whereas the second is 
bounded as follows: 



^2^(l-s)2(i+s)fe||p^,Q^.(Q^^._^^^^)| 

< 2^a-^)2(5+-)fe( \\PkQAPiQ<i'ioxPiQM\^,j + \\PkQj{P<cQ<j-ioxP<cQM 

(7.32) 



j>c e>c ' ' 



< 

j>C i>C 
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where we used that PkQj is disposable for fc, j in the specified range. Bernstein's inequahty and Lenima [2.15l 
imply 

(11311) < ^2J"(i-^)2(H+^)fc(^2i||p,xllLrL^II^^QjV'll^ 

j>c e>c 
< A2(s+^"^-||V'||s 

To pass to the final estimate here one uses Cauchy-Schwarz. Since this bound can be square-summed 
over fc < C it is admissible. Now suppose k > C and estimate 

J22^(^-''>2^~i+''>'\\PkQ,{P<k-ioQ<,-i,xn\L^,Ll< 

j>k j>k 

< A\\Pk^\\sik] 

where we used that P<k-wQ<j-w is disposable provided j > k, and similarly, 

j>k j>k 

which can be square-summed over k > C, and finally, 

^2^-(i-.)2(-H-)fe||P,Q^.(P>,_,oQ<,-ioX^)llL?L^ 

j>k 

i<k-10 j>k 
e>k-10j>k 

< 2-\\\V,x\\LrLS^\mS + \\^W\LrL^\\PiM\sli]) 

<^2-^-||V||s 
In conclusion, for all k > C, 

\\PkQ>kixn\^-i^..,-...<Am^s[k] + 2-^\ms) 



X,. 



which is admissible. Next, we need to deal with the Strichartz norms in (|2.14p . If fc < C, then the free- wave 
estimate of Lemma 12.21 implies 



(7.33) supsup 2-(^-)^2-t( ^ ||Q<,Pc(xV^)|li4^=.) '< 

By the preceding 



\\pAxn\..^^^<2^Pk{xn\^Ll + \\PkQ>k{xn\^^^^^^ 

Since this bound is square summable over fc < C we are done with the small frequencies. For k > C one 
needs to argue differently. The issue here is that we control ||^feQ<fc(xV')ll o i oo but not the stronger 

\\PkQ<k{x''l^)\\ .0.1.1 which is needed for a reduction to free waves. On the other hand, by Lemma [4. 101 

2,fe,A;c.2^^ \\Pk,x\\sikjPkMsik,] 
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where the sum is only over admissible ki, fc2, i.e., those which respect the usual trichotomy. By the same 
considerations as before one can see that the right-hand side here is an admissible bound, i.e., square- 
summable over k. This observation shows that ()7.33|) can be controlled provided the supremum in j is 
taken over j < 0. On the other hand, if j > 0, then we use the commutation relation 



(7.35) .i=i,2-^K" 

=:xQ<j^ + 2-^L,(Vx,^) 



where i/y is a measure with mass controlled uniformly in j > 0. By these considerations, we may ignore 
the supremum over j in (|7.33p altogether. We begin with the low-high case. With k> C, 



( J2 \\Pc{p<k-ioxPkn\%L^^ 

^ E ( E ( E \\Pc{Pc,PjXPkPcM\LiLZ 
j<k— 10 ceVi, J ci~cC2 



(7.36) ^ E ( E E niax(l,22(-'-^-^))||P,(P,,P,xft^'cW^)llLfLs 



Here C2 runs over Vk.e, and ci runs over 'Djji where £' :— max{£ + k — j, —10) with the added property that 
dist(ci -|- C2,c) < diam(c) (which we denote by ci ~c C2). The factor max(l, 2^(^~'^~^)) equals the largest 
number of disks Ci possible, and it arises due to Cauchy-Schwarz. By means of Bernstein's inequality one 
can bound the final norm in (|7.36|1 as follows: 



\\P,{P,,P,XPkPcM\LfLr ^ WPcPjXPkPcMLtL^ < WPc^P^Xh^L^WPcMLtLS 

<min(2^2'=+0||iQ|U,^.||P,,^L4^^. 
Since there are only finitely many choices of c in (|7.36p one concludes that 



J2 \\PciP<k-ioxPkyj)\\%i 



i<fc-10 Ci,C2 

^ E (E2''ii^)Siii?Ji^^>iiW)'^ E ^'\\ir)mLi,XT.\\p^^^\\lu 

j<k-lQ Ci,C2 j<fe-10 C2 

< J2 i'7iix(^)iiu?(Eii^^^^iiif^ 

J<k-10 I'JI-'^' C2 

' 1 ^ 3k 



<A2^-'''2-msik] 
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Next, the high-low case is estimated similarly. More precisely, with the roles of ci and C2 interchanged, 
one has 



( E \\Pc{PkxP<k-wn\ir. 

< (5]max(l,22(^--'^-^))||F,,xP,Pc.^|li4^. 



j<k-10 ci,C2 

j<fc— 10 Ci,C2 

SmiOPTxhl^ E ( E niax(2^('=+^2^^)2-2'^||P,,^||i.^„ 
<y4 E max(2^2J-'=)2Tniin(2(^-^)(^+'=-j\l)||P,-V'||s[j] 

j<fe-10 

< A2T2(5--K^2i(^-'=)||P,Vi5b-] 
j<fe 

This bound can be square-summed in k. Finally, in the high-high case one has with ci, C2 G 2?m,£, 

E ( E \\Pc{PrnXPm^)\\%L^^ 
m>k-10 c£'Dk,t 

^ E ( E 22^'"-^-^^iiP™Pc.xA„Pc2V'iii.... 

m.>fc— 10 ci ,C2 £T'jji^_|_fc_^ 



E ( E ^'"^\Pc^x\\l^^Li\\p^PcMltL, 

m>fc— 10 ci,C2GX',„,{+fc-m 

<^ E 2-"2^2(5--)(^+fc-™)||F,„^||^[„] 

T?l>fe-10 

which is again sufficient due to fc > C. 

Lastly, we bound the square function in (|2.15p for x^- If fc < C, then by Lemma [2.41 

sup sup sup (E E \\PRQ<k+2Axi^)\\l[kM 

± £<-100 l<m<0 ^ ~i d^tT^ 

<SUp sup sup ( E E \\PRQ<k+2£ixi^)f. 0.^.1 
± £<-100 £<m<0\gC,iie7^,,±.,„ " 

<snp\\PkQk+2e{x^)\\ . o,i,i < 2^ ||x^||l?l2 < A 2* || V|ls 
It therefore suffices to consider k > C. We make a number of reductions by means of Lemma \TM first. 



Snp\\PkQ<k+2iiP<k-WXQ>k+2etp)\\ .o,i.i <SUp22+ \\x\\Lr-L^\\PkQ>k+2elJA\L^L'^ ^ MPkMlsik] 



Second, 



sup\\PkQ<k+2i{P>k-ioxi^)\\ .0.1 1 <sup22+^||P>fc_ioxllL?Loc,|lV'|U-L^ <^2-'=|l^|l< 

i<0 f<0 t ^ t =0 



and third. 



SUp||P/c(9<fc+2K^<'c-10(3>/c+2£XV')ll .0,1.1 ^SUp2^+^\\Q>k+2eX\\L?L'^\\Pkij\\L?-Ll ^MPki^Wslk] 
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which is again admissible. To final estimate here requires some justification: 
sup 2"|iQ>2™x|L2i=o < sup 2'"||.F[Q>2„P,x]||l?li 

^ y]2"^ sup 2"||x[||e|-|r||>22''.]X[|C|~2*] sup |?/||x(t,?7)I llijii 
^ meZ |»7|~2* ^ 

+ ^ 2-1°"^ sup 2"||x[||c|-|.||>2-]X[|«H2^]2-^ sup |77|i°°|x(r, r;)| ^ 

^ niGZ \r,\^2>- ^ 

< J2 min(2^ 2-^11 (r) ^ |,7| V h|i°°|x(r, r;)| 1^.^^ < A 

e 

Consequently, it suffices to bound 

sup sup sup ( V V \\PRQ<k+2£iP<k~10Q<k+2£XPkQ<k+2i'lp)\\l\k,n] 
± «-100 e<rn<0 ^ ~i, d^tT^ 

(7-37) <SUp sup sup V ( V V ||^'flQ<fc+2f (^'jQ<fc+2£X-FfcQ<fc+2/!V')ll|[fe , 

± ^<-100 £<m<0 ,„ ^ ^„ n^T, 

We now distinguish two cases: 1) j < fc + £ and 2) k + £ < j. 

In the first case, the projection essentially passes through PjX- More precisely, by elementary geometry 
one has 

\\PRQ<k+2e {P3Q<k+2lX PkQ<k+2ltp)\\s[k,K] ^ \\P3Q<k+2eX\\L^L^\\PRQ<k+2ltp\\s[k,K] 



< 



mm 



(2^2-^")||(r)|e|x(T,0llL?L,-ll^flQ<fe+2^^l!s[M 



< A mm{2^ ,2~^)\\Pj^Q<k+2e^\\s[k,.] 

where R £ 'R'k+o{i),±K.m has the property that dist(-R, -R) < 2-'. This bound reduces (|7.37p to the square 
function of tp alone and is therefore sufficient. In the second case, one estimates (|7.37p directly from 
Lemma \TM In fact, the second case contributes at most 



\\PjQ<k+2lX PkQ<k+2l1p\\ .0,1.1 
k+e<j<k-10 ^ 

< J2 '^^'^'\\PjQ<k+2iXPkQ<k+2lHLjLl 
k+£<j<k-W 

< 2i+^\\PjQ<k+2eX\\^L]r\\PkQ<k+2ellj\\L^Ll 
k+e<j<k-10 

< Y 2^2^'- A 2-i"^|||e| V \e'"x{r,mL^^L-\\Pki^\\LrLl 

k+i<j<k-10 

<A\\Pk^sik] 

To pass to the fourth line one uses that ^ < 0. This concludes the proof of l|7.27p . 
It remains to prove the analogous bound for the stronger norm ||| • |||s[fc], i.e., 

(7.38) ixVllls (E ^ ^( E i^^^'iPsM 

fcez tel. 

Written out, the left-hand side here means 

(7.39) (Y'''P\\PM)ito)\\l2 + WPkOixHlmk] 
Clearly, 



fcez *" 



J2\\p^M)ito)\\i2 < \\{xmo)\\i2 < Mto)\\i^\mo)\\i. < 



kei 
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which is admissible. It remains to bound the second term in ()7.39p . First, 

E WPk^ix^lm] ^ E \\PkQ<Mxm'.-^.-^.^ + \\PkQ>ka{xm^.^^^..-^. 

k<C k<C 



E 2^\\Pk{xmiiLi s \\x\\%L^Mi < A'mi 



< 

k<C 

We may therefore assume that henceforth k > C. Second, by Lemma I4.10[ and using similar arguments 
as earlier in the proof, 

. 2 

'7' 



E \\PkQ<cOixn\%[k] < E ll^feQ<cn(xV')f. < T.iT.WP'^Q^MM 

k>C k>C k>C j<C 



k>C kiM 

<A\\ns<A\ms 

The sum over k,ki,k2 here respects the usual trichotomy. As a final reduction, we need to limit the 
modulation of x (since we cannot control Ox). In fact, 

||Pfen(Q>3.x i>)\\N[k] < \\PkQ<kO{Q^s.x . -i.-i.i + ||ftg>fcn(Q>3.x . -i+c,-i^..2 

<24||Ffe(Q>3.xV')llL?L^ 

<2^\\Pk{P>k-wQ>S^XmL-Ll+2^\\Pk{P<k-wQ>^XPkmL-Ll 

<2-''\\\e"'xir,0\\LiL-Ms + 2-^\{rmv\e"'^^^^ 
<A2-^\i;\\s 

which is admissible. We now estimate each of the three term on the right-hand side of 

\\PkQ>C°iQ<!>^X^)\\Nlk] < \\PkQ>ciOQ<!>^X'(p)\\Nlk] + \\PkQ>c{daQ<S^xd°''llj)\\N[k] 

(7.40) " ~ " 

^ ' +\\PkQ>c{Q<^x^mNik] 

First, 

\\PkQ>cioQ<3^xH\N[k] < 2-''\\aQ^,_kX^LiLi < 2-'=||nQ<3.xllL;L-IIV'l|s 

< 2-i max max Wd^V^xhlL^Ms < A2-4||^||s 

K=0,1 |q|<1 

which is admissible. Second, by estimate (29) in J56] as well as (|7.29p and (|7.30p . and with k,ki,k2 
respecting the usual trichotomy. 



\PkQ>c{do.Q<^xd''n\Nik] < E 2'=^+'^^||Pfc,xll5[fc,ll|Pfc.^ll 



S[fe2 



<A2-'^ E 2'=^+'=^min(2-(^--)'=S2-i"'=^)|lP,,V||s[,,] 



ki ,A,'2 
< A/n-kt 



Ai2-''ms + \\PkM\sik]) 

which is again square-summable in A:. As for the third term in (|7.40p we are reduced to showing the bound 



(7.41) E \\PkQ>c{Q<^X F)\\l[,] < E ll^^^ll 



k>c lez 



This bound in turn follows via Schur's lemma from the following claim: 

(7.42) \\PkQ>c{Q<s^xPiF)\\N[k]<A2--^\''-'\\\P,F\\N^,^ 
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li j < £ and j < C, then by (I2.32p one always has the bound 

\\PkQ>c{Q<^Xm<jF)\\N[k] < 2-'||Pfc(Q<-X^£0<,i^)llLjLJ <2-'=|ig<3.xllL?Ls=ll^£Q<j^l^ 

< 2'-''2i\\x{T,0\\LlLl\\PiQ<jF\\N[i] < A2'-'^\\FU[,^ 

which agrees with (I7.42|) provided £ < k + C. On the other hand, ii £ > k + C but still j < C the same 
estimate holds with an additional high-high gain of 2^^"°^ coming from x which is of course more than 
sufHcient for (|7.42p . Finally, it C > j > £, then an additional Bernstein gain yields 

\\PkQ>c{Q<S^XPiQ<iF)\\N[k] < 2-''\\PkiQ^3.xPiQ<jP)\\LlLl < 2'''\\Q<-^X\\LlLt\\PiQ<iF\\LjLt 

<2'^''\mr,OL,i\\PeQ<,F\\L^,Ll<A2'-''\\F\\^[,^ 

as desired. Therefore, the claim (|7.42p holds provided F = Q<cF- Let us now verify (|7.42p for each of the 
four types of 7V[£]-atoms with the additional assumption that F ^ Q<cF- If F is an energy atom, then 

\\PkQ>ciQ<s.xPiF)\\N[k]<2-'\\Q<s.xPiF\\LlLl<'2'''\\Q<s^x\^^ 
which is sufficient if ^ < fc + C and if ^ > fc + C then 

\\PkQ>c{Q<3^xPiF)\\N[k]<2-''\\Q^.^xPiF\\LlLl<2-'-''\\Q<^x\\LrLrm^^ 
which is more than sufficient. Here we used the estimate 

(7.43) ||Q<-x||LrLr ^ \mr,0\\LlLl < \\{rm V |er°"x(T, < A 

For the remaining atoms we first make the simplifying assumption that x(t, ^) is supported on |t| + 1^| < 1. 
Now suppose that PiQjF = F with j > C. If ||-F||i2^2 < 2^2^ and j < £, then x essentially does not 
change the Fourier support of F. Thus, £ = k + 0(1) and 

(7.44) \\PkQ>c{xF)\\Nlk]<2-'2-i\\xF\\L2i^. < ^ll^ll . 

as desired. On the other hand, ii j > £ and ||i^||L2^2 < 2^(5-'^)2^(^+^\ then we need to distinguish the case 
£ < C from £ > C. In the latter case, one argues as in (|7.44p . In the former case, the modulation of the 
output is essentially 2^ and k < C which is excluded. It remains to consider the null-frame atoms. Thus, 
F = X^kgc™ -^k where F^ = Pe,.i^Q<i+2mFK. and m < —100. Due to ^ Q<cF, one has £+m > £+2m > C 
which implies that the Fourier support of xFk is essentially that of F^. Therefore, xF — 12k ^Fi^ "^^^ 
treated as a wave-packet atom satisfying the bounds 

K K 

Since k = £ + 0{1) we are done. Next, suppose that x(t, ^) is supported on |r| ^ 2" with n > 10 
1^1 < 1. Then HxIIl^l^^ ^ 2~"v4. Start with a wave-packet atom F of the type we just considered. If 
n < k + 2m + 10, then xFk has essentially the same Fourier support as F^ whence 

WxFWmk] < 2-'=(E IIx^-IInfm)' < A2-"2-^(E II^.II^jfm)' < 2-"A||F||^[,] 

which is summable in n > 10. If n, > A: + 2m + 10, then has modulation of size If A; > n, then 

\\xF\\Nlk] < \\xF\\.-i.-i.i < 2-^-''\\xF\\^Ll 

< A2-*-^-||F|L2^2 < ^2-*-'=2¥||F|| 1,^ 

< A2-"||^^||^,[,] 
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where we used (|2.32p and i ^ k + 0(1). U k < n, then 

\\xF\\N[k] < ||x^^|L-^+.,-.-.,. < 2-"(i+^)2-'=(^-)|lxF|L.^. 

~ t X ^ j^^ • ^' 

< A2-"||F||jvM 
. _i _i 1 

Now suppose that F is a ' ^' -atom with F = PiQjF. If j > n + 10, then xF is the same kind of 
atom and one argues as before gaining a factor of 2^". If j = n + 0(1), then 

< 2-"yl2^||F|| _i _i 1 < 2--^A 

Finally, if n > j + 10, then xF has modulation of size 2". If n < ^, then 

llxi^lkw < llxFll 1,, < 2-^-t||xFL.i. < 2-'M 

whereas in case n > i, one checks similarly that 

as desired. If F is a ^ "^'^-atom with F = FiQjF, then analogous arguments lead to a bound of 

llx^llAf[£] ^ 2~^" yl which is again summable in n > 0. 

Finally, one needs to consider the case where xi'^'i is supported on |^| ~ 2" with n > 10, say. However, 
this is easier due to the rapid decay of x in We leave those details to the reader. □ 

Remark 7.24. Lemma 17.231 of course applies to any space-time Schwartz function x- Moreover, one can 
check that the exact same conclusions of Lemma l7.23l hold for any Schwartz function x which only depends 
on t and x alone; the only difference is that CqA needs to be replaced by C(x)- 

It is now a simple matter to prove that the ip^. have uniformly controlled S norms on some time interval 
(-To, To) where To = To (1^). 

Corollary 7.25. Under the assumptions of Lemma \7.10\ there exists a time Tq — To(t^) > such that 
(7.45) ^max^ ||dU((-To,To)xR^) < C{V) < oo 

uniformly in large n. 

Proof. Pick ro > small enough and Rq large enough according to Lemmas 17.211 and 17.221 respectively. 
In view of ()7.23p . Theorem l7.18l and finite propagation speed, patching up the local evolutions of (x", y") 
shows that the evolution of (x", y") exists on some time interval (—To, Tq) uniformly in large n; in fact, one 
can take Tq — rg. Note that this part of the argument does not require (x2 , 72)- These functions are needed 
to obtain uniform control over ||'0SIIs((-To.To)xR2), to which we now turn. The 0^ of the original sequence 
agree with the obtained from (|7.23p on the cone Kxg.rg '■= {{t,x) | |x — a;o| < — t, < t < ro}. 
This follows from the construction of (x",y") and finite propagation speed. Note that the 0^ exist 
globally in R^+^ but agree with (/)^ only on Kxf,.ro- A similar observation applies to (x2,y2) on the set 
Kr^^To ■■= {\x\ > Ro + t, 0<t< To}. Cover by finitely many Dj := D{xj, tq) as well as the complement 
of Dq := D{0,Rq). This can be done is such a fashion that there exists a smooth and finite partition of 
unity 1 — X]j"=i on [Oj ^o] x such that each Xj is entirely supported in cither a cone K^.^ro or 
within Kjig^Ta- Thus 

3 3 
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Here cj)^'^ are the derivative components of the small energy wave maps which were constructed by means 
of Lemmas 17.211 and 17.221 and ipa''' ^^'^ their gauged counterparts. If Xj has compact support, we now 
claim that 

:= Xj e^^"'^'^°('^"''-'^") 

satisfies the hypotheses of Lemma 1 7 . 2 31 with a constant A that can be chosen uniformly in n. The compact 
support assumption in time can of course be fulfilled. Since for each j and all n 

it follows from the uniform bound on (f)^'^ and that 

(7.46) A-'dRe{4>y - ^l){t,x) = ^ f -^^Re{4>y - rjit,y)dy 

2iT J \x-yY 

is a smooth function relative to x on the support of Xj with uniform L°° bounds on the derivatives (uniform 
here means relative to large n). Indeed, 

(7.47) \\x,^zA''dKe{^y - rp){t,x)\\L^ < c^y - mt^^)\\Li <C^E 

where E governs the energy uniformly in t. It turns out that we can also incorporate one time derivative 
into these bounds (but not necessarily any higher regularity in time). This follows from the div-curl system 
for (^Q, see ()1.6p - (|1.9p . Indeed, if a 7^ then plugging (|1.6p into 

9tA-i9Re(C'^' - C)(a;) = ^ I aoRe(C^' - mt,y)dy 

2tt J 

leads to an expression which is of the schematic form 

Q o„/'I"j j.n\u „.\ j„. I / x~y 



a„Re(0[;^^' - 0S)(i, y)dy+ [{r'')' - (</>")'] (t, y) dy 



i-yY J \x-yY' 

Integrating by parts in the first integral moves the derivative from the 0's onto the kernel which allows for 
the same estimate as in (17.471) . As for the second integral on the right-hand side, one has 

J \x y\ 



as desired. If a = 0, then one uses p.9p to arrive at the same conclusion. This establishes our claim 
concerning the hypotheses of Lemma r7.23l in fact, we obtained stronger conclusions as far as the conditions 
for large x or small ^ are concerned. Now let us consider the cut-off function Xj with unbounded support, 
which we may assume is xo- We can arrange the partition of unity so that xoit^ x) = Xoo(2;)xoi(0 with xoi 
smooth and supported in (—1, 1) and with 1 — xoo smooth and compactly supported in R^. With Xo defined 
as above, we now claim that 

Xoi{t)~X?>{t,x) = Xoi(i)(l -Xoo(:i;)e'^"'^«'=(^"""'^"'(*^^)) 

satisfies the requirements of Lemma 17.231 with a constant A that is controlled uniformly in n. First, 

Xoi{t)xooix)Rei4>y - cb2){t,x) =0 

which shows as before that XQ(i, a;) is smooth in x with derivatives that are uniformly bounded in 
relative to n. In addition, the same arguments involving the div-curl system allow us to place one dt on 
Xo{t^x) without destroying these conclusions. As for the asymptotic behavior in a; ^ 00 and ^ ^ 0, one 
simply expands 

\x-y\^ \x\^^ 

inside the integral in (|7.46p which is sufficient due to \y\ < Rq. In conclusion, by Lemma 17.231 and 
Remark [LH 

\m\si-To.T„) < E mr.'\\si-To.T„) < Ec(x")iie^iis <Y.cixT}Ceo 

j j 3 

is finite uniformly in n. □ 
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The preceding corollary concludes the proof of Lemma 17.101 up to the assertion about the frequency 
envelope at the end. This will be proved in Section [931 

We close this section with an important strengthening of the bound on tpL from Lemma (7.61 More 
specifically, we prove that the intervals Ij can be chosen in such a way that the estimate (|7.5p only 
depends on the energy of ^p. This will play an important role later on. In order to achieve this property, 
we require an improvement over Lemma [TjH We begin with the following technical statements which allow 
us to make a better choice of the intervals Ij in the proof of Lemma 17.61 

Lemma 7.26. Let WtpWs < C'o o-n-d- Sq > be arbitrary. Then there exists a partition o/M into intervals 
{Ij}jLi which depend on tp but with M — M(eo, Cq) o^nd which satisfy 

max^^||P.(^|VrV)ll^.(,^^^_i,<eo 

fcez 

where V — 'Vx and \'V\^^xp'^ is schematic notation which stands for any one of the nonlinearities 
appearing on the right-hand side of the div-curl system (jl.l2[) . (|1.13p . 

Proof. It of course suffices to show that 

(7.48) J2 ii^fctv'i M~\i'2^3m'-i. < n ii^^iil 

We begin with the case where V'2V'3 is replaced by /^■02 • V'a- It is easy to see that 

ll/'fe(/^V'2-^3)||L?,, <2^|1V2||S||V'3||S 

Then by the usual trichotomy, 

feGZ ' feGZ 



fcez i>k 

feGZ i=l 

Hence, we may assume that the two inner inputs are both hyperbolic, i.e., ipi = Q<kiipi for i = 2,5. 
Now implement the Hodge decomposition for the inputs of |V|~^(^/'^), i.e., write 

tpa = Ra4' + Xa 

We begin by considering the resulting trilinear expressions, more specifically the one where the inner 
null- form is hyperbolic: Suppressing the indices on -0 for simplicity, 

(7.49) 

where Qaj is the null-form from Definition 14.151 As usual, this splits into the high-low, high-high, and 
low-high cases: 



^2-'=iiPfc(V'ivri/Q„/3(^,V'))iii2^ <E2"'ii^'=(^'=^|vr'^<''-5^2"/3(V''V'))iiij^ 

feez 

^2-'=(^|lPfc(P,0P,|V|-i/Q„^(7^,V))|L. 

feGZ t>k 

^2-'=iiPfc(p<fe_5V'^feivri/Q„0(v^,v))iii2^ 



A + B + C 
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Next, one writes A < Ai + A2 + A3 reflecting the high-high, high-low, and low-high decomposition of the 
Qa/j-nullform. Thus, by Lemma 14.161 

^i<E2"'( E E \\PkiPki^M-'PkoiQMPk.^,Pksm\Li^y 

kel ka<k-b fe2 = fc3+0(l)>fco-5 

<E2"'( E E \\PknLrLi\\PkjQo.p{Pk.^,Pk-A))\\Li)'' 

keZ ka<k~5 fe2 = fe3+0(l)>feQ-5 

<^2-^-iip,^iii.^2( E ^'''-'^wP'^.^Wsik.mMsiks])' <\m's 

fcGZ ko<k-5 fc2=fe3+0(l)>feo-5 

Similarly, by Lemma [4.221 

^2<^2-^-( E WPkiPki^M-'PkoiQMPk.i'^Pk.mLi^y 

fcez fc2 + 0(l) = fen<fc-5 fc3<fco-5 

^E2"'( E E ll^fc^lUri^^ll^fco^Qa/3(Pfc2^,^fc3^))IL?,j' 

fcez fc2+0(l)=fco<fc-5 fc3<fco-5 

<Y^-'\\Pkm^Ll{ E E 2(^"'^'^2-'"ll^fe.V'll5[fc.2]ll^fc3^lls[fc3])'<ll^lll 

fcez fc2+0(l)=fco<fc-5 fc3<fco-5 

This concludes the bound on A since A3 is of course symmetric to ^2- Next, with B < Bi + B2 + B3 via 
the same trichotomy, 

^l^E2"'(E2'll^^^lUri^2-^ E ||P£/Qo/3(Pfc2^,i^fc3V'))llL?L^)' 

fcez ^>fc fe2=fc3-i-o(i)><'-5 

^E2"'(E2'ii^^^iUri^2-^ Y '^'-'^wPkMsik.mMsik.,])' <\mi 

fcez e>k k2=k3+o{i)>e-5 
by Lemma |4.16[ whereas 

B2<J2^-'{j2^''\\Pe^\\LrLi2-' Y \\PiIQMPk,^,Pk,m\L^,Liy 

keZ e>k £=fc2+0(l)>fc3-5 

^E2"'(E2'll^^^llLrL^. 2-^ 5] 2(^-)'=^2^'=^|lPfe,^|ls[fe2]lln,,Vi5[fc.3l)' < IIV'III 

fcez t>k £=fc2+0(l)>fc3-5 

by Lemma [4.221 The low- high case of (|7.49p is treated in an analogous fashion and we skip it. 
Next, we treat the case where the inner null-form is elliptic. Then the desired bound reads 

(7.50) Ell^fc(V^I^I"'^'2"/5(VA^))ll'2(K.^-^ .^^^^IIV-III 

fcez 

As before, A < Ai + A2 + A^ reflecting the high-high, high-low, and low-high decomposition of the Qa/3- 
nuUform. We will first excluded the contributions by opposing high-high interactions in the null-form, 
cf. Remark [4. 191 Hence, by (|4.54p without the (fci — fc)^ loss, 

^i<E2"'( E E \\Pk{Pki^M-^Pk,Q>k,Qo.f3{Pk.i>,Pk,mLi)^ 

fcez fco<fc-5 fc2=fc3+0(l)>fco-5 

<E2"'( E E \\PkM\LrLi\\PkM>k.Qo.p{Pk.i^,PkM\Li)' 

fcez fco<fc-5 fc2=fc3+0(l)>fco-5 

^E2"'( E E WPkMkrLi^'^WPkMsik.mMsik,^' <\m% 

fcez fc-o<fc-5 fc2=fc3+0(l)>fco-5 
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For A2 one proceeds similarly, using Lemma 14.231 instead. In fact, due to the hyperbolic nature of ipi^ips, 

A2<J2^-'{ J2 E \\PkiPk^M-'PkoI'Qaf3iPk,4',Pk,m\Liy 

fceZ fe2+0(l)=fco<fe-5 fc3<fco-5 

^E2"'( E E \\Pk^\\LrLl\\PkoQk„Qal3{Pk,4',PkM\LlX 

keZ fe2+0(l)=fco<fe-5 fc3<fco-5 

^E2"'( E E \\Pt^^\\LTLi^^\\P'^Msm\\PkMs[k.)\u\\% 

fcGZ fc2+0(l)=fco<fc-5 fc3<fco-5 

This concludes the high- low case A. In the high- high case we write B < Bi+ B2 + as before. Therefore, 

^i^E2"'(E2'ii^^^iiLri^2-^ E mQ>iQMPk.i^,PkM\Li^y 

fceZ i>k k2 = k3+0(l}>l-5 

^ E {J2'^^\m\\sii] 2-' E 2i||p,,vii5[fe2iii^fc3^iisfei)' ;$ iiV'iil 

feeZ l>k k2=k3+0{l)>i-5 

by Lemma [4. 181 whereas 

feeZ £>fc £=fe2 + 0(l)>fc3-5 

< J2 (E2*ll^^^ll5M 2-^ E 2^||ft,^||5[fe2]ll^/c3^ll5[M)' ^ llV'li 

fceZ i>k e=k2+0{l)>k3-5 

by Lemma [4.231 which finishes the analysis of B. We again leave the low-high case to the reader. 

It remains the bound the contributions by the opposing high-high waves in the inner null-form. Return- 
ing to the ■011 ■02; ■03 notation, we may assume that ipi = Q<ki'4'i for i = 2, 3 and that there is an angular 
separation of the Fourier supports of ipi and ip2 , say (since the Fourier supports of V'2 , V'3 make a large 
angle). Hence we may bound the missing contribution to Ai as follows, where we ignore the nuUform and 
replace the outer |V|~^ with a weight by the usual convolution logic: 

^i^E2"'( E E 2-'="[ \\Pc^iPkoiPk.i^2Pk3i'3)\\iif^' 

fcGZ fco<fc-5 fe2 = fe3+0(l)>fco-5 ceVk,ko-k 

We now invoke (|2.30p to conclude that 

[ ll^c0lPfco(J'fc.V'2Pfc3^3)lli?_J^ <2'°[ WPcM.^'Pk^i'W^LlV 

c^T^k.kQ-k c^T^k^kQ-k 

<2^-"[ Y WPcMMliJlPksMll^Li]'' 



16 



k , fcQ — k 



<2^(fco-fc)[ Y \\PcMsik]\\PkJA\l[k2]V\\Pksi^\\ 



c€'Dk,kQ-k 
3 

<2"-^{ko^k)l[\\PkMsik,] 

i=l 

The loss of (fco — k) here is due to the usual issue of wave-packets which are too thick resulting in the need 
for Lemma 12.41 Inserting this into the bound on Ai yields 

^1 ^ E ( E ^"^(ko- fc)ii^'fc^iiuw)'ii^2iiiii^3iii < n w^^Ws 

fcGZ ko<k i—1 

as desired. The opposing high-high contributions to the other terms are similar and omitted. We still need 
to control the contributions from the elliptic terms X: leading to higher order nonlinearities. This is again 
done in the appendix. □ 
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We can now state the refined version of Lemma uM which gives better control over the linear wave ipL- 
As in that lemma ip are the gauged components of an admissible wave map locally on some time interval 
[-To,Ti]. 

Corollary 7.27. Let \\rjj\\s < Co- Given Sq > 0, there exist Mi = Mi{Co, Eq) many intervals Ij as in (|7.2p 
with the following property: for each Ij — (tj,tj^i), there is a decomposition 

which satisfies 

(7-51) I]ll^fc^^LllsW(/,xR-) <^o 

fcez 

(7.52) \\^.,t^P^L''\\L^H-^<eoHE + l)E 

where the implied constant in the last inequality is universal and E = \\i){t)\\2 is the conserved energy. In 
particular, 

by choosing eo small enough depending on the energy. 

Proof. We first prove (|7.51|) and ()7.52p by following the strategy of the proof of Lemma 17.61 however, we 
use Lemma [7. 261 instead of Lemma [73] when the underlying time interval is small. More precisely, consider 
the frequency component Poipa- 

Case 1: The underlying time interval /q '.— {—Tq, Ti) satisfies |/o| < £i with an ei that is to be determined. 
The main property of this parameter is that it can be chosen to be an absolute constant independently 
of Cq. The V'q satisfy the system (|1.12p - (|1.14p . Schematically, this system takes the form 

dtPo^, = d.Po^Po + Pom-H^^)], J = 1, 2 

2 

i=i 

where the nonlinearity is schematically. Now define the linear wave Pq^^l to be 

PoiPl,j ■■= S{t){Po^Jj,{0), d.Poi^o), i = 1, 2 

2 

i=i 

whereas PoipNL.a ■= ^oV'q - Po'^pL.a- Thus, for j = 1, 2, 

PoV-.W =^o^j(0)+ / PodjPoMs)ds+ f Po[^pV"\i;^)]{s)ds 
Jo Jo 

Po^L,j{t)^Poi'AO) + OLl{t^) 

and similarly for ipQ, whence for all < G /q, 



t 

-l/„/.2\ 



LI 



\\Poi'NLimLl<t'\\Pom\\Ll+ / Po[V^V-l(^^)](s,.)ds 

Jo 

<t^Pom\\Li + \t\mPo[iJV"\i>^)]\\^.^ 

In other words. 

As in the proof of Lemma 17.61 one concludes from this that 

l|i^oV'A^L||s[0](/„xR^) <e?||Po^(0)||L^+4l|Po[^V-i(V'')]L2(,^^i.) 
Rescaling this bound to general 2'^ yields the following. Suppose |/| < £12^*^. Then 

llPfcV'ArLllsiojaoxK^) <eil|Pfc^(0)||L^+42-*||Po[V'V-i(^2)]|U2(,^.i.) 
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Now provided Iq C Ij where {Ij}jLi, Ij = Ij{£o,tp), M — M{eo,Co) are the intervals constructed in 
Lemma [7.261 one concludes that 

(7.53) \\PkibNL\\lik]iio><M2)<4\\m\\li+eoSi 

fe:|/o|<Ei2-* 

i 3 

where eo is a separate smallness parameter. We now pick ei := Eq (1 + E)~^ and eo := Eq where E = 
\\psi{t)\\L^ is the conserved energy of ip (for this one needs to remain on the interval on which ip equals 
the gauged derivative components of a wave map). This renders the right-hand side of (|7.53p less than eg- 
As already explained in the proof of Lemma l7.61 we will use this analysis also in the case of large intervals 
to which we now turn. However, in that case the estimates obtained here allow one to control the term 
II I [-To To]ll'5 PlfiQl) of Section [231 

Case 2: The underlying time interval /q ~ (^2o,Ti) satisfies |/o| > ei where Si is as in Case 1 (again 
for the Pq frequencies). Here the analysis of Case 2 of Lemma [7.61 applies verbatim, leading to intervals 
{I'j}fli. with M' = M'(£o,Co) such that 

x^^r ll-^fc-^cllAfffcK/jXK^) < So 

where F — stands for the right-hand side of (|1.14p as usual. 

Now we take the intersections of the intervals /,■ and which appeared in Cases 1 and 2 above. Denote 

this collection again by with M — M(£o,eo,Co)- Fix such an ly Given fc € we define Pfci/'i^ 

to be the free evolution of (/V)[^o] where to G Ij is the center of whereas Pkip'jpL everything else. By 
our construction, 

\\Pki>''NL\\slk]{I,xR^) ^ ^0 

k:\Ij\<si2-'' 

Combining this with l|7.53p this bound implies (|7.5ip . As for the linear wave \ we note that those k 
which belong to Case 1 yield 

\\Pki''i^\\sMi,xR-) < \\PkH2 
with an absolute implicit constant, whereas (|2.69p from Section [^751 vields the bound 

\\Pk^L^\\smi,xR-) < ex'\\PkH2 
These estimates imply (|7.52l) . □ 

Remark 7.28. Note that if we apriori work on a time interval of length > 1, say, the statement of the 
Corollary may be strengthened to 

l|V.,^PlLo=^-.<i? 

with universal implied constant. Indeed, in this case, the 'time averaging' around the initial data does not 
cost a large constant. 

Later we shall need to following corollary which further specifies the Fourier support of ^l. 
Corollary 7.29. Let \\tp\\s < Co- Assume that — + where for some b 

||^||S + ||i'(-oo.(,]<=V'l|s < 5i 

for some small Si. Then there exist intervals as in Corollary \ 7.27\ so that on each Ij one has a 

decomposition 
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where furthermore ip^f^ — i/j^^ + V'^"'' and = + i^^^L '^f^cE both tjj^f^ and -0^^ are free waves 

satisfying (j7.52p and both and V'/vl satisfy l|7.5ip . Furthermore, 

0i^\\s + \\Pi-ooM^i''i^\\s<Sl 
0NL\\s + \\Pi-oo,b]^^NL\\s<Sl 

with an absolute implicit constant. 

Proof. The proof of this statement follows the exact same lines as the proof of the previous corollary. 
The only difference is that each nonlinearity needs to be split into the contributions made by -0 and ip., 
respectively. □ 

8. BMO, Ap, AND WEIGHTED COMMUTATOR ESTIMATES 

In this section we develop some auxiliary tools that will be needed in the implementation of the Bahouri- 
Gerard theory for wave maps. More specifically, due to the lack of an imbedding from energy to L°° in 
the critical case we need to invoke methods involving BMO and the closely related Ap-classes in order to 
carry out Steps 1 and 2 of the program delineated in Section [TJ Lemma 17.191 will play a crucial role here. 
Moreover, we require a weighted version of the Coifman-Meyer commutator theorem, with the weights 
belonging to the 74p-class. Although it does not seem to be widely known, it is an easy consequence of 
the standard theory and we sketch the proof for the sake of completeness. The paper [38] contains a more 
general form of this result. A Calderon-Zygmund kernel here is defined to be any linear operator T bounded 
on with the additional property that for any / e with compact support and all x ^ supp(/). 



Tfix) = J K{x,y)f{y)dy 
where \K{x, y)\ < C\x — ?/|~'' and for some < 7 < 1, 



X- 



r'\1 



\K{x,y)~K{x',y)\<C^^-^ V \x - y\ > 2\x - x'\ 
\K{x, y) - K{x, y')\ < C ^ \^ ^ vl > 2|y " v'l 

\x y\ 

By the Calderon-Zygmund theorem, any such T is also bounded on L^(R'^) provided 1 < p < 00. 

Lemma 8.1. Let 1 < p < 00. There exists S — 6{p) > with the following property: suppose cf) ^ (j)o + cjji 
where ||(?!)o||bmo(ri) < S and ||(Ai||l~(ri) < A. Then 

(8.1) \\e-^[T,b]e%^p < C{d, A,T,p)\\b\\jiMO 

for any Calderon-Zygmund operator T and b G BMO. Moreover, infpg/ S(j)) > and sup^gj C{d, A, T,p) < 
00 for any compact / C (1, 00). 

Proof. Since 0i contributes at most e^^ to the estimate, we can assume that (p = (pQ with small BMO 
norm. In particular, e'^° G Ap. We will require the following inequality involving the so-called sharp 
maximal function M"/ which is defined as 

(M«/)(x)= sup inflQI-i / \fiy)-c\dy 
Q-.xeQ ^ Jq 

where c is a constant. The optimal choice of c is c — fg \Q\^^ Jq fiu) dy. The estimate then reads (see 
Theorem 7.10 in [7]) 

(8.2) / {MfY{x)w{x)dx<C [ {M^f)P{x)w{x)dx 



for any w € Aoo with a constant that only depends on the dimension and the constants in (|7.25p . To avoid 
trivialities like / = const for which (|8.2p fails, one needs to assume Mf G LP° {M.'^) for some I < po < p. 
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The proof of (|8.ip combines the standard proof of the unweighted Coifman-Meyer bound with the sharp 
function estimate (j8.2|) . More precisely, fix a cube Q and write 

[T, b]J = -{b - bQ)Tf + T{{b - bQ)x2Qf) + T{{b - bQ)xt^.\^Q.f) 
=: Aq + Bq + Cq 

To bound M^{[T, b]f), we simply note that for any x & Q, and any 1 < s < oo, 

\Q\-' [ {\AQ{y)\ + \BQiy)\)dy < Cis, d,T)\\b\\^Mo{iM\TfnHx) + (M|/r)i(x)) 



Indeed, for A this follows from Holder's inequality and the definition of BMO, whereas for B we also invoke 
the L"^ boundedness of T for some 1 < g < s. For Cq we let yq be the center of Q and estimate for any 
2/e Q, 



ICgiy) - CQ{yQ)\ < / \K{y,z)^K{yQ,z)\\{b^bQ)iz)\\,nz)\dz 



< CII^IIbmo inf(Af|/n^(x) 



where 7 > is as above. 
In conclusion. 



M^i[T,b]f)<Cis,d,T)\\b\\BMoiiM\Tfni + {M\fni) 
The lemma follows from (18.21) and the weighted boundedness of M and T. □ 

We now apply this to prove the following lemma, which will be important in the implementation of 
the Bahouri-Gerard decomposition for wave maps. Instead of a general Calderon-Zygmund operator, we 
restrict ourselves to the subclass of Mikhlin multiplier operators which are of the form Tf = {mfY with 
m e C3(R2 \ {0}) and with 

|I?"m(e)| < C(a)|Crl"l VeeR2\{0} 
for all \a\ < 3. For simplicity, we also limit ourselves to two dimensions. 

Lemma 8.2. Suppose {</5n}$^i, {0n}^i He in the unit-ball of . Furthermore, assume that 

supp(^), supp(0;) C {e e : 2'=« < < 2*^-1} 
for arbitrary fco < fci — 4 and let u„ :— e^^^"^ ^ Then 

||P,(z;-ir(0„z;„))||2<min(2'=^-^2^) 

provided either j < ko or j > fci . 

Proof. By Lemma [7.201 for any 1 < p < 00 one has sup„ sup|j|<]^ Ap{v'^) < C{p). Set R = 2^^ and r ~ 2^° . 
If j > ki, then 

|lP,(«-iT(0„i;„))|l2 < 2-mV{v-'T{M)h 

<2-^{\\cj)n\\iyn\\i + \\yKh)<2-m 
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On the other hand, if j < ko, then 

\\Pj{v-'Ti<P^Vnm2 < f ||P,«*[r,(~A)-^^„](0X))l|2rfi 

Jo 

< [ ||p,«*[r,(-A)-^^„](0„«^))ll2di 

Jo 

<2i [ ||p,K;*[r,(-A)-^^„](0„«*J)||3di 

Jo 

<2*||(~A)-5<^„||6||(^„||2 <23r-3 

In the last hne, one interpolates between ||(— A)^^(p„||2 < r^^ and || (— A)^5(^„|1bmo ^1- D 

The following result allows us to strip away weights from T{(f>) provided they result from functions with 
frequencies which are well-separated from the Fourier support of 4>. In what follows, we use the following 
terminology from [Ij: Given a bounded sequence f := {fn}n>i C L'^, and sequence e := {£n}n>i C i?^, 
we say that / is e- oscillatory iff 

hm hmsup / |/„(^)|2de = 

R^oo „^oo J[|^|e„e(0,oo)\(i?-i,_R)] 

We say that / is e-singular iff 

limsup / |/„(C)Pde = 

n^oo J[\^\e„€{a,b)] 

for all 6 > a > 0. In what follows, we shall freely use the scale selection algorithm from Section III.l 
from [Tj, see in particular Lemma 3.1, Lemma 3.2 part (iii), and Proposition 3.4 in that section. 

Lemma 8.3. Suppose both{ipn}^^i C L^(K^) and {(j)n}^^^ C L^(K^) arel-oscillatory, whereas {'ipn}'^=i C 
L^(M^) is 1-singular. Define 

Vn := exp((-A)"^<y9„), Wn ■■= exp((-A)"^Vn) 

Then 

(8.3) iVnW„)~^T{(f>n V„W„) = V~^T{(l)n Vn) + Ol^ (1) 

as n oo. Moreover, v~^T{(j)nrin) is 1-oscillator'^^. 
Proof. By assumption, 

Hnh + WVnh + W'i^nh < A < OO 

for all n > 1. By Lemma 17.201 one has w„ G Ap and VnWn G Ap for all 1 < p < oo with Ap constants 
depending only on A and p. Now fix e > arbitrarily small. Then there is i? > 1 so that 

limsup / |^„(OpdC<e^ 

m<R-\ \i\>R] 

Fix an i? = R{e) with this property. Define <^i„ := (x[_r-i,_r]<?^)^, y^2n - Vin and 0i„ := 

(X[fl-i,fll0n)^7 4>2n 0n " 0i«- Then ||(y52«||2 + ||02ri||2 < £ for large n whence 

\\iVnWny^T{(l)2nV„Wn)\\2 + || ^T(02n l^n) || 2 < C{A,T)£ 

as well as ||(— A)^5(^2ji||BMO < Ce. Next, define 

Vjn ■= exp((-A)~5^j„) j = 1, 2 

-'^^Note that neither {i'nWn)~"'^7'('i/>„ nor ""^T^CV"" iii general 1-singular. 



160 



JOACHIM KRIEGER, WILHELM SCHLAG 



By Lemmas ESQ] and EH 

WiVnWny^Tic/iinVnWn) - (wiTi^n)" ^7'('/>ln Win Wn) |1 2 

< / \\{WnVinV2ny^[T,{-Ay'^tp2n]{4'lnWnVinVi,n)\\2dt 

Jo 

< C(AT)ll(-A)-3(^2n||BMO < C{A,T)e 

By the same argument, 

\\v-^T{^lnVn) - V^,lT{(f,ir.Vin)h < C{A,T)e 

Similarly, set 

where p > 1 will be determined later. By assumption, ||V''2n||2 — > as n — > oo. In particular, 

||(-A)~5i/,2«||bmo 

as n ^ cxD. Applying Lemma |8. II as before allows one to remove the weights W2n from (j8.3[) where 

Wjn exp((-A)"5^j„) J = 1, 2 
Hence, we are reduced to establishing that 

(8.4) ||(wi„u'i„)"^r(0i„wi„wi„) - ■i;f„^T(0i„wi„)||2 <C{A,T)e 

for sufficiently large n. For ease of notation, we shall now drop the subscript 1 from (^i„ etc. with the 
understanding that 0^ and 0„ are supported on [R^^,R] and that is supported ofi^ [p~^,p] where p > 1 
is a large number depending on e to be chosen later. Define 

V'n.low (X(0.p-i]V'«)'^, V'«,high iX[p,oo)^ny 

and write, correspondingly, w„ = Wn,iowWn,high- It is easy to remove Wn.high: 

n , low 



< 



(w„W„Jowli'Ji,high) M^^J ^ V'nJiighK'/'n Wnf«n,low'!«,Vhigh)l|2 C?* 



(8.5) < C(Ar)||(-A)-5i/.„,high||4||0„l!4 

< C(v4,r,i?)p-^ < e 

provided p is sufficiently large. Here we used that VnWnjowwl^ j^jgjj are A2 weights uniformly in < i < 1 
as well as an interpolation between and BMO to pass to the last line. For the final bound we need 
p > e"^. 

To remove w„,iow we split 

T = P<-xT + P-x<-<xT + P>xT 

where 2~^i? <C e and P<_x etc. denote Littlewood-Paley projections. Introducing an angular decomposition 
into finitely many sectors, we may assume that |^i| > |^|/10 on the support of m. Then for large A, and 
with 2"^, 

71 '^n'^n, low )ll2 < C\\{VnWn,low) ^PyxT{di[(j) 

n '^n'^n, lowj j || 2 

< C{A)fl{\\dii(l>nVn)h + ll0«ai(-A)-^„Jow||2) < £ 
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For the small frequencies P<:^\T we first recall the following standard fact: with ?/; a suitable Schwarz 
function, 

{P<-\ifg) - gP<-\f){x) = - / / fJ-'^^Myjfix - y)djg{x - sy) dyds 

Jo JB2 



(8.6) =^%a(m-V,5,<?) 

j=i 

where Lj x in the final line denotes a multi-linear expression of the form 

(8.7) L{f,g){x)= f{x-u)g{x-v)v{du,dv) 

with a measure u of mass bounded by some constant (in this case uniformly in all parameters) . Using this 
notation, one has (since ||i'^^||oo < C{A,R)) 

\\{VnWn,lowy^ P<-\T{(l)n Vn'WnJow)\\2 < C*!^) 1 1 ^"«]ow^(^<- > l*?^" Wn)w„Jow)||2 

2 

+ C(A)^"i ^ |ju;;^]^^r(Lj- a(0„w„, w„jow9i(-A)-^„jow))|!2 

^■.In+IIn 

To bound /„, note that since we may take /i < i?^^, one has P<_-\{4>nVn) — P<-x{4'n{vn ~ !))• Hence, by 
the boundedness of T relative to the weight w„^iow and Bernstein's inequality, 

||/n||2 < \\P<-x{KVn)h = \\P<-x{M^n - l))h < C/i| | P<- A (0„ (f « - l)||l 
<C/i||0„||2||f„-l||2<e 

for A 3> 1. Next, in view of (18. 6p . //„ is bounded by (using Hfnlloo < C{A,R)) 

C{A)^Jr^ / / //^|V'(My)| |My|||'/'n(- - y)w«jow(- - sy)w;;;}„^(-)V(-A)~5'0„jow(- - s?/)|| 2 dyds 

< C(A)^"i||0„||2||V(-A)"3^„.iow||oo / / ^J''^\i^{^J■y)\\^^■y\\\wn,\ow{■ - sy)w~\^^{-)\\ dyds 

(8.8) < C{A)^,-^p-' f + ^,\y\)-^ (1 + |y|/i)'=(^) dy < e 

for some constant k{A) > provided we choose p such that p^^e^^ ^ p. To pass to the bound in 



assume first that \y\p < 1. Then with hn '■— (—A) ^^n,iovj so that w„jow = e''", 

^n,low {x 

2^)^ri.iow(^) - "sxp (|y||!V/i„||oo) < exp (C/i V ^) < e*^^ < 2 

where we used that 

||V/i„|U < ||V(-A)-5V„,io^||o, < Cp-^ 
This implies that on scales < /i^^, the weight Wn^iow is essentially constant (up to multiplicative constants). 
Next, observe that for all cubes 

\ihn)Q-{hn)2iQ\<C\\K\\BM0i<CiA)e >0 

Hence, partitioning into cubes of side- length p^^ one obtains that 
(8.9) \K,{y) - K{y')\ < C{A) log(2 + |y - y'\p) 

whence 

supm„^iow(a; - y)w-lJx) < C(A)(1 + lyl^)"''^) 

X 

as claimed. 

Note that the previous estimates on P^^xT and Py\T also prove that 

\\v-'P<^xT{cj,„V„)\\2 + \\v-'P>xTi(bnV„)\\2 < S 
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Therefore, it remains to prove that 

n '^n J 1 1 2 _ ^ 

where 

(8.10) Tx := P-x<.<xT 

is the operator on intermediate frequencies. Since Tf — {mJY with m e C^iJS? \ {0}), we conchide that 

Px<.<x-^Tf{x)= f Kx{x~v)f{v)dy 



with |i4rA(2^)| < C(A)(1 + \x\) ^. Now, with /i„ = (—A) sVn.iow as above, and M denoting the Hardy- 
Littlewood maximal operator, 

II v^n^n, low n '^n'^^n, low 

< / \\{Vnwl,^lo^)~^[T\:K]{(t)nVnwlj^^)\\2dt 

Jo 

<C{A,X)p--^ I ||K<i„„)-iM(0„i;„«;Li_)||2dt<C(A,A)p-^ 

Here we used that the kernel of [T^, is of the form Kx{x,y){hn{x) — hn{y)) and satisfies the bounds, 
of. (mi), 

\Kx{x, y){K{x) - K{y))\ < C{A, A) min(p-i|a; - y\, \x - y\-'' log(2 + \x - y\)) 

whence 

\[Tx,h„]f{x)\ < C{A,X)p-iMfix) 
Taking p sufficiently large (depending on e, R, and A) finishes the proof of (|8.3p . Lemma [8?2l now implies 
that v~^T{(f>nVn) is 1-oscillatory. □ 

The following statement will be an essential technical tool for the Bahouri-Gerard method in the context 
of wave maps into hyperbolic space. As before, T is a Mikhlin multiplier operator. 

Corollary 8.4. Let {fn}'^=i C L^{R'^) satisfy sup„>i ||/n||2 < A < oo and define y„ — exp ((—A) fn) ■ 
Let Aj := {Ari.j}jj_-^ be sequences of positive numbers for each 1 < j < J with the property that 

(8.11) lini (Ali + ^l^oo 

n^oo L A„ jv A„ J J 

for any 1 < j ^ j' < J ■ Assume further that 

J 

fn = ^ ^ 'PnJ + 

i=i 

where {^n,j}^=i C L^(M^) is A j -oscillatory for each 1 < j < J , {(^nl^i is Aj -singular for every 1 < j < 
J, and sup„>i ||w„||^o^ <S. 

Then {y:^^^ T{ip,ij y^)}'^^^ is Aj-oscillatory, {y^Y^ T(w„ 2/„)}^^^ is A^- singular for each I < j < J, and 

(8.12) limsup||2/-ir(c^„y„)|l^o <C(A,T)(5 



where the constant C(A, T) only depends on A and T . 
Proof. Define 

Vn,j := exp((-A)"5(^„^j), Wn ■■= exp((-A)~2tj„) 

so that yn := w„n/=i'"n,i- % Lemma[H31 both {^nj ^ifn,jVn,j)}'^^^ and {y^^ T((^„j j/„)}^^^ are A^- 
oscillatory. Now suppose {V'nj^i is an arbitrary A^ -oscillatory sequence where 1 < j < J is fixed. Then 
ujn ■= yn^ Tiunyn) Satisfies 
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By Lemma {UnT* {'tpnyn^)}'^=i is A j -oscillatory whence 

lim {0Jn,^n) = 
n — *oo 

Therefore, {ujn}'^_^ is A^-singular for each 1 < j < J. 

For the proof of (|8.12p . we first note that passing to a subsequence if necessary, (jS.lip implies that we 
may assume that 

n.J 

for all large n whence for any 1 < j < J — 1 

(8.13) ^^^oo 

An,i 

as n ^ oo. We also note that 

J 

I]ll<y=n,jll2+lkn|l2<^'+o(l) 
J = l 

as n ^ oo. Now we let m > 10 and > 10 be integers (to be determined later) and define 

IfinJ := V'nj X[2-'"<|C|A„,,<2™] 
J 

As in the proof of Lemma [5751 

(8.14) \imsup\\y-^T{wnyn) - yn^T{wnyn)\\2 < C{A,T)6 

n — )-oo 

provided m is chosen large enough and irrespective of the choice of ii' > 1. We will now fix m so that (|8.14p 
holds. It therefore suffices to show that 

(8.15) limsup sup IIP, [y-^T{w^y„)]\\2 < C{A,T)5 

provided K is chosen sufficiently large. The idea behind (|8.15p is that t«„ behaves like a lacunary series, i.e., 
each Wn is the sum of functions whose Fourier supports consist of disjoint blocks which are very strongly 
separated. In addition, the ipn,j are Fourier supported on intervals which are well separated from the 
Fourier support of Wn . It will turn out that for each j ~ up to negligible errors as if ^ oo - only one block 
of frequencies from Wn (namely the one containing 2-') contributes to Pj [y~^T{'Wn ijn)] and, moreover, only 
those (pn.j with frequencies much smaller than 2^ matter. In this way, we can then essentially pass Pj 
onto Wn- 

To establish (|8.15p . we introduce some more notation: set 

J 

i=i 

and define [T, ■(/'«] iteratively via 
Then 



(8.16) y-iT(7i)„y„) = ^i[r,V„]^'^m 



, _.W,7,. 

a' 

=0 



•17) f\i-try-nT,i'n]^''-'\wnyi)dt 



s 
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Denote the remainder in ()8.17|) by Rn.s- To bound it in L^, note that |jV'n||oo < CmJA with some absolute 
constant C. Therefore, placing ipn, Vn, and in L°° yields for all n > 1 

CmJA /Cm JA\s 

||i?„..||2 < ^—-ACmJAY+'Ww^h < e<^^'^^(^^^) =: 7, 
(s + Ij! V s / 

which clearly goes to zero as s 00. In particular, 7s < (5 for large s. We now turn to the details of the 
analysis of the main terms in (I8.16p . First, one has Wn = X]j=o ^"j" "where 



Wnfi 
Wn.J 



Wn X[2^f™<|C|A„.j<2-'f'"] Vl<j<J-l 
Wn X[2^f™<|C|A„.j] 



with n large. Then 

(8.18) ^ i [T, V„] ^« - E E 7i V^"] 



J s 



e=o j=o e=o 

where we have set, for each < j < J, 

l<fe<i j<k<J 



We shall now show that for a given Wn.j only the small frequency part of ^n,j, i-e., V'i j\ contributes 
significantly to the commutators in (|8.18p (at least for very large K). To this end write 

[T,^S + ^S](^'^[T,^y](^^+E[[---[^'^S^]' ^n^i 

s 

(8.19) ~ ^nj,£ + T^n,j,l 

where the sum here runs over ^-fold commutators with each Sk — ±, the choice Sk = — for all 1 < fc < ^ 
being excluded (as it is represented by the first - and main - term on the right-hand side). Next, observe 
that for each 

1 



l<e<s:= 2(^"i)"' 

- - 100 



(8.20) 

one has, for each I < j < J and every k Z, 

In fact, this vanishes unless 2^"-2;)^-i < 2^ < 2-Jf™+2 A,;^^.^;^. Writing 



J s 



.21) 



Pk E = E E ]\^n,,,iPk-2 



j=0 £=0 
J s 



<-<fe+2 



(8.22) + ^fe E E ^^»J,^^fc-2 <-<fe+2 Wn,i 

j=0 1=0 

it follows from (|8.13p that for all sufficiently large n > no depending on K, m, at most one term in (|8.2ip 
can be nonzero for any choice of /c e Z. Applying the decomposition (|8.16p and (|8.17p with ^pl^ j instead 
of ipn to ([S:^ yields 

II ^ 1 _ II 1 

SUp||PfeEE £!^"J'^^'^^2< <fe+2W„j ^ < sup sup II J^K,n,jlPk-2<-<k+2 Wn 



j=o e=o 



2 kGl,0<j<J 



< sup sup ||e '^'i-^T(e'^o." Pk-2<-<k+2Wn.j 
k^10<3<J II 

<C{A,T)\\w^\\go +"fs<C{A,T)5 
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To pass to the final bound, we note that 7s < <5 provided K is chosen sufficiently large. We also used that 

the weights e'^j." £ A2 with A2 constant < CA uniformly in j, n, cf. Lemma [8.11 As for (|8.22p . we make 
the following crude estimate for the l-io\d commutator as in (|8.19p 

||[[- • • ^S^], . . ■.^t^]wnA\2 < C(T)(CmJyl)^-i||^i+)||4P„,,||4 

It arises by placing one V-ij' in L*, aU other V'i':}^ in L°°, and w„j in L^. By Bernstein's inequality, 

\\wnAi < C(2-^"A„,,+i)"^|ji5„,,||2 < CA2-^™/2A;j+i 
whereas by interpolation between the and BMO bounds, 

USh<CAT"/'xi,+, 

whence 

||[[- ■ ■ [T,i'l:,]\ i^iil ■ ■ • >i:?]^n,,ll2 < C(T, A)(CmJA)^-i2(i-^)™/2 
Hence, the error resulting from (|8.22p can be made as small as we wish by taking K large and we are 
done. □ 

In what follows, we call sequences C M"*" as in Lemma [8.41 pairwise orthogonal iff they satisfy (|8.1ip . 
The following auxiliary Lemma 18.51 strengthens the result of Lemma 18.31 by replacing with B2 i , but 
under slightly different conditions. As before, T is a Mikhlin operator. 

Lemma 8.5. Suppose {(/Jnli^i, {(/'nlJ^Lii {'0n}^i unit-ball of L^. Furthermore, assume that 

supp(^), supp(0„) C {1^1 < 1}, supp(i/'„) C {1^1 > 1} 

Define 

Vn ■■= exp((-A)"2(p„), Wn ■■= exp((-A)"2?/i„) 
Then given £ > there exists S > such that 

(8.23) \\iVnWny^T{(f)nVnWn) - V~'^T{(l)nVn)\\r,o <£ 

II "-°2,1 

(8.24) II [{VnWnr^T{(l)^ VnWn) " V-^T{(j>n W„)] ||^ < £ 

for all sufficiently large n provided 

(8.25) limsup ||F<fco'(/'n|lBO <S 
where ko — ko{T,e) is some positive integer. 

Proof. Since (|8.23p implies (|8.24p it suffices to prove the former. As before. 



(8.26) (VnWn) T(0„U„W„)-U„ T{4>nVn) ^ / (w«W„) [T, (-A) ^ ■>Jj„]{(j)n VnW„) dt 

Jo 

We now estimate the i^-norm of this expression localized to frequency 2^ . First, we consider the case 
j > 0. Then, with j/„^t :— w„wjj, and using Bernstein's inequality, one has the bound 

||F,(y-][T,(-A)-^„](0„2;„,,))ll2<2-i^"||P,V(j/-][T, (-A)-^„] (0„ y™^,)) II f 

(8.27) <2-i-'||V(y-j)[T,(-A)-^„](0„y„,O|||+2-i^||y-j[T,(-A)-^„]V(0„y„^^ 

+ 2-i^||y-J[r,V(-A)-^„](0„2/„,O|l| 
Since uniformly in < t < 1, 

yn^t^y-} = -{S/{~A)-i^n + iV(-A)-^„) = Oi2(l) 

we can further estimate 

||V(y-j)[r,(-A)-3V.„](0„y„,OI!3 < ||y-j[T,(-A)-^„](</.„y„,0|^ 

<||(-A)-^„||i2|l0„|li2<l 
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To pass to the final bound, the term involving ipn is estimated via an L^-BMO interpolation, whereas the 
(pn term is controlled by Bernstein's inequality. The other two terms on the right-hand side of ()8.27p are 
estimated similarly. As for the case j < 0, Bernstein's inequality yields 

||P,(y^j[T,(-A)'^„](0„y„,O)||2<2*||P,(y^j[T,(-A)-^„](0„y„^^ 

<2i\\{-A)-hjeUn\\2<2i 
To obtain (|8.23p , it suffices to show that for every £ > 

||(w«w„)~^T((/)„v„w„) - i;^^r(0„u„)||2 < 
for large n. Indeed, combining this bound with the preceding then implies 

\\{VnWny^T{(f>nVnWn) - W,7^T(0„ t;„) ILq < £^ log £ 

II "-°2.1 

which is more than enough. To this end, fix a large enough a, and let Wn — Wn.\oviWn,\i\^\i where Wn,\aw '^ov- 
responds to J^^^[X[|^|<a]'0n] and i(j„^high to JF^^[;)(;[|^|>^]-0„] (with sharp cut-offs) . By ()8.28|) and Lemma l8.H 

\iVnWnY^T((i)nVnWn) - (f nt«n,high) ""^T(0„ W„,high) 1 1 2 < C {T)\\T^^[x[\(^\<a]'4^n]\\ ^ 

whereas 

S\Xp\\v~'^T{cj)nVn) - (w„ W„,high)~ ^ T(0„ W„,high) 1 1 2 < C{T) 
n 

by the same argument as in (|8.5p . Choosing a so that this final bound is < £ defines both fco(r, £) and 5. □ 

Clearly, one has the following limiting statement. 
Corollary 8.6. Suppose {Vn}^i, {0n}^i, {V'niJJLi *^ unit-hall of . Furthermore, assume that 

supp(^), supp(^„) C {|^| < 1} 

and 

(8.28) supp(V^;) C {1^1 > 1}, lim / |V^(^)|2d^^0 

"~'°°"'l«l<a 

for each a > 1. Define 

Vn ■■= exp((-A)"^(/?„), Wn ■■= exp((-A)"^„) 

Then 

||(w„w„)~^r(0„u„w„) - u,7^T((?!)„w„)|Lo 

II "-°2,1 

II V"^ [(w„W„)~^r((/)„ VnWn) - W^^r(0„ Vn)] \\^ 

as n — > CO. 

9. The Bahouri-Gerard concentration compactness method 

In this section, we execute the scheme that was sketched in the introduction. We shall follow the five 
individual steps which we outlined there. 

9.1. The precise setup for the Bahouri-Gerard method. As far as the concentration compactness 
method is concerned, our goal is to demonstrate the following main result. 



its energy 



E 



Q=04,2 



To,Ti) 


X K2 _ 




be a 


(1 




2 

+ 


day 


') 




y 


LI 


y 





^ E <oo. 



there is a an increasing function C (E) : with the property 

IIV^IIs((-To,Ti)xR2) < C{E) 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



167 



We refer to the derivative components of u with respect to the standard frame (y9x, y9y) as t/)^, i = 1,2, 
a = 0,1, 2. We also use the complex notation (j)a := + We shall refer to a wave map as admissible, 
provided its derivative components at time t = 0, (f>a{0, •) lie in the Schwartz class. Finally, for wave maps 
of Schwartz class as before, we denote the Coulomb components by 

The energy is then given by 

a=0,l,2 a=0,l,2 

To prove Proposition [^31 we proceed by contradiction, assuming that the set of energy levels E for which 
it fails is nonempty. Then it has an infimum Ecrit > by the small energy result. We can then find a 
sequence of wave maps u" = (x",y") : {—Tq,Ti) x ^ H'^ with the properties 

• lim„^oo E{u''^) = Ecrit (these energies approach Ecrit from above) 

• lim„^oo ||V^"||s((-To",Ti")xE2) = oo. 

We call such a sequence of wave maps essentially singular. It is now our goal to apply the Bahouri-Gerard 
method to the derivative components of a sequence of essentially singular data (/)„(0, •). 

9.2. Step 1: frequency decomposition of initial data. We consider wave maps u : R^+^ ^ H^, with 
Schwartz initial data. Here H'^ stands for two-dimensional hyperbolic space which we identify with the 
upper half-plane. More precisely, introducing coordinates (x, y) on H-^ in the standard model as upper half 
plane, and expressing u in terms of these coordinates, we assume that x, y, (?tx, dty are smooth, decay 
toward infinity in the sense that 

lim (x(a;),y(a;)) = (xo,yo) e 

\x\ — ^C30 

and such that the derivative components 

,1 9„x 2 n 1 o 

<pQ = — , 'Pa = —^^ a = 0,1,2, 

are Schwartz, all at fixed time t = 0. We make the following 

Definition 9.2. We call initial data {x, y, 9fX, 9ty} : ^ x TH^ admissible, provided the derivative 
components 0^ are Schwartz functions for any a = 0, 1, 2 and k = 1,2. 

We note here that the property of admissibility is propagated along with the wave map flow on fixed 
time slices, as long as the wave map persists and is smooth. This follows from finite propagation speed, as 
well as the small-data well-posedness theory. We recall that the energy associated with given initial data 
at time t = is given by 

E-= f E [{cl^lf + {&]dxidx2 

We now come to the first step in the Bahouri-Gerard decomposition of a sequence of initial data, cf. [T]. 
More precisely, we wish to obtain a decomposition of the derivative initial data which is analogous to 
the one of [T]. An added feature for wave maps, which does not appear in [Ij, consists of the fact 
that the decomposition has the be performed in such a way that the individual summands in it are 
themselves derivatives of admissible maps. This requires some care, as the requisite condition is nonlinear, 
see Lemma 19.31 below. In what follows we write (j)a := 0^ + i^^, any additional superscript referring to 
the index of a sequence. 

Lemma 9.3. The complex-valued Schwartz functions 4>a, a = 1, 2, correspond to the derivative components 
of admissible data u : ^ iff 

(9.1) dk<i>,-djc^k = 4>l<fij-4>l4>]. k,j = l,2 

are satisfied. 



168 JOACHIM KRIEGER, WILHELM SCHLAG 

Proof. The "only if" part follows from ^TQ, ^1}. For the "if" part, note first that we get 
(9.2) dk^] - d,4>l = 

for the imaginary parts of 4>j and (j)k ■ This implies that 

y 

for a suitable positive function y : M'^ ^ which is unique only up to a multiplicative positive constant. 
We can rewrite (19.11) in the form 



(9.3) dkiy^])-d,iy^l)^0, k,j^l,2 

which in turn implies that 

y 

for a suitable function x : R'^ — > R. To understand the behavior of (x, y) at infinity, we observe the 
following: from (|9.2p . 

/oo 
(fh{xi,X2) dxi = 
-oo 

which implies that the integral does not depend on X2 and therefore is, in fact, zero. Similarly, 



'2 

oo 



(j)l{xi,X2) dx2 ^ V xi e 



It follows that y tends to the same constant at infinity irrespective of the way in which we approach 
infinity. Without loss of generality, we may set this constant equal to 1. From (j9.3|) one further sees that 



y(j)l{xi,X2)dxi= / y(t)l{xi,X2)dx2^0 

whence x approaches a constant Xq at cxd. □ 

Now for the first step in the concentration compactness method, which is the Metivier-Schochet scale 
selection process, see [21] and Section III.l of [1 . As already explained above, the difficulty we face here 
in contrast to [li] is that we need to make sure that the pieces we decompose the derivative components 
into are geometric, i.e., they are themselves derivative components of maps R^ ^ H^. Section [5] provides 
us with the tools required for this purpose. 

Proposition 9.4. Let {x„, y„, 9tX„, 9ty„}n>i be any sequence of admissible data with energy bounded 
by E and with associated derivative sequence {<j)^}n>i, ct = 0,1,2. Then up to passing to a subsequence 
the following holds: given S > 0, there exists a positive integer A = A{S, E) and a decomposition 

A 

in \ ^ ina , nA 
o=l 

for a = 0, 1,2 and n > 1. Here the functions (jf^ , 1 < a < A are derivative components of admissible 
maps uj^ : ^ , and are X^-oscillatory for a sequence of pairwise orthogonal frequency scales {AJ^}„>i 
while the remainder w^" is X^- singular for each 1 < a < A and satisfies the smallness condition 

supIK-^IIbo <5 

n>l 



Finally, given any sequence Rn — > oo one has the frequency localization with fi'^ := — logA" 
(9.4) sup llPjClb < Si?«2-3lJ-^"l VjeZ 

a=0,l,2 

for all 1 < a < A and all large n. 



n' 
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Proof. We omit the time dependence in the notation, keeping in mind that everything takes place at initial 
time t — 0. As in Section III.l of [T] one obtains a decomposition 

A 

(9.5) C=E'^""+<^' " = 0,1,2 

where the functions g L^(M^) are AJ^-oscillatory for suitable pairwise orthogonal frequency scales 
{■^n}n>i for all 1 < a < j4. Moreover, there is the smallness 

~.nAn _ <J 



We now restrict to Fourier supports of these functions. Pick a sequence R„ —> oo growing sufficiently slowly 
such that the intervals [(A^J^^i?^^, (A°)^^i?„] are mutually disjoint for n large enough and different values 
of a. Then we replace w"^^ by 

A 

a=l 

where := — log A°, while we replace each (^"°, 1 < a < A, by 

We need to make i?„ increase sufficiently slowly so that the second term here remains A"-oscillatory. Then 
the new decomposition, which we again refer to as 

A 

in \ ^ Tna , -nA 

a=l 

has the same properties as the original one with the added advantage of the frequency localization around 
the scales (A°)^^. In particular, since the (l)^. are Schwartz functions, one concludes that the 0™ have the 
same property which means that the components (f)2°' are admissible, and so is w^/^. 

In order to prove the proposition we need to show that we can replace the components (j)'^"' by components 
(f)^'^ which actually belong to admissible maps u"° : ^ up to a small error (which again can be 
absorbed into w"^^). Note that the a = component does not present a problem here. For the a = 1,2 
components, however, we need to ensure that the compatibility relations (j9.ip hold. Continuing with the 
proof of the Proposition [HUl we notice that 

for the coordinate functions (x", y"). In turn, these identities imply that 



if 

fe=l,2 k=l,2 



These relations shall allow us to replace (|9.5p by a "geometric decomposition" . Indeed, we simply substitute 
the decomposition (|9.5[) to obtain 

A 

^in^^(yn)-i ^ A-iafe9,[0i"V"] + (y")-' E A-i9,9fe[u'i"V] 



a=l k=l,2 /c=l,2 

A 



a=lk=l,2 k=l,2 

This suggests making the following choices: 



k=l,2 
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and then defining 

^ina _ (yna)-l ^ l^-^ d^dS'^'y^. '= E ^~'d,dk^l" 
k=l,2 k=l,2 

JnA ._ 

- I 

k=l,2 k=l,2 



as well as 0"" := w""^ := Clearly the components ^^""^ are now geometric 

in the sense that they derive from a map into hyperbolic space; in fact, they are associated with the maps 
given by the components (x'"^, y'"^). The proof is now concluded by appealing to Lemma[H21 Corollarv l8.41 
and Lemma [8.31 For the final statement, note that by Lemma r8.2[ the "geometric" components (^JJ" are 
also frequency localized to the interval — logi?„, /zj^ + logi?„] up to exponentially decaying errors. □ 

As an immediate consequence of Proposition 19.41 one obtains that 0^""^ , w*^"^ , A: = 1,2, are asymptoti- 
cally orthogonal (where 0]"° — Ret/)"'^ and (/)|"° = Im(/)™). 

We now make some preparations for the second stage of the Bahouri-Gerard procedure. More specifically, 
we shall have to pass to the Coulomb gauge components, tpa, and transfer the above decomposition to the 
level of these components. One can split 

A 

a=l 

However, the components 

are not the Coulomb gauge components of a suitable wave map, and should ideally be replaced by 

Due to the lack of L°° control over the exponent, this cannot be done without further physical localizations. 
Nevertheless, we can state the following fact. 

Lemma 9.5. The components 



are X^-oscillatory and X'^-singular, respectively, for each a and we have 



where 6 is as in Proposition\9.4 



UnA^-^T.k = ^,2^-'^k4^l"U < (5 



Proof. We may assume = 1 by scaling invariance. Given any e > 0, we can choose ko large enough 
such that 

limsup||P[_,,,fe„]cC^e-'^'=-i^^^"^'=^"|U. < e 

n — *-oo 

Next, for ki > /cq + C, consider the expressions 

P<-kdPl-koM]<f>Te-'^^-^-^^''^''^''l. PykdPl-koMl^Te-'^"-^^'^'"'''''^^"]. 
Start with the first expression, which we write as 

j = l,2 k=l,2 

Using Bernstein's inequality, we can then estimate 

\\P^^kdPl-koM,]^T E ^-'d,P[-k„M]iH E A-i9,afe0i"]e-'^-i.^^"'^'=^"')]|U. 

■^kn — ki II D J.na ii ii iln i 
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provided we choose ki sufficiently large in relation to fco- The estimate for the second term is more of the 
same. Next, consider the "tail term" 'u;JJ^e~'^'==i.2 9k'l>k" ^ That this is A°-singular for each 1 < a< A 
follows from the preceding via duality. It therefore remains to estimate its || • || go -norm. We localize this 
term to fixed dyadic frequency ~ 2'' 

and estimate the three terms on the right separately: first, we have 

< \\Pi,-io.,+io]{w-J)\\l^ < IK^bo^ < 5 

Next, 

||P,[<^P[,.io,,+io]e-'^'=-^^^"^''^^"]|U. 

= ||PjP<,+io«^)P[,-io,,+io]e-'^'=--^"^''^^"]|iL= 

= l|pJp<,+io<-' J2 A-ia,P[,_io,,+io](H E A-ia,afe<^i"]e-^-,^^"^^''*"')]IU. 

j = l,2 fe=l,2 

< 2-^|iP<,+i„<^|U^||0i"|U. < < s 

where Bernstein's inequality was used in the last step. The third term in the above Littlewood-Paley 
trichotomy corresponding to high-high interactions, is treated analogously and omitted. □ 

By letting A ^ oo the construction of this section yields an infinite double sequence {4'2°'}a>i- For 
later reference, it shall be important to construct "partial approximations" of the components 0„ in terms 
of the Specifically, for / C {1, 2, . . . , A}, we let 



Then reasoning exactly as in the preceding, and employing the same notation as there, one obtains the 
following statement. 

Corollary 9.6. Let 



Then for a £ I 



In particular, we have 



plna 

fc=l,2 



E = ^ + (1)' E = ^ + (1) 

9.3. Step 2: frequency localized approximations to the data. Given an essentially singular sequence 
u" with derivatives (f)^, Proposition 19.41 vields a new essentially singular sequence 0^ with the following 
property: for any A > 1 (recall the 4>2"' are defined inductively) 

A 

c = E'^r+<^ 

a=l 

Given Sq > 0, there exists A > 1 so that Hw^'^H^o < 5q for large n. In addition, we assume that for 
each n, the energy X]a=o II'?^q°II2 nonincreasing in a. In what follows, wc will use smallness parameters 



172 



JOACHIM KRIEGER, WILHELM SCHLAG 



Figure 5. Atoms and the Besov error 



1 ^ eo ^ Si ^ So > 0, each of which wiU eventuaUy be chosen depending only on the energy of the initial 
data. 

Ultimately we wish to show that there can only be a single frequency block, i.e., A = 1, and furthermore, 
that the energy of this block converges to the critical energy Ecrit as n — > oo. Thus we now use the 
following dichotomy: 



We have A = 1 and lim„^oo Sa=o i ' 



E. 



'crit • 



• The previous scenario does not occur. Thus, for a suitable subsequence 

limsup UTWh < Ecrit - S2 

c«=0,l,2 

for some ^2 > 0, and all a. 

If the first alternative occurs, then continue with Step 4 below. Hence we now assume that the first 
alternative occurs, in which case we will show that the sequence u" cannot be essentially singular. We 
may of course assume that for each 1 < a< A, 



hminf IIC"IU|>0, 



a=0,l,2 



as otherwise we may pass to a subsequence for which the may be absorbed into the error w^.^. The 
issue now becomes how to choose the cutoff A. Due to the asymptotic orthogonality of the 



as n ^ 00, 



and for each a = 0, 1, 2, 



lim Y limsup llClli^ =0 

a>Ao 



For some absolute £0 > which is small enough, in particular smaller than the cutoff for the small energy 
global well-posedness theory, we choose Aq large enough such that 



limsup llClli^ <£o, 



a>Ao 



and then put A = Aq. Thus we now arrive at the decomposition 



a=l 



+ W, 
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We may further decompose 

A 

a=Ao+l 

with the smallness property 

E E \\ra\\li<eo 

a>Ao+l a=0,l,2 

By adjusting A, we can further achieve 

2,00 

for any given (5o > 0. 

Re-ordering the superscripts if necessary, we may assume that the frequency scales (A°)~-^ of the <?!)JJ" are 
increasing with 1 < a < ^o- The error term wJJ^" may be written as a sum of constituents 

w2 «=Wc« " +Wa " +... + Wa° +0^,2(1) 



which satisfy the property that 

iA'-''^ 

+L„<<ii^-L 



(9.6) Wa " =0-i + r ° as n^oo 



with — log and a sequence Ln ^ oo which increases very slowly. This can be done since u/^ is 

A5^-singular for each 1 < a < Aq. Thus the; frequency support of Wa ° is contained in the annulus 



(A^)-ie^- < 1^1 < (Ari)-ie-^", (A°)-i := 0, (A^ ° ■- 



DO 



Figure 5 above is a schematic depiction of the situation Aq = I with a unique large atom on the right, but 
with two smaller atoms on the left which are too large to be included in the Besov error (the three bumpy 
curves between the atoms). More precisely, w^"^" consists of the four small curves between the atoms, and 

Wa ° is the sum of the three curves to the left of the big atom together with the two small atoms, and 

Wa " the one to the right of the big atom. 

Note that if we refine the frequency decomposition, i.e., increase to A^*^^ > Aq, then the components 



wZ^" are decomposed into 



(fc) 



Wo 

3 

for suitable G [Aq + 1,A^''^. In Figure 5 one has j = 1,2 for fc = corresponding to the two small 

atoms to the left of the large one. We may again assume that the are increasing in j and have frequency 
support with increasing value of |^|, for each k. Furthermore, we have 



limsup E E II ^""^ II < ^0 



a=0.1.2 



by asymptotic orthogonality and the choice of Aq. Our first goal, to be dealt with in the following section, 



is to control the nonlinear evolution of the minimum frequency components . The idea behind this 

is as follows: due to the energy constraint 



(0) 



„ nA^°^ „ 
limSUp||Wc< ° II 2 < Ecrit, 
n— *oo 

nA^^^ C nA^ ) 

we may subdivide " into finitely many pieces be means of frequency localizations jP/^Wa °}i<.e< ^°°°^':'-" 

— — eo 

such that the dyadic intervals Je are disjoint, with U^J^ = (— oo, (A^)~^e~^"), and furthermore 

II nA<°\i 

\\Pj,Wa° < SO W 
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Recall that (A,\) ^ is the frequency scale of the first frequency atom (f)^^. In particular, this means that 



nA 

the frequency localized pieces Pj^Wa ° should be treatable via a perturbative argument. More precisely, 
we shall run an induction in ^ on a sequence of approximating maps with data 

i<j<i 

As always, we face the issue at this point that these gauged components are not necessarily admissible, i.e., 
they are not given by derivative components of maps ^ . In order to apply the perturbative theory 
we shall need to show that they are close to such admissible data. This in turn follows from Lemma [531 
provided we chose the intervals Ji carefully; for this it is essential that the endpoints of these intervals do 
not fall onto one of the 'small' atoms 4>2°'. Otherwise, condition (|8.25p would be violated. In detail, this 
is done as follows. Recall that the Jj are chosen to be disjoint and such that 

Wa ^ ^PjjWa , sup \\Fj^Wa ||^2 ^0 

On the other hand, upon refining the Bahouri-Gerard frequency decomposition applied to Wa " , we can 
also write 



(9.7) Wa ° = 2^ 0„ ^ 

J>1 

Here A'"^ > ^q*''' is chosen such that ||u'q'^*"' ||^o <C (^o for some constant (5o > which is to be determined, 
while the af^ are certain indices in the interval [^q""*, A^'^^\. Our choice of Aq ensures that 



V^IU"S l|2 

limsup2_^ ||0Q 11^2 < eo 
Now, to choose the Jj, pick for each of the 0a ' (which are finite in number) a frequency interval 



[(A:^"'i?f)-\(Af )-ii?fi 



with i?^^'' large enough such that 



(9.8) limsup||P ^(0) _^(o) ^a' ||r2<'5o, 

n^oo [log(A„^' )-i-log_R.<"',log(A„^' ) - 1 +log _R,<°>] 

which is possible due to the frequency localization of the atoms ^ ■ Here > is a sufficiently small 
constant such that — bQ(Ecrit ■, £o)- Picking n large enough, we may assume that the intervals 

[(A?i?fV\(AfV^<^] 
are disjoint. We can now exactly specify how to select the Jf inductively, assume that 

Ji = [ai, . . . , Jfe_i = [flfc-i, 

have been chosen. Then pick — [afc,6/c] such that Ofe — bk-i and such that the integer bk is maximal 
with the property that 



Q=0,l,2 



Then if bk e [log(A„^ - logi?j"', log(A„^ + logUf^] for some j, we let 



6fe = log(A„^ )-'+\ogR 



(0) 
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Otherwise, we let bk = bk- The point of this construction is that if the endpoint of Jk happens to fall on 
a "small atom" which may still be too large in oo foi' o^'' later purposes, we simply absorb this atom 
into Jk- 

We can now state the approximate admissibility fact alluded to above. Recall that Rewj, " = "u^fe ° ■ 
Moreover, the constant 60 controls the Besov norm of the tails and is kept fixed. We begin with a statement 
which does not involve the Ji. 

Lemma 9.7. There is an admissible map M. — > H with derivative components $q ° such that 



as n —> 00. The same applies to the difference Wa " — ° ■ 

riA*"' IriA*"' 2nA'°'> 

Proof. Recall the relation that defines Wj ° = Wj ° + iwj ° : 



(0) 



^ 



(0) 



fc=1.2 fc=l,2 



We now claim that the components ui^ ° ,Wj ° are 0^2 (1)- close to the derivative components ' ° 
of a map, when n —> 00. Moreover, the error satisfies V~^0£,2(l) = 0^00(1). First, observe that by 

InA^oi 

Corollary [821 the component Wj ° is close in the above sense to 



fc=l,2 

Next, introduce the auxiliary map (x"'^" ', y""^t) ') : H^, with components defined by 



(0) 



(0) „Ai»K 



x'l'^o := 2^ A 9fc[t«fc ° y ], y " = e^''=i.2 

fc=l,2 

Furthermore, as before we have 

,(0) 



Wj ° = (y") ' 2^ A '9fc5j[wj^ y"], w^- " = 2^ A 'djdkw^ 



fe=l,2 fc=l,2 

and we set 9^ :— , ' — w^^' ' . In view 01 the preceding, 

as n — !■ CX3. □ 

A similar result now applies to the frequency localized pieces. This time one has to use Lemma 18.51 
Lemma 9.8. Given any 5i > Q one can choose 5q <^ Si such that for all large n 

may be approximated within 61 in the energy topology by Coulomb components 
(9.9) *Q ° ■■= e *"°^fc=i.2" 

of actual maps from ^ H^, uniformly in I. The same statement holds for the functions without any 
exponential phases. 
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Proof. This follows exactly along the lines of the proof of Lemma [9771 for the components 22j<e Pjj'^a " 
we use the approximating maps 

fc=l,2 j<l 

However, this time, the smallness of the error is contingent on the || • ||^o -norm of the non-atomic part 

of Wa " , while the contribution of the atomic part can be made small by choosing n large enough. More 
precisely, (j8.25p holds for all large n due to the frequency separation properties which we have imposed 
on the various components, see (|9.8[) and (|9.6[) . These separations become effective for large n due to the 
orthogonality of the scales involved. □ 

As a general comment, we would like to remind the reader that all constructions here are not unique; 
moreover, they are subject to errors of the form 0/^2(1) as n — > 00. 

9.4. Step 3: Evolving the lowest-frequency nonatomic part. As far as the evolution of Wa ° is 
concerned, we claim the following result. Note that we phrase it in terms of the derivative components 
that we just constructed. Once we have evolved all constituents of the decomposition from Step 1, the 
perturbative theory of Section [7| will then allow us to conclude that the representation that we obtain is 
accurate up to a small energy error globally in time. 

Proposition 9.9. Let $q, " be as in Lemma \977\ and set 

j(0) 



Then provided Eq ^ Si 60 > above are chosen sufficiently small, and provided n is large enough, 

the $a " exist globally in time as derivative components of an admissible wave map. Moreover, there is 

a constant Ci{Ecrit ) such that the solution of the gauged counterparts of these components, i.e., 4'^ " 
satisfy the bound 

sup ° ||s([-To,Ti]xR2) < Ci(£'c„t ) 

To,i>0 

Finally, ° has essential Fourier support contained in (0, (A^)^^). More precisely, for some sequence 
going to 00 sufficiently slowly, one has 

(9.10) \\Pk^l^«'\\s[k]<R-'e-^\''-'^'^\ 

for all k > ii\ = — logA,;'j and some absolute constant a. As usual, all functions belong to the Schwartz 
class on fixed time slices. 

The proof of this result will occupy this entire section. The idea is to run an induction in f on a 

sequence of approximating maps with data ^'q, " , see (|9.9p . As we start from the low frequencies, it will 
turn out that the differences between two consecutive such approximating components is of small energy 
(provided 61 3> 60 are both sufficiently small). This allows us to pass from one approximation to the 
next better one by applying a perturbative argument, albeit with a linear operator involving a magnetic 
potential. Moreover, we need to divide the time-axis into a number of intervals which is controlled by the 
total energy. A key fact here which prevents energy build-up as we pass from one time interval to the 
next, is that these approximating components essentially preserve their energy, see Corollarv 19.131 The 
approximate energy conservation, in turn, comes from the fact that these components are all essentially 
the Coulomb components of suitable maps as demonstrated in Lemma 19.81 

For the remainder of this section we drop the superscript A^q ^ from our notation since we will limit ourselves 
entirely to the low frequency part. We begin by showing that (still at time t — 0) the step from \I>^^i'" to 
amounts to adding on a term of much larger frequency, up to small errors in energy. 
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Lemma 9.10. One has 

with Wc^cf^Wh^ ^^1- Furthermore, 

with II '^^"'^'"11 ^2 < 5i. Similar statements hold on the level of the (^-components. 

Proof. In view of Lemma lO.SI we may switch from vlf^>" to the corresponding expressions involving w". For 
simplicity, write 

with gi real- valued. Since the Fourier support of fi is contained in [Jj<eJj = {—oo, bg], for any fc > 6^ + 10 
one has 

WPkifee^nh < \\nPk+o{i) <2-'=||/,|l2||VPfe+o(i)e*^1loo 

< 2-'=||/,||2||A-ii^V^lloo < 2-^-||/,||2||A-ii^V£||2 < 2''''-'=||u;"||2 



< Ecrit 2^* 



where Ecrit controls the total energy, and thus also the L^-norm of w". By construction of w^., one has 
for any L > 

limsup ||-P[6f-L,6f]Wa||2 ^ I^^^Q 
n — >oo 

Together with the preceding bound this implies that 

" 3<t 3<i 

< log[(£;c„t + l)So^]So < Si 
for small i5o- Next, observe that 

The first assertion of the lemma therefore follows from the following claims: 

• The function 

has frequency support in — [a^, bp] up to exponentially decaying errors, and we also have 
lim sup II Pj|[Pj,<e"'^" ^''=1^2 II ^3 < ^1 

• Furthermore, we have 

II ^ Pjy^n^-iKcY,k = l.2^~'^(>kT.j<iPjjW'^_ ^ Pjy^ng-i^^1Lk=l,2^~^9kY.j<e-lPjjWk 

j<i-i j<e-i 
for n large enough. 

As for the first claim, note that we have already dealt with the case of frequencies larger than bi. Thus, 
assume that j < ai~ 10 and estimate 

\\P,{Pj,w- e^^^)h<2i\\Pj,w- e'^lja <2*||Pj,^"||2||P/,+o(i)e*«||6 

< 24||Pj,u;"|l2 2-t||P,Ve*9^||2 < E,„t 2^ 

ke.Je+0(l) 



<6i 
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Furthermore, as before one can "fudge at the edges" meaning 

hmSUp II -P[af,af+L]W^ II 2 S LSq 
n — »oo 

which concludes the first claim. For the second claim we need to show 



j<e-i 



where the implied constant is absolute (not depending on any of the other parameters). However, this 
follows easily from the frequency localization up to exponentially decaying errors of 

as well as the fact that 

limsup ||P[Q^,Q^+L]u[6,-L,bf]-Pjj'i«fc < L6o 

n — >oo 

and we are done. The claim of the lemma about <& is easier since it does not involve any phases, 
cf. Lemma [9.81 and Lemma I^Tfl □ 

Our strategy now is to inductively control the nonlinear evolution of the '5^'", the Coulomb components 
of the approximation maps, starting with £ — 1 . At each induction step we add a term e^'" of energy less 
than Eq. The key then is the following perturbative result. Recall that eo > is a small constant which 
determines the perturbative energy-cutoff (it depends on Ecrit ) ■ 



Proposition 9.11. Let e^'", be as before, with 1 < £ < Ci{Ecrit ,eo)- Also, let 

of' max(^2--l-'^^l||P.Pu,,._..,<-^-|li.)^ 

for some small enough constant a > (an apriori constant). We now make the following induction 
hypotheses, valid for all large n: there is a decomposition v]/^~i^" = -j_ \]f^-i.n gQ iJiat 

(9.11) max||Pfc#i-i'"||s[fe]([-To,T,]xM^) < C^c'^t''^ 

(9.12) ||*^''"||s<C2 5i 
for some positive number C2. 

Then there exists a partition = + 5'^'" so that 

(9.13) maxllP.^-i'^IUifcid-To.T.lxM^) < C3 

(9.14) ||^'l'"||s<C3<5i 

provided 5i < 6''l — 5''1{C2) and provided n is sufficiently large. Here C3 = Cz{C2, Ecrit )■ 

It is important to note that we iterate Proposition 19.111 o( '^^^^^"t ,eo) -^ many times, obtaining the 
induction start from the small data result of ^22j. It is clear that there is some constant Su > (depending 
only on Ecrit ) such that choosing 61 < Su in each step, this proposition can be applied. This Su > 
dictates our choice of A^^^ in the decomposition 

from before, see (|9.7p . Another essential feature of the construction is that 

C7^it ) 



(9.15) \\^''^s<KiE, 

where K is some rapidly growing function of the energy. This follows immediately from the inductive 
nature of the proof and the fact that the number of steps is controlled by the energy alone. However, it is 
crucial to the argument that we do not have to make Eq small depending on the function K {Ecrit ) as we 
go through the inductive process. In other words, we have to make sure that one can fix Sq throughout. 
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The idea of the proof of Proposition 19 . 11 1 is as follows: under the assumptions (|9.1ip and (I9.12|) we can 
find time intervals Ji,/2, . . . ,/a/i, Mi ~ Mi ((72) as in Section [3 such that locally on Ij, 

-l,n ,Tr^— 1:" 



i-l,n 



L ^ ^ NL 

Here 4'l is a linear wave and 4'nl is small in a suitable sense, see Lemma 17.61 and Corollary 17.271 In order 
to control the evolution of we need to control the evolution of 



This we do inductively, over each interval Ij, starting with the one containing the initial time slice t = 0. 
At this point one encounters the danger that the energy of e^'" keeps growing as we move to later (or earlier) 
intervals Ij, thereby effectively leaving the perturbative regime. The idea here is that we have apriori 
energy conservation for the components vj/^^i'"^ vj/^."^ while at the same time, due to our assumptions on 
the frequency distribution of energy for vJ/^-i."^ g^'"^ there cannot be much energy transfer between the 
latter two types of components; more precisely, we can enforce this by choosing Si small enough. This 
means that we have effectively approximate energy conservation for e^'", whence the induction can be 
continued to all the Ij. We can now begin the proof in earnest. 



J, J, J, J, 

Figure 6. The two directions of the induction 



Proof. (Proposition 19. 1 Ijl We inductively control the nonlinear evolution of e^'". For ease of notation, we 
set £„ := e^'" and ipa '■= 5'^"^'" and for the most part we also ignore the a subscript. Note that while V 
exists globally in time, e exists only locally in time but we will of course need to prove global existence and 
bounds for e. But for now, any statement we make for e will be locally in time on some interval Jq around 
t = 0. Applying the fungibility statements Lemma FTBl and CoroUarv l7.27l to ^ generates a decomposition 
of K into intervals {Ij}f=i where M = M(eo, ||'0l|s). We may of course intersect these intervals with /q 
which we will tacitly assume. Fix one of these intervals, say /i, which contains t = Q. It will of course 
be necessary for us to pass to later intervals in the temporal sense until we have exhausted the entire 
existence interval /q. In other words, our induction has two direction, namely a temporal one (referring to 
the interval Ij), as well as a frequental one (referring to the interval J^). These two directions are indicated 
as vertical and horizontal ones, respectively, in Figure 6. 
By construction, there is a decomposition 

(9.16) ^^^i+V-wi 

where HV'lIIs < £2 ^ ^Irit ^^^^ such that H^AatlUs < £2, 

(9.17) Unl\\sUl\\s<V^ 
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Here £2 is small depending on Ecrit and with £0 <C £2 <C 1. We note the following important improvement 
over ([97T51) : 



(9.18) max|lM''='"|U(/,) <e2^i?,^Ht 

Proposition 19.111 will follow from a bootstrap argument, which is based on the following crucial result. 
Recall that Jf is the Fourier support of e(0) up to errors which can be made arbitrarily small in energy. 

Proposition 9.12. Lei V satisfy the inductive assumptions (j9.1ip and (|9.12p and let e be defined as above. 
Suppose there is a decomposition e — ei + €2 which satisfies the bounds 

||e2||s(/iXR2) < C2C4S1 

ll-Pfeei||s[/c](/ixR2) < C4dfe ykeZ 

where we define 

dk := (^2-'^l'-^l||P,,P,,6(0,.)||i.)^ 

for some C4 = Ci{Ecrit ) sufficiently large, and some small absolute constant cr > 0. Then we can improve 
this to a similar decomposition with 

C4 C4 
(9.20) ||e2||s(/ixR2) < C2 5i, |l^fcei||s[fc](/ixR2) < — dfe 

for all fc G Z. 

This proposition is the key ingredient in the proof. It asserts that the frequency profile of e at time 
t = is essentially preserved under the evolution up to some frequency leakage, which however is controlled 
by the size of the underlying Besov error. What allows us to prevent energy of e moving from high 
to low frequencies (which is the main difficulty here) are gains in the high-high-low interactions in the 
nonlinearities. Without these gains, there could indeed be this kind of energy transfer and the argument 
would break down. It is essential in Proposition l9.12l that C4 is a constant that does not change throughout 
the induction, whereas C2 does change. 

If we accept Proposition 19 . 1 2l for now, then it is an easy matter to derive the aforementioned approximate 
energy conservation. 

Corollary 9.13. Under the induction hypothesis of Provosition W. 1 1\ and assuming the validity of Propo- 
sition [KTB. one has the following: For sufficiently small Si (depending on C2 and C4) and large n, we 
have 

lkQ|li~L2(/^xR2) < £0 

a=0,l,2 

where Ii is as above. 

Proof. (Corollarv l9.13[) Due to energy conservation for the evolution of i/j + e, we have 

||'0q+Cq|Il2 = constant 

Q=0,l,2 

Similarly, we have 

Il'*/'a|li2 = constant 



0=0,1,2 

The crucial observation now is that 



llV^ + elli. =|lV|li. +|l6|li.-f2Re^ / 



Pki^Pkedx 



on fixed time slices i = tg G /i , and we can split 



[ Pk^Pk^dx^ I Pk^Pkedx+Y [ Pk^Pkedx 
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Both contributions on the right are < C4C2S1, which can be made arbitrarily small by choosing Si small 
enough. To obtain this bound, observe that the induction hypothesis and Proposition 19.121 allow one 
to transfer Lemma 19.101 to all times in the interval Ii. Cauchy-Schwarz then implies the bound of < 

dc^di. a 

Corollary [2331 allows us to keep the energy under control as we inductively pass from Ji to its successor I2 
and so forth by restarting the procedure. Indeed, since the number of the "fungibility" intervals is bounded 
by A/(eo, Ecrit ), we can make Si in the corollary so small (depending on this number) and n so large that 
even the energy of the final e is no bigger than 2eo, say. Even though we will now work on Ii , all arguments 
carried out below apply to any of the later intervals I2, 13, ■ ■ ■ as well. 

Proof of Provosition \9.1^ We may reduce ourselves to proving the statement for frequency 2", i.e., fc = 0, 
by scaling invariance. Recall that we have chosen the intervals Ij in such fashion that (|9.16p holds with the 
stated bounds. In order to obtain the desired estimates on e, we distinguish between two cases, depending 
on the size of the underlying time interval. If it is short, we use the div-curl system. Otherwise we use the 
wave equation. 

Case 1: \Ii \ < Ti where Ti > is some absolute small constant (to be specified). We shall use the div-curl 
system linearized around ip, see ()1.12|) . ()1.13|) . which takes the schematic form 

The first linear term V^jE on the right-hand side is estimated by bootstrap, choosing Ti smaller than some 
absolute constant. For each of the five nonlinear terms on the right-hand side one needs to consider two 
cases, depending on whether e gets replaced by ei or €2- 

(a) The term eiV~^(V'^); we cannot just use Lemma [7.41 of Section[7l since smallness there can only be 
enforced by choosing Ti very small, which is counter productive in Case 2, when we work on a larger 
interval. Hence we have to exploit the fungibility of the expression, which forces us to exploit the hidden 
null-structure. However, we can easily conclude from the proof of Lemma [73] that 

||Po[eiV-ip<_c(V^')]||Lf « do 
provided we pick C = C{Ecrit ) sufficiently large, and thence 

II / Po[eiV-ip<_c(^')]rfs|Uj.i2 «do 
Jo 



f Po[eiV-ip<_c(V^')] ds\\L2L2 « do 
Jo 



for t e [— Ti,Ti], and from there 



II / Po[eiV-ip<_c(V^')]d=s||s[o] «do, 
Jo 

compare (jT.lOp (provided Ti < 1, say). Similarly, one checks that the contribution of 

Po[eiV-ip>c(^')] 
is acceptable, and so we now need to force smallness for 

Po[eiV-iP[„c,c]('/'')], 

which we do by subdivision into small time intervals (whose number depends on Hi/iUs). First, we observe 
that choosing Ci large enough depending on C and Ecrit , we can force that 

||Po[eiV-iP[_ac](Q>CiV'V')]||L?., « ^o, 

and from here one can again infer that 

t 

Po[eiV-iP[_c',c](Q>Ci^V^)]ds||s[o] < do 
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for t e [— Ti,Ti], Ti < 1, say. The same applies to 

Po[Q>CieiV-iP[_c,c](^')] 

Hence we may reduce to considering 

PokiV-iPi^acilV-')] 

where we automatically assume that ip = Q<c'iV': — Q<Ci^i- Now we implement the customary Hodge 
decomposition 

First, substitute the gradient term for either factor ip, which results in the expression 

Po[eiV-iP[_ac]Q.,(V',V')] 
Now due to Lemma [4.161 etc that in case of high-low or low-high interactions inside Qi,j{ip,ip) we can 
estimate 

ll^[-ac]Q.,(^»IL?,, <IIV'I|| 
and one may then pick time intervals with the property that 

J2 \\Xl,Plk-C.k+C]Quj{'4',^)\\l2 ^ « 1 

fcez 

which ensures "fungibility" . Thus it remains to deal with the expression 

-C,C]Qiyj{P>C2'>Pi -P>C2'0)] 

and indeed in light of Lemma 14.161 etc only the case when v = needs to be considered. We choose 
C2 ^ max{C, Ci}. Note that in this case the inner null- form may have very large modulation (comparable 
to the frequency of the inputs), in which case we cannot take advantage of the null-structure. The idea 
then is to use the smoothing effect of integration over time. Specifically, we write schematically 

Po[eiV-'Pi-c,c]Q.jiP>c,^.P>c,^)] 

= Po[eiV-iP[_c,c]ft(P>cjVrVP>c,i?,V^)] 

-Po[eiV-iP[_c,c]a,(P>cjVrVP>c,PoV')] 

(9.21) = Podt[eiV-'Pi-c,c]iP>cJ^r'i^P>c.RM 

(9.22) - Po[dteiV-'P[^c,c]iP>C2M~'i^P>c,RM 

(9.23) - Po[eiV-iP[_c,c]5,(P>cjVrVP>c,i?oV')] 

Now it is straightforward to analyze the contribution of each term, keeping in mind our assumptions about 
hyperbolicity of each input. For the contribution of (|9.2ip . note that we have 

/ Poa.[eiV-iP[_c,c](^>cjVrV^>c.i?,^)]ds 
Jo 

= Po[eiV-iP[_ac](^>cjVrVi^>c.i?,^)](i, •) 
- Po[eiV-iP[_c,c](i^>cjVrV^>c.PjV')](0, •) 

and we can then crudely bound (assuming Ti < 1, say) 

IIXhT„T,] [Po[6iV-iP[_ac](i^>cjvrVP>c.P,^)](i, •) 

-Po[eiV-iP[_c,c](^>cjVrVi'>c.i?,V^)](0, « do 

This again suffices for the bootstrapping. 

Next, for the expression (|9.22p . we estimate it by 

||X[-T,.T,]i'o[9teiV-iP[_c:,c](J^>cjVrV^'>c.i?,^)]l!L?,, 

< \\dteiU^Li\\^-'P[-c,c]{P>c,M-'i^P>c,RM\LrLi 

< do 
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Finally, expression ()9.23p is more of the same (due to the hyperbolicity of the inputs) and omitted. 

The corresponding estimate for e2V~^(V'^) is essentially the same, the only difference being that one 

square-sums over the frequencies at the end. 

(b) The term ipW~^{ipei) as well as ^V~^('0e2) both will be placed in the £2 component, meaning that we 
will prove that they have small S'-norm. We start with ei. We claim that 

(9.24) \\Pom-\Pk.^Pk,e^)]hML. < 2-'^''l'=-'=^l||Pfe,Vll5[Mll^'=3eill5[fc3] sup 2-'^o\'^^\\\P,,^\\s[k,] 

for some (Tq > 0. This follows by inspecting the proof of Lemma [7.41 If \k2 — fcsl > B\ \ogdi\ where B is 
large, one concludes from (|9.24p that 

\\Po[^^-HPk.i^Pks^i)]\\Lf'Ll<C4Sf^"Ms\\eim\2 SUp2-'^"l''^il||P,,^||s[fc,] 

|fc2-fc3l>C|log5i| 

Replacing Pq by Pk and square summing in k yields a bound of 

fiBcro |U/,||2 



C4(5ri|^||^||ei(0)||2«C4C2<5i 

for the contribution of this case. This can be done by choosing B large depending on Ecrit , see (I9.18p . On 
the other hand, if |/c2 — ^al 1^ B \ log Si\, then we exploit that the Fourier supports of ?/' and e are essentially 
disjoint up to small errors (bounded by < Si in the 5-norm) and exponentially decaying tails. Now we 
sum (|9.24p over this range to obtain 

(9.25) \\Pom-'iPkM,ei)]hMLl< E ||Po[^V-i(Pfe,M3ei)]llLfLj 

|fe2-/C3|<-B|log5i| |fc2-fc3l<S|log5i| 

(9.26) + Y \\Po[y^^-\PkJPk,ei)]hM^. 

\k2-k3\<B\\og5i\ 

For (|9.25p one obtains as above 

mB < llV;||5||ei(0)||2 sup 2--"l^-^l||Pfc,^||s[fe,] 

with an absolute implicit constant. Replacing Pq with Pk and summing over all scales yields the bound 

< ll^l|5||^||5||ei(0)||2 < e^iEl,,C2Si eo « ^2^4-51 

_ 1 

provided we choose S2 ^ E^^^^eo <C C4. Next, by the definition of the frequency envelopes Ck and dk, 
(11:261) < sup 2--«l^il IIP,, Vlls[M E 2-^"l'=^-'=^l||Pfe,^||s[fe,]||Pfe3ei||s[fe3] 



< sup2--"l'^^l||P,,^||5[fe,] Y 2-^-\''--^^\C2C^k^'^C4d 

''^^^ fc2-fc3|<S|log5i| 



<C2C,d, SUp2--°l'=il||Pfc,^||5[,,] 

This follows from the fact that Sq was chosen to control the Besov norm of Wa ° , as well as the fact that 

the intervals Ji where chosen in such a way that any of the smaller atoms contained within Wa ° are 
arbitrarily far away from the endpoints of Ji as n —> cxd. Rcscaling this bound to Pk from Pq and square 
summing yields a bound of C2C4 HV'lls^o ^ C2C4S1 by taking small enough, cf. (|9.18p . 

Next, we turn to '(/'V~^('i/'e2)- Here the smallness comes from "fungibility" again as in case (a). More 
precisely, reasoning as in (a), we may reduce this expression to the form 

Pom-'P[-c,c]i^e2)] 

where we moreover have = Q^Ciip: £2 = Q<Ci^2- Again the argument from (a) shows that we may 
assume both inputs of Pi-c,c]i4'^2) to have frequency 0(1) (implied constant depending on C, Ci, and 
Ecrit )■ Furthermore, it is straightforward to check that if the two factors ip have closely aligned Fourier 
supports, we obtain the desired smallness via Bernstein's inequality. But if the Fourier supports of the 
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two have some angular separation, interpreting the operator V ^P[-c,c] convolution with a kernel 
K{x) of bounded (although possibly large) L^-mass, we may write 

Po[^V-iP[_C,C](^e2)] = / Pom;x)K{y){,p{;x-y)e2)i;X-y)]dy 

and then 

m;x)^j{;x-y)h.^<\ml, 

which follows from our assumption about the Fourier supports, as well as the fact that both frequencies 
here are < 0(1). But then we can again smallness by picking the Ij suitably, such that 

Ell^^. / ^fe[^<'c+0(i)V'(-,2;)|i^(y)|P<fe+o(i)^(-,a;-2/)]rf2/||' ^ 1 «1 

(c) The term eiV^'^{ipei) is easy, since it inherits the frequency profile of ei. More precisely, using the 
same type of trilinear estimates as in (a) and (b) one obtains 

||Pfc(eiV"^(V'ei))||s[fc](/ixR2) < CAdk\\ip\\L^Llhi\\L'^Ll < Cidk 

using (|9.18p and the fact that ||ei||L°°L2 < 2eo (taking 6i small). The other cases are easier due to the 
presence of coming from 62- 

(d) The term ?/'V^-^(e^) splits into the terms iljV^^{el), ipV^^{eie2), and ■(/'V^-^(e|). The last two are 
easier due to the smallness of 62. The first one is harder, as it inherits the frequency profile of ip and 
therefore needs to be incorporated in £2- This means that we need to gain the very small So, which is 
only possible if there are high-high gains in the inner term of ■i/;V~^(ef) resulting from ei. Of course, this 
requires that we expand this inner expression into a null-form via the usual Hodge decomposition. 

(i): High- High- Low interactions in V~^(e^). This is the following (schematic) type of term: 

^ Po[Pk,i^W-'Pk{Pk,ePk,e)]. 

It is straightforward to see that we may assume < 0-3 A;2 for some 0-3 > (absolute constant independent 
of the other smallness parameters), and furthermore k2 = fc3-|-0(l) > B\ log(5i|, since otherwise the desired 
smallness follows as in the preceding Case (b). We may thus essentially assume ki = 0(1), k = 0(1), and 
reduce to the simplified expression 

^ Po[Pk,^V-'Pk{Pk,ePkse)] 

fci=0(l) = fc,fc2>B|log <5i| 

Suppressing the frequency localizations for now, we use the schematic relation 

Po[V'V-i(e2)] ^Po[^jV-\R,e^Rje^ - Rje^R.e^) ^V-\V-\eV-\e^))R,e) + . . . 

where we omit the remaining quintilincar and septilinear terms. More precisely, we shall use this provided 
both inputs e have relatively small modulation, i.e., are of hyperbolic type. Thus for fc2 = ^3 + 0{1) > 
B\log6i\, we write 

(9.27) Po[Pk,^V-\Pk,ePk,e)] =Po[Pk,ibV-\Pk,Q>k,ePk,e)] + Po[Pk,ijV-'iPk,Q<k,ePk,Q>k,e)] 



(9.28) + Po[Pk,^y-HR,Pk,Q<k,eRjPk,Q<kse - RjPk,Q<k,eR,Pk,Q<k,e) 

(9.29) + Pk,^W-\V-^Pk,Q<kA^V-\e^))R.Pk,Q<k,e) 

(9.30) + Pk,^V-\V-^Pk,Q<kA^^^He^))R,Pk,Q<k,€) 

(9.31) + Pfc,V^V-i(V-iPfe.,Q<fe,(eV"i(V;e))i?,Pfe3Q<fc3e) 

(9.32) + Pk,^W-\V-^Pk,Q<kAeV-\ij^))R,Pk,Q<k,e) 

(9.33) + Pk,^W-\V-^Pk,Q<kA'^V~\i^e))R.Pk,Q<k,e) 

(9.34) + Pk,^jV-\V-^Pk,Q<kA^V~\e')]V-^Pk,Q<kA^V-\e')])\ + . . . 
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where . . . denotes the remaining septihnear terms containing mixed "^-e-interactions. Again we may sub- 
stitute ei everywhere for e, the contributions from £2 leading to much smaller contributions. The first two 
terms on the right are straightforward to estimate: using Bernstein's inequality, one obtains for (|9.27p the 
bound 

\\Pa[Pk,^V-\Pk,Q>k,eiPk,ei)]\\Li^<vcim{\\PkM\L^ 
— £2. 

< 2 2 min{||Pfe,^/'l||Lri^ \\Pki'4'i\\L^L-^}\\Pk2^i\\s[k2]\\Pk3^i\\s[k3] 

Keep in mind here we assume ki = 0(1). Then by an argument similar to the one used to estimate (|9.26p . 
replacing the output frequency by 2^ and square summing over k = ki + 0{1) while also summing over 
\ki — k2\ > B\\ogSi\, one can bound this contribution by < C2C|eo^o, which is enough to incorporate 
this term into 62- The second term in the expansion is of course handled identically, and so we now turn 
to the third term (|9.28p . which is the most delicate one. The potential difficulty comes when v = 0, as 
the Qyj-null-form allows us to pull out one derivative otherwise; indeed, assume first that {vjj} — {1,2}. 
Then using the identity (and omitting the subscript from e for simplicity) 

Rie^R2<i^ - Rie^R2e^ = [V^^e^Ese^] - d2[^ ^'^ Rie\ 

we can estimate (always under the assumption ki — 0{\) — k) 

\\Po[Pk,iJ^-' Pk{RiPk2Q<k2eR2Pk,Q<k,e - R2Pk2Q<k2eRiPk,Q<k,e)\\L2 ^ 

< \\PkML^Ll\\Pk[^-' Pk-2 Q<k2 <k3^\\\L^L"= 

In order to estimate the right-hand factor, we use the improved Strichartz estimates: we have 
Pk[y-'Pk2Q<k2eRi^2PksQ<k,e] = J2 Pk[V-^Pc,Q<k2eRiaPc2Q<kA 

dist(ci,-C2) = 0(l) 

whence we get 

||Pfe[V-iPfe,Q<fe,ei?i,2Pfc3Q<fe3e]llL?L~ <2-'=^( \\Pk2Q<k24liL^Y{ E \\Pk.Q<ks4liL^y^ 

<2-^ n wPkAsik,], 

i=2,3 

whence we now have 

\\Po[Pk,ijy-^Pk{RiPk2Q<k2eR2Pk,Q<k,e- R2Pk2Q<k2eRiPk,Q<kse)\\Ll^ 

< \\PkM\LrLi2'^ n \\Pk.4sik,] 

J=2,3 

From here one can again conclude as in case (b). 

Hence we now consider now the more difficult case where v = 0. First, it is straightforward to check that 
we may reduce the first input Pk^ip to modulation < 2'^^*''^, where for example we may put (74 = i. Then 
we use the schematic representation 

Po[Pk,Q^tAi'^'^Pk{RoPk2Q<k2eRiPk,Q<k,e - RiPk,Q<k,eRaPk,Q<kse) 

= Podt[Pk,Q^^2 ^^'^Pk[^'^Pk;Q<k.€RiPk,Q<k,€]]-Po[Pk,Q^^2dtyj\7-^Pk[V-^Pk2Q<k2fRiPk,Q<kse]] 
^2 ^2 

- Po[Pk,Q ^t2i'y-'PkRi[y-'Pk2Q<k2eRoPk,Q<kse]] 
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If one then integrates the transport equation for e, the contribution from the above terms is 




- Po[Pk^Q^t2i>^~^Pk[y'^Pk,Q<k,eRiPk,Q<kse]]{0, •) 

t 

Po[Pk^Q^h2dtyj\7-^Pk[\/-^Pk,Q<k,eRiPk,Q<k,e]]{s,-)ds 

t 

Po[Pk,Q^t2i^^~^PkRi[^-^Pk,Q<k,eRoPk,Q<k,e]]{s,-)ds 

But under our current assumption ki = 0(1), k = we have the estimate (using Bernstein's inequahty) 

\\Po[Pk,Q^t2^y'^Pk[y^^Pk,Q<k,eRiPk,Q<k,e]]{t,-) 

^ 2 

- Po[Pk,Q^!^i^y-^Pk[y-'Pk,Q<k,eRiPk,Q<k,e]]iO, •)||l-l2 

and the remaining integral expressions on the right also easily lead to exponential gains in —k2 due to 
the extra applied to Pk^Q<^k2^. Our assumption fc2 > ^|log5i| then allows us to incorporate the 
contribution of all these source terms into £2- Note that the cutoff Q in front of dtii allows us to control 
the effect of the dt- 

The remaining terms (|9.29|) - (|9.34|1 no longer require an integration by parts trick and can be directly placed 
into L( ^ with the requisite gain in ^2 . We treat here the term (|9.30p given by 

Pk,i^V-\V-^Pk,Q<kAi^V~\e'))R,Pk,Q<k,e) 

where we always keep in mind the localizations fci = 0{1) = k, k2 = fcs + 0(1) > B\ log (Si |. The key here 
is as before the improved Strichartz estimates. Write 

Pk.QKkAi^'^-'i^^)) = Pfe,Q<fe,(^V-ip<o(e')) + ^Pfe,Q<fe,(^V-iP3(e2)) 

s>0 

We treat here the contribution of the second term on the right, the first being treated in the same vein. 
Now if s < /c2 — 10, we get 

( E \\PcQ<kA^^-'Ps{e'm%LlV^ < 2^2^2-||P,,^||sfe]||6||i^„o^2 

ce'Dk.2.B-k2 

Thus in the case s < fc2 — 10 from Bernstein's inequality we get 

\\Pk,i^V-\V-'Pk2Q<k2i^'^-'Ps{e^))R.Pk,Q<k,e)hi^ 

E \\Pk,^V-'iV-'Pc,Q<k2ii^V-'Psie^))R.Pc2Q<k,e)\\Li^ 

Cl,2G'Dfc2,s~fc2 

dist(ci,-C2)<2= 

<||Pfc,VllLri^( E \\Pc,Q<k2{y^^~'Ps{e^mlfLi)H E \\R.Pc2Q<kAltL^)^ 

<2-fc22^22(^)2-^|lP,,^i|i5[,,]|iPfe2V'll5[fe2]lkllirL? 
Summing over < s < A:2 results in the bound 

<2-^\\Pk,Ms[k,]\\Pk2^\\s[k2]\\4l^Ll 

On the other hand, when s > k2 — 10, we simply bound 

\\Pk2Q<k2{^\7-'Ps{e^mLfLi < ^-^MsHlrLi 

and from here one estimates the L^^-norm of the output as before but without using the improved 
Strichartz, just the standard L(L!^-bound. The remaining terms (|9.3ip are handled similarly. 
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(a) : High-Low/ Low-High interactions within V~^(e^) In this case one gains exponentially in the maxi- 
mum frequency occurring among the two factors e, provided this is much larger than 1. In this case one 
can argue as in case (b) to include this contribution into 62. 
(e) The cubic term eV^^(e^) is easy, and can be treated as in (a) and (b) above. 

The bootstrap argument for e in the small time case is now completed as in the proof of Lemma 17. 6[ 
cf. (TTTOll . 

Case 2: \Ii \ > Ti, where Ti > is a small constant depending on Ecrit ■ Here we have to work with the 
wave equation satisfied by Poe. We start by recording this equation schematically in its original trilinear 
form, to which we apply various Hodge type decompositions as well as localizations in frequency space. 
The goal is to write the equation in the form of a nonlinear wave equation with a low-frequency magnetic 
potential term, which we will treat as part of the linear operator. To begin with, we have the schematic 
equation (here wc suppress the fact that e really stands for the system of variables {cq}, a = 0, 1, 2) 

(9.35) 

□Poe = ^x.tPo [{^ + e)V-i([^ + ef)] - V,,tPo [W\7-\i;^)] 

= PoV,,t[eV-i(^2)] ^ PoV,,t[^V-i(^e)] + PoV ccA^V~\^e)] + PqV .A^y-\e^)] + Po^ .A^^^\^^)] 

More precisely, the terms on the right-hand side of (|9.35p are exactly those given by (|1.14p . It is precisely 
the first term on the last line which causes technical difficulties for the bootstrap argument, and we shall 
have to include parts of it into the linear operator. However, this will only be made specific once we have 
localized the terms suitably in frequency space. To begin with, note that we will implement a bootstrap 
argument in order to deduce bounds on e. For this we substitute Schwartz extensions ia for each Ca on the 
right-hand side (these extensions agreeing with ea on the time interval Ii x we are working on), and 
then solve the inhomogeneous wave equation for Eq, improving the bounds we used for e^. Denoting the 
right-hand source term above — with ia instead of — by -Fa , what we really do is solving the problem 

In order to deduce the iS-bounds on PoCai we split this variable into two parts 

Pofa = PaQ>D(a + PoQ 

Here the parameter D is chosen sufficiently large depending on Ti from Case 1 and thus depends on Ecrit 
(but is independent of the induction stage) . Then we solve the preceding wave equation by setting 

PoQ>Dia - a-^Q>DPQFa 

PoQ<Dea^ Sit){PoQ<Dea)[0]+ f Uit~s)PoQ<DFUs)ds 

Jo 

In other words, PoQ<D£a solves the following inhomogeneous wave equation: 

(9.36) □PoQ<ce = PoQ<Dyx4eV-\^p^) + i,V-\i:i) + iV-\^i) + + iV~\i'')] 

First, we identify the terms which can be included in the right-hand side as source terms since they gain 
smallness, which is achieved in part by introducing suitable Fourier localizations. To begin with, recall 
that the basic version of the wave maps equation at the level of the Coulomb gauge is of the schematic 
form 

The estimates of Section [S] will be seen to imply that the middle term here can be included entirely in the 
right-hand side, and the immediately ensuing discussion is only applied to the first and third terms. Split 
the first term on the right in (|9.36[) (which is understood to be of the first or third type) into 

PoQ<DV,,t[eV-i(V'')] = PoQ<DV,,t[eV-ip<_Di(V^')] + PoQ<DV,,t [eV-ip>_D, (V')] 

Here Di is a large constant depending like D on the energy in a "mild" way, i.e., independently of the stage 
of the induction we are at, as will be seen shortly. Recalling that on /i x we have the decomposition 

^p = ^pL+ ipNL, 
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we further decompose (schematically) 

= PoQ<D^x,t[^^^^P<-Dd^l)] + PoQ<D^x,t[^^~^P<-DA^lL)] + PQQ<DVx,t[^^~^P<-Dd^L^NL)] 

Due to the smallness oi ipNL and (|9.17p . it is only the first term on the right which we need to incorporate 
in part into the linear operator. Of course this requires replacing e by e, which requires some care due to 
the non-local operator Q<:d interfering with our aim. First, write 

PoO<DV,,t[gv-ip<_i5,(V'i)] = PoV,,t[?v-ip<_i3,(vi)] - PoQ>Dy.4ev-^p<-D^{^l)] 

Since we only need to solve the equation on Ii x M^, where e and e agree, we may replace the right-hand 
side by 

PoV,,t[eV-ip<_z5i(^i)] - PoQ>Dy.4eV-^P<-D^{^l)] 

= Poy.4Q<Dev-^p<-D^i^l)] + Poy.4Q>Dey-'p<-DA^l)] -PoQ>Dy.,t[ev-^p<-D^{^l)] 

Now we introduce null-structure by performing Hodge decompositions as in Section [3l for all the trilinear 
terms. In particular, the preceding discussion yields that we replace the schematic term 

F^\PoQ<De;P<-D,;^L,i^L) + PoQ<DF^^ii;P<^m;^L,r^L) 

3 = 1,3 

+ [ E PoF;^^{Q<De;P<-D,;^L,i^L)~ ^ F^^PoQ^oe; P<-m;i'L,M] 

3 = 1,3 3 = 1.3 

+ [ E PoF^'iQ>De;P<-D^;i^L,i^L)- ^ PoQ>dF^^^ (i; P<.D,;i^L,i^L)] 

3 = 1,3 j=1.3 
4 

+ E PoQkdF^'^' (e; P<_c, ; Vl, ^l) 

fe=2 

We can now write the wave equation that we use to solve for PoQ<De as follows: 

0{PoQ<De)^ J2 Fj^^iPoQ<De;P<-D,;^L,^L) + PoQ<DFj^\e;P^^D,;^L,i'L) 

3 = 1,3 

+ [ E PoF!,'iQ<De;P<-m;^L,i^L)- E F^HPoQ^De;P<-D,;^L,r^L)] 

3 = 1,3 3 = 1,3 

+ [ E PoF!.'iQ>De;P<^D^;^L,i^L)~ E PoQ>DF^^ii;P<.D,;^L,^L)] 

3 = 1,3 3 = 1,3 

4 



by 



(9.37) 



fc=2 

+ PnQ<DFl{e; P<-d^ ; V'wl, V-l) + PaQ<DFj^{e; P<-d^ ; V-l, i^Nh) 
+ PoQ<DF^{e, ^NL, i^Nh) + PoQ<dFI{1] P>-d, ; V-L, ^l) 

+ PoQ<DFj^{^, 7^) + PoQ<dP^(V', ^, e) + PoQ<DFj^{e, e, i^) + PoQ<DFj^i4>, i, e) 
+ PoQ<DF^{ere,e) 
The significance of the first term on the right, i.e., the expression 

E ^a'(^oQ<De,^L,^L), 
3 = 1,3 
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is that it implicitly contains a magnetic potential interaction term, see the discussion at the end of Section[3l 
In order to deduce estimates, we shall re-arrange terms and move the magnetic interaction term contained 
in the above term 

(9.38) 2id''iPoQ<D^)Ap, Afi:^-P^_D^d-^IQp,{iPL.i^L) 
to the left, thereby obtaining an equation of the schematic type 

(9.39) 0{PoQ<D€) + 2id%PoQ<De)Af} = F 

The next issue occupying us is the derivation of apriori estimates for this type of equation, at first treating 
as a function with good Fourier localization properties and bounded with respect to || • Hat. 

9.4.1. Solving the wave equation with a magnetic potential in the Coulomb gauge. For simplicity's sake, 
replace {PqQ<d^) at the end of the preceding section by e for this subsection. The key fact that is proven 
here is the following: 

Proposition 9.14. Assume that F is a function at frequency ^ 1 satisfying the bound 

\\F\\n[o] < a 

Also, assume the solution to (j9.39p with data (e(0, •), 9te(0, •)) = (fTg), o,ll supported at frequency ^ I, to 
be supported at frequency ~ 1 and modulation < 1 . Finally, assume that 

Di > Di{Ecrit), a<ao{Ecrzt) 

Then e satisfies the bound 

Msio] ^ ll^llw[o] + II(/,5)IIl2xH-i 
with implied constant only depending on Ecrit ■ Furthermore, if F = 0, there is approximate energy 
conservation: 

WdAt, + ||V,e(i, OIIl-^ = ||9te(0, Olli^ + |lV,e(0, OHl^ + c(i?i) 
with c{Di) — !■ as Di — > oo, independently oft. 
Proof Recall that < /3 < 2, 

Ap = -A-i Y doP<^Dj[Rfii^lRj4^l - Rpi^lRoi^l] 

and observe that these functions are real-valued and Schwartz for fixed times. The key difficulty comes 
from the fact that there appears no obvious way to obtain smallness for the linear interaction term 2id^eAfj, 
even when restricting to small time intervals. The easiest way out of this impasse is to use an approximate 
apriori bound resulting from energy conservation. This will allow us to split the bad interaction term 
into two, one of which is small due to angular alignment of the inputs, the other of which is controlled 
due to the apriori bound. Moreover, we note that we may always move parts of the expression iid^eAp 
with additional smallness properties, such as extreme frequency discrepancies inside Ap or special angular 
alignments, to the right-hand side, since we gain smallness for them as shown in Section [5l More precisely, 
one writes the underlying equation (|9.39p as 

□e + iidf^eAp = F- 2id^eAl, e[0] = (/, g) 

Here we define 

4-- E E 

ftl,2e-ftr-C6(-B„^it ),dist(Ki_2)<C6(Ec7-it ) max{ fei ,2,3 } <min{ fei_2,3 j-HCe (Sc-it ) 

fcl<-Di 

/A^i Y a,Pfe,+o(i)[^/?^'fei,,.i^i^j^fc2,«2'Ai-i?/3^fe2,K2V^ifij-Pfci,KiV^i] 

E lA-^Y. ^iPk^'^PpP>^-^LRjPk,i^l-RpPk,i^lR,Pk,4'l] 

max{fci.2,3}>min{*:i.2,3}+C6(Sorit ) j=l,2 
fei<-r>i 



190 JOACHIM KRIEGER, WILHELM SCHLAG 

and furthermore Ap := Ap — Ajj. The angular separation CQ{Ecrit ) is chosen in such fashion that, for some 
sufficiently large C7 = Cr{Ecrit ), 



-id^eAly^o]<^^\\e\ 



S[0] 



We then use the preceding reasoning with Ap replaced by Ap, assuming Di{Ecrit ) to be large enough. 
After these preparations, we commence by establishing the aforementioned apriori bound: Specifically, 
consider the covariant energy density 

^[\dte + iAoe\'^ + \d^.e + iAje\^] 

where we write Ap instead of Ap for simplicity. Now compute 
dt[^\dte + iAoe\'+ ^ i|a,^.e + a,e|^] 

= Re[{dte + iAoe){dt + iAo)'^e + ^ + iAje)d^{d^~7+iA~ej\ 
The second term on the right satisfies 



Re[(a^^.e + iAje)dt{d:,je + iAje)] = Re[{d^^e + iAje){d^^ + iAj){dt + iAo)e] 



+ Re[{d^^e + iAje)i{dtAj - Ao)e] 
d^jRe[{d^^e + iAje){dt + iAo)e] - Re[{d^j + iAjfe{dt+iAo)e] 



+ Re[{d^je + iAje)i{dtAj - a^,- Ao)e] 
In summary, one obtains the following local form of energy conservation: 

dt[-\dte + iAoe\''+ -\d,^e + a,ep] - ^ 5,,Re[(a,,e + iAje)idt + iAo)e] 

(9.40) J=i'2 i=i 

= Re[[{dt + iAof - Y + iAjf]e{dte + iAoe)\ + Ro[{d^^e + iAje)iidtAj - d^^Ao)€] 
3=1,2 

We furthermore observe that any solution of □£ + 2iA" da£ = F satisfies 

[{dt + iAof - J2 + '^j)^] ^ = P + ii^t^o - Y + ( E ^1 - ^o)e 

j=l,2 j=l,2 j=l,2 

We now integrate the above relation over a time slice [0,to] x which gives 
f 1 1 

/ [-\dte + iAoef + V -\d^^e + iAje\^]{to,x) dx 
= I \^\dte + iAQe\^ + V ]-\d^.e + iAjef]{Q,x)dx 

+ [ Re[{F + i{dtAo - J2 9x,Aj)€ + ( " ^o))e (^t^ + *^oe)J dtdx 

+ / Re[(9^.e + iAje)i{dtAj - da,^Ao)e] dtdx 

^[0,to]xM2 

In order to proceed, we now make the following bootstrap assumption: 

(9.41) ||e||s[o] < C[||F||;v[o] + Wmh^xH-A 
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We shall then show that if C > Co{Ecrit ), then one may replace C by ^ in (j9.41l) . To accomplish this, 
we first estimate the expression 

/ Re [(ate + iAoe){F + i(dtA, - V d,^A,)e + ( J] - ^2)^)] ^tdx 



J = l,2 j=l,2 



[0,to]xR2 

For each of these terms we must gain a smallness constant. One can classify three types of terms. 

(1) The term /jg j^jxr2 Re[(9te + iAoe)F] dtdx. Here one uses the duality of N and 5, Lemma B.19[ as well 
as the space-time frequency localization of e: 

/ Ke[{dtt + iAoe)F]dtdx < ||F||^[o]l|e||s < a||e||s 

J[0,to]xR2 

Application of Lemma 12.191 is justified due to our assumptions on the modulation of e, which in turn 
restrict the modulation of F to the hyperbolic regime via the equation. 

(2) The terms of the form Jj^ f^jxRa x,tA e\/ ^^t^dtdx. These are quite delicate and we can just barely 
control them. Note the schematic identity 

fci,2<--Di 

Here our reductions for Ap (which is Ap in the discussion above) imply ki — k2 + 0{1) = + 0{1) 
(where the implied constant may be quite large depending on Ecrit ) and furthermore the inputs P^^ ^ipL 
have some angular separation between their Fourier supports. Using the mixed-norm Wolff-type endpoint 
result established by Tataru [59j, one obtains 

with implied constant depending on \\Pki 2'4^l\\l'^ ^ Ecrit + 1- But then using the fact that 

IkllLfLj ^ l|e|ls[o] 



^x,tP<kA eWxf^dtdx 



eVj; te dtdx 



see Lemma 12.171 one infers that 

/[O,io]xl 

(3) The terms 

"'[0,to]xR2 

which are handled similarly. Here, one uses again that 

WkAfW . <El,,,2'i, 

which follows from the usual Strichartz estimates, cf. Lemma 12.171 

l|V-ip.(^i)|| B <2-'=||^^|p <2^Ul\\1 

Li Li LjLl 

Summation over small k now yields the desired smallness provided k is small enough, which is ensured if 
Di is large enough. 

In view of the preceding, we may conclude that 

(9.42) ||V.,te(t, Olli^ = |lV.,t6(0, + 0(7'l|e|||[o] + a||e|U[o]), 

where 7 may be made arbitrarily small by choosing Di {Ecrit ) in the statement of the proposition large 
enough. Note that we eliminated the magnetic potential here from the covariant energy by means of the 
estimate |1^/3||lj^lj= ^7^1- 
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Unfortunately, this a apriori bound is stih insufficient to estimate the magnetic potential interaction term 
2id^eAf3, and instead we need to gain apriori control over one of the null-frame ingredients of || • ||s[o]- 
Indeed, a very slight modification of the above essentially allows us to control 



K<£K-Ci 



2 

NF\i 



for any Ci = Ci{Ecrit ) (with implied constant depending on Ecrit ), which will then be good enough to 
move the entire magnetic potential interaction to the right-hand side. To get this extra control we argue 
almost exactly as before, but integrating (|9.40|) over a region ^ :— [0,<] x M'^ n {t^^ > c} for arbitrary c, 
with uj Q being a fixed direction. This yields 



/ Re[idte + iAoe)[{dt + lAo)^ - ^ (d^, + iA,y]€] +Rc[{d,^€ + iA,e)i{dtA, - d^^Ao)e]dtdx 
= / [^\dte + iAoe\^ + V ^\d,,e + tA,e\^] dtdx 

- f [hdte + iAoe\^ + V l\d,^e + iA,e\^]dtdx 

f \ 1 

+ / [-\dte + iAoe\^ + ^ {7:\9x,e + iAje\^ - ujjRe[{d^^e + iAje){dt + iAo)e])] dx,, 



It is the latter integral expression that gives us the additional information we need: to see this, note that 
we may localize the entire equation (|9.39p to an angular sector k C 5"^ by applying Pq.k to both sides, 
where \k\ ~ 2~'-^i and with C\ — C\(EcTit ) being a fixed large constant. Replacing e by Pq.kE generates 
an error which can be incorporated into the right-hand F , as is easily seen. Hence in the above we may 
replace e by Pq^kC- Then use the decomposition 

3 = 1,2 j=l,2 j=l,2 

If now we have uj ^ 2k, then we can conclude that 

2 



supsup / {ujfdx^Po,K£ + iujlAjPo,^,e) 

c t J {t^=c}nAi' „ ' T 



i=l:2 



since the magnetic potential is small in L'^L'^ . Using (I9.42p as well as 

2 1 2 

-| E K9^,Po,«e -I- iujjAjPQ^^e) + -\dte + i^oep - ^ ujjRe[{d^^e + iAje){dt + iAo)e] > 0, 

J = l,2 i=l,2 

we infer that 

( E ll^o,Ke||^^[,].)' <||V,,te(0,-)||L^ + ^+7lklls[o], 

where 7 can be made small independently of Ecrit , and with an implicit constant depending only on Ecru 
as well as Ci = 2Cq. 

We can finally complete the proof of Proposition 19.141 By choosing Di large enough, in relation to Cg in 
the definition of and then making sup^.^^ l|PfcV'L||L2 small enough, one obtains 

(9.43) ( E ll^o.^ell^j.^.)^ <l|V.,te(0,.)|Uj + -+7||e||5[o], 

as before, where the implicit constant only depends on Ecru , Ci, while 7 may be made small independently 
of Ecrit jC'i- Now we feed this information back into the magnetic interaction term: write (|9.39p in the 
form 

□e = ~2iAi3e + F 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



193 



and decompose 

Kl,2,3eif~Ci,mini^j{dist(Ki,Kj)}>2-Ci+io i=1.2 
Kl,2,3e^-Ci:mini^j{dist(Ki,Kj)}<2-^i+io j = l,2 

Picking Ci large enough in relation to Ecru as well as v, one obtains 

II Y d^Po,^,e /A-i Y d,[RpP.,i^lRjP.,i^l - i?/3P«2^iPjP.3^i]||jv[o] 

Kl,2,3eif-Ci,mini^3{dist(Ki,Kj)}<2-<^i+i'' J = l,2 

< v\\e\\s[o] 

for any G (0, 1). Furthermore, for the first term above, using (|9.43p we directly arrive at the estimate 
II Y d^'Po,.,e /A-i Y dj[RpP.,i;lR,P.,ijl - RpP.,^lRjP,,^i]\\N[o] 

Ki,2,3e-R'-Ci,min,^3{dist(K,,Kj)}>2-Ci + io j = l,2 

< ||V,,te(0,-)||L^ +C2Ma + i^||e||5[o], 

with implied constant depending on Ci,Ecrit Here v may be made small independently of the latter 
parameters. Summarizing, using the fundamental energy estimate for Ou = F, we then obtain (for a 
universal constant Cq) 

||e||s[o] < CoM0]\\^,^^^^+a + ly\\4s[Q]+ClliCuE,„t,l^)[\\y.M(^r)\\Ll+C2iv^^ 

If we now select C in (|9.4ip large enough in relation to Co, Ecrit , then v small enough, and finally 7 and 
then a small enough, we conclude that 

Ikll5[0] < j[\\F\\NlO] + \m\\L-^^H-^l 

which is the desired bootstrap. □ 

Due to frequency leakage coming from the magnetic term we shall also require energy estimates that 
take N S, 01 alternatively, preservation of frequency envelope. For the following lemma, we allow more 
general frequency support of A^. Hence consider the following equation 

(9.44) Du + 2id"u Aa = F, u[0] = (/, g) 



where F has the property that P = Pi + P2 where ||Pi||Ar ■— y}2k& ll-^llw[fc]j finite and with P2 
controlled by a frequency envelope, i.e., ||PfeP2||jv[i:] < Ck and {ck}k& is sufficiently fiat (as defined above). 
Furthermore, {f,g) = (/i,gi) + (/2,52) with || (/i, 5i)IIl2xh-i finite and \\Pk{f2 ) 52)|lL2x_ff-i ^ dk where 
dk is again a sufficiently flat envelope. Finally, 

j=1.2 

is more general than in the previous proposition. Here ip]^ and "01, are finite energy free waves (with energy 
bounded by Ecrit )■ Now one has the following result. 

Lemma 9.15. Let u he a solution of (I9.44p with F and f,g as above. Then u = ui + U2 + where 
\Wi\\s < ll^ilk + l|(/i'ffi)llL2xH-i' "■'^d ||PfeU2||s[fc] ^ Ck, \\PkUz\\s[k] S dk- The implied constants only 
depend on the energy of ip\^^ ■ 

Proof. We restrict ourselves to PjU. By scaling j = 0. Now split Aa = Yl\=i where 
(9.45) ^i^' = Y P^^-^ = E P^^- 

k<-C -C<k<C 
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The constant C in (|9.45p is chosen such that the proof of Proposition 19.141 apphes to the low frequency 
part of Aa- Then we write 

Po"[0] -Po(/,5) 

Here L{-,-) stands for the commutator in Paiuv) = vPqu + L{u,\/v). We now divide K — {j^LiIi i'^to 
disjoint intervals with the property that 

max||Po[a"iiAi2)+a"uAi3)]||jv[o](/,xM^) <7||^l||| J2^-''°^'^\\Pku\\sik] 

where 7 > can be made arbitrarily small, and M — M{Ecrit ,7)- To see this, one argues as in several 
previous instances. First consider A^^\ In case of angular alignment of the Fourier supports of any two 
of the inputs, one obtains a gain as shown in Section [5l On the other hand, in case of angular separation 
the desired smallness is achieved by a careful choice of the It, see Section [71 Finally, for A^^^ one uses the 
high-high-low gains in the trilinear estimates (see the form of the weights if(ji, ^2, js) in Section [5] when 
max(j2, ja) > C). The commutator terms satisfies the bound 

||L(9"u,VAW)||^[o] <2-^||^l||| Y.'^-^''^'^\\Puu\\s^^ 

since VA^^'' gains a factor of 2^^. We now apply the covariant energy boimd of Proposition 19.141 to 
conclude that (with Pj instead of Pq) 

\\PM\sm<c{E,rH){\\PAf.9)\\L^^H-^ + {i + '^-'')Y.'^-"°^^^^^ 

The lemma now follows from this estimate provided the frequency envelopes are flat enough compared 

to (To- n 

9.4.2. Controlling the error terms. In this section, we complete the proof of Proposition [9". 1 21 This amounts 
to bounding each of the terms on the right-hand side of (I9.37P one by one using the covariant energy 
estimate of the previous section. 

We begin with the first term in (|9.37|) . i.e., Ylj^i 3 (PoQkd^', P<-Di',4'L,'fpL) from which we which 
we have subtracted the magnetic potential term. Thus, we claim that we can decompose, with A/b as in 

E F^'iPoQ<De;P<-m;i^L,i^L) - 2id^eAp 
3=1,3 

into the sum of two terms, one of which has controlled frequency envelope and the other small S'-norm as 
in ([00]) . By ([XTil) . this difference equals 

iPoQKD^a Id^dJ^P<-D^QpML,i>L)+lPaQ<DR^€ dJ^IP<-D,daQpj{i'L,M 

Denoting these terms by ternin and termi2, respectively, we now proceed to estimate them by means of 
Section [Ol Let us now assume that e is of the envelope type, see ei in (|9.19p . Then by (|5.78p 

||termii||7v[o] < 2"'^-°^ ||Poea||s[o] < C4 do 

for Di large depending on Ecrit ■ The contribution of £2 is estimated similarly. For termi2 one uses that 

\\PoQ<DR^e dT^IPkdo.Q0,{^L,t^L)\\Nm < 2^||Poe||s[o]II^L||| 

which is sufficient for both ei 2 since k < ~Di. 
The second term in (|9.37p is bounded by 

\\PoQ<D[Rpi dJ^IP<-D^d^Qo.ML,^L)]\\Nm < 2-^MI^oe||s[o]II^Llll 
which is sufficient. This follows from Lemma 15.51 
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The third term in (|9.37|) is the commutator 

J2 PoFl' {Q<De;P<-D,\^L,^L) - F^'iPoQ<De:P<^D,;^L,i^L) 

i=l,3 3 = 1,3 

where the second hne is schematic. Hence, the smahness for this term is obtained just as in the preceding 
term. 

Next, as the fourth term we face the commutator 

^ PoFl\Q>De-,P<-D^,^L.i^L) - PoQ>DFl'{e-P<^D,;^L,i^L) 

3 = 1,3 3 = 1,3 

(9.46) - PoF^^iQ>De;P<-D,;i^L.i^L)- Y PoQ>dF^' {e; P<.D,;^L,i^L) 

3 = 1,3 3 = 1.3 

(9.47) + Y PaQ>DFl^ {e-P^^m\^pL.^L) - Y PoQ>DFl'{e-P<^D^\i^L.i^L) 

3 = 1,3 3 = 1,3 

First, (|9.46p is bounded by 

2-^^-^||Poe||s[o]IIV^L||| 

by the same commutator logic as before and Lemma 1^31 Second, since e = e on /i, the length of which is 
bounded below by an absolute constant by Case 1 above, one obtains that 

II Y -Pog>D-Fa^(e-?;/'<-Di;V'L,'/'L)||jv[o](/ixR2) 

< II Y PoQ>DFa^{e-e;P<-D,;ipL,i^L)\\^^j^.j^2j 

3 = 1,3 

<2-''\\Po{e-~e)\\LrLl\\P<-D,^-\i^l)\\LrL^ 
<2-^-^^\\Po{e~i)h^r^.ULfs 

where we used Bernstein's inequality in the last line. 

The fifth term is a collection of quintilinear and higher oder terms, and we deal with it in the appendix. 

The terms six through eight are easy by Lemma [5.5l and (j9.17p . More precisely, they inherit the frequency 
profile of e times a factor of this is good enough to bootstrap both ei and €2- 

The ninth term in (|9.37p is split as follows, see p.l4p : 

PoQ<DFai^-:P>^D,;^L,i^L) 

= id^PoQ<D[^»Id-^P>-m Q,3j(V'L,^l)] - iPoQ<D[PoRp~e dJ^Id^P-D,<-<-5Qo.3{'4'L,4>L)] 

- ld^PoQ<D[P>oRp~ed-'lP>oQc.3{^L,i'L)] - ld^PoQ<D[P<-5Rp~ed-'lPoQc3i^L,l^L)] 

+ iPoQ<D[Pod^'eadjHP-D,<-<-5Qp3{i^L,M] + iPQQ<D[PoR^^ d-^Idc.P-D,<-<-5Qp3i^JL,^ 

+ td^PoQ<D[P>oR''edr'lP>oQpji^PL,^L)]+td^PoQ<D[P<-5R''~ed-'lPoQpj{^PL,^L)] 

Denote these terms in this order by termgi through terrngg. First, we rewrite termgi in terms of the usual 
trichotomy: 

^ ^ idf^PoQ<D[eaId-^P>-D,Ql33ii'L,iJL)]=ld^PoQ<D[PQiaId-^P-D,<-<-5Q03ii^L,i>L)] 

(9 48) 

+ id^PoQKDiPK-Bec Id-'PoQp3{^pL,i^L)] + td^PoQ^oiPyoec. Idj'P>oQ03{'^L,^L)] 

The first term in (|9.48p is rewritten as the sum 

d^PoQ<D[Poeo.Id-^P- Di<-<-5Qp3{'4'L,iPl)] + d^PoQ<D[Po^a Idj ^-P-Lii<.<-5Q/3j (^L, ■0l)] 
+ d''PQQ<D[PoeaId-^P- Z5i<-<-5Q/3j('0L,'0l)] + d'^ PoQ<^D[PQ£a Id^ ^-P-Z5i <-<-5 Q/3j (■0L , i/'l)] 

where we followed the notation of Corollary 17.291 Each of the terms containing tp is bootstrapped easily, 
using the smallness of and Lemma 15.51 Rescaling and square-summing these contributions are placed 
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in 62; alternatively, one can recover the frequency envelope using the smallness of 5i for the bootstrap. 
For the first term, we proceed as in (b) of Case 1. More precisely, using the smallness of i5o (and the fact 
that the Besov smallness of tp at the edges of the intervals Ji inherits itself to ip) as well as the frequency 
evacuation property for large n, one obtains that 

\\^''PoQ<Dmo.I^;'P-D^<■<-5Qf^J{'^L,^L)]\\Nm < CiCiSo do 

As usual, this gets turned into an S bound, leading to an 62 contribution. If e = 62, then it again suffices to 
consider ^. In this case, one needs to gain extra smallness by partitioning Ii further; however, the number 
of intervals needed for this partition only depends on the energy in an absolute way (i.e., not on the stage 
of the induction). First, we may assume that there is angular separation between the Fourier supports of 
the two V-'L inputs due to the bound 

Di<-<-5Qi3]{PKiipL,PK2i'L)]\\N[a] < ll-Poe||s[o] 

dist(Ki,K2)<2"™0 

see Section [531 Here we used that HV'lIIs bounded by the energy in an absolute way, which allows us 
to chose niQ in the same fashion. On the other hand, the remaining term 

J2 \\d''PoQ<D[PoecId^'P^ D 1 < • < - 5 Q/3j ( -Pk 1 V'L , -Pk2 "^i ) ] 1 1 [0] 

dist(Ki,K2)>2"™f 

is estimated by placing Q/ijiPKiipL, Pn^i^L) into Lf^, see the reasoning leading up to (|7.17p . followed by 
a decomposition of the interval of integration. Here is important to note that Di only depends on the 
energy. 

For the second term in (|9.48p consider first ei; then the frequency envelope of ei is inherited by this 
expression. More precisely, for P^e one gains a weight 2"'^'^ from Lemma [5.51 which is sufficient for the 
bootstrap provided k is sufficiently large and negative; if not, then one applies the same fungibility as for 
the previous terms, the same reasoning applies to £2- 

Finally, for the third term in (|9.48p consider first the contribution by ii. In that case one has 

(9.49) \\do,PoQ<D[P>oR^id-'lP>oQpjiijL,^L)]\\Nio] < sup 2-''"^''-'-''-^\\PkJ\\s[k,]\\Pk2^L\\s[k2] 

/Cl,fc2>0 

which can be made <ti C4C2 61 by choosing So small and n large. On the other hand, if e = £2, then one 
gains smallness in two ways: if any one of e, or the two ipL inputs has large frequency, then ones gains 
smallness from the weight w in Lemma [5. 51 If the three inputs have frequency of size 0(1), then one gains 
smallness by fungibility as before. 

Next, we note that termg2 is treated in the same fashion as the first term on the right-hand side of (|9.48p . 

The terms termg^ and termg^ are of the high-high type and are estimated exactly as in (|9.49p . and 
termQ4, termgg are essentially the same as the low- high term on the righ-hand side of (j9.48p . To bound termg^ 
and termoo one applies the same fungibility considerations as in the high-low case of termini. 

The tenth and eleventh terms in (|9.37p are essentially the same so it suffices to estimate the former. 
Since the details are quite similar to the preceding arguments, we will proceed schematically. Beginning 
with e = ei, we split 

, , PoQ<DFl{i^,ij,i) = PoQ<DFl{'il>L,i^L,e) + PoQ^DFl{'4>L,i^NL,e) 

(9.50) „ „ 

+ PoQ<DFi ii^NL ,i^L,e) + PoQ<DF;^ {ijNL , i^NL , ?) 

and furthermore, using Corollarv l7.29[ 

, PoQ<DFi^i^L,^L,e) = PaQ<DFl{ijL,4>L,e) + PoQ<DFi^{i^LjL,e) 

(9.51) ^ > „ w 

+ PoQ<Di^o(^L>L, e) + PoQ<DF^{ijL,^L,e) 

All terms here are going to be placed into the S error &2 since they inherit the frequency envelope of ip. The 
trilinear estimates of Lemma [5.51 allows for this, with the required smallness for the terms containing ipNL 
is gained by the smallness of ||V'l|1s||''/'al||s. Furthermore, the terms containing ij) are easy due to the 
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smallness Wi'Ws < C2S1 and the bootstrap assumption on e (one then chooses £0 small enough). The most 
interesting term here is PoQ^DF^{i^L,fpL,e)- To place it in £2 one uses the same small Besov/frequency 
evacuation logic that we have used several times before. 

The twelfth term in (|9.37p is easy since it inherits the frequency envelope of e and basically bootstraps 
itself. 

The thirteenth term has to be placed entirely into the S'-error 62 ■ This can be done using the high-high 
gain in Lemma [531 and in (|5.34[) as demonstrated several times before. 

Finally, the fourteenth term is the cubic one which is again easy. This concludes obtaining the bootstrap 
for (5<£)e- We now need to do the same thing for 

Q>D£ 

Since this is a technical repetition of similar reasoning, we again defer this to the appendix. This concludes 
the proof of Proposition 19. 121 □ 

It is now easy to conclude the proof of 19.111 More precisely, as indicated in Figure 6, one proceeds in 
the direction of increasing time by passing from Ii to I2 and so on. Corollary 19.131 guarantees that the 
energy does not increase without bounds in the proccess, in fact, it remains always < 2eo provided Si is 
sufficiently small. Even though e is initially only defined locally, Proposition l7.2l and the || • Hg-norm bound 
of Proposition 19.121 imply that e exists globally with the bounds stated in Proposition 19.111 see (|9.13p 

and (inni- □ 

Proof of Provosition WTSl This follows simply by iterating Proposition 19. 12"! i.e., by passing from Ji to J2 
and so forth in Figure 6. Even though the constant C2 increases with £, in the end one obtains a bound 
of the form (|9.15p . The final statement (|9.10p is a consequence of our proof of Proposition 19. 121 due to the 
frequency evacuation of the first Besov error from the atom 0"^. In fact, our estimates are based on control 
of the frequency envelope which therefore implies (|9.10p at all stages of the induction. □ 

9.5. Completion of the proofs of Lemma 17.101 and Proposition 17. Hi We commence by proving 
the final assertion of Lemma 17.101 This follows exactly as in the proof of Proposition 19.121 with 62 — 
and Tp — ei. Note that we never need to place the nonlinear source terms into the 'small term' £2 (which 
is not present in this situation), since the outputs always inherit the frequency envelope of tp. 

Next, the proof of Proposition 17.111 follows again as in the proof of Proposition 19.121 but this time with 

ei = 0, £2 = £. 

9.6. Step 4: Adding the first large atomic component; preparing the second stage of Bahouri 
Gerard. Recall from Section [9?2l that we wrote the data 0^ of the essentially singular sequence (at time 
f = 0) in the form 

a=l 

where Aq was chosen such that the sum 

limsup J2 IIC11i2<£o 

a>Ao + l 

As before Eq {Ecrit ) > is an absolute constant that depends only on the energy. Then recall from 

Section [9731 that the atoms (j)'^"' "split" the error term into finitely many pieces Wa ° , < i < ^0, 

ordered by the size of |^| in their Fourier support. Of course our eventual goal is to describe the evolution 
of the Coulomb components (with 0" — 0^-^ + 

Our strategy then is to construct "intermediate wave maps" bootstrapping the bounds from one to the 
next, starting with the low frequency ones to the higher frequency ones. In the previous section, we have 
shown that we can derive an apriori bound 
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provided we choose Aq above large enough and also pick n large enough. Moreover, we can then prove 
frequency localized bounds of the form 

for a suitable frequency envelope Ck with J^kez '^fe — ^^^j ^^'^ '^fe rapidly decaying for k ^ (—00, log(A^)~"'^), 

where the frequency scales of the 0"° are given by (AJ^)~^. 

We now pass to the next approximating map, with data given by 



Wo 



e 

Here the first component satisfies 



as n ^ 00 since Wa ° is singular with respect to the scale of 0^ " . Technically speaking, this follows 
by means of the usual trichotomy considerations. We now need to understand the lack of compactness of 
the large added term 

which is where the second phase of Bahouri-Gerard needs to come in. 

We now normalize via re-scaling to = 1. This means now that the frequency support of ipa'^ is 
uniformly concentrated around frequency |^| ^ 1. Observe that here we cannot get rid of the phase 

g »z^fc=i.2 "kw^ ^ which may indeed "twist" the Coulomb components additionally. This will have 
a negligible effect, however, since the -0-systcm (|1.12p - ()1.14p is invariant with respect to the modulation 
symmetry tp 1-^ e^'^ip. 

For technical reason^, we now apply a Hodge type decomposition to the components ?/;" 2 (here 1 , 2 refer 
to the derivatives on with respect to the two coordinate directions), as well as for "01 2- Thus write 

(9.52) 07 =5i0"'^+a20"" 

(9.53) 07 = ^20"'' - ai0"" 

(9.54) =91^ + 9277"" 

(9.55) 0^7 = - ai?7'" 

More precisely, we define the components 0"'',0"'', ^"i^jy"^^ j^y^ ^^lis is at time i = 0, of course. Now 
following the procedure of the preceding section, using the bound 

llC^^^'lls <Clo(^;c.^^), 

we can select finitely many intervals Ij (whose number depends on Cio{Ecrit )) such that 

(9.56) *"^o 1,^ +^>-^i 

for each interval j, see Corollarv 17.271 Moreover, it is straightforward to verify that our normalization 
A^ = 1 implies that \ 00 as n ^ 00; indeed, this follows from L°°-bounds. 

Next, pick the interval Ii containing the initial time slice t = 0. Consider the magnetic potential (note 
that we do not use the Hodge decomposition here) 

J = l,2 



^^This has to do with the fact that the energy of the free wave equation involves a derivative. 
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Here we restrict everything to a non-resonant situation, i.e., we shall replace the above by 

E E 

Kl.2e-R'-A„ |fc-fci|<A„,|fci-fc2|<A„ 

(9.57) dist(Ki.2)>2-*" 

Here we shall let A„ ^ oo as n ^ oo sufficiently slowly. The errors thereby generated shall be treatable 
as perturbative errors. This time we use the full ^ , and not just the free wave part. Our notation is 
somewhat inconsistent, since we do not include aI^K Since we keep this parameter fixed throughout this 

section, this omission will be inconsequential. From now on we shall denote 'i>,y " — etc. to simplify 
the notation. 

Definition 9.16. The covariant wave operator D^" is defined via 

□a-m := On + 2id''uAl + iud" 

The fundamental fact about this operator is that solutions obeying Hj^nu = preserve the energy in 
the limit n — > oo. This will allow us to modify the second stage of the Bahouri-Gerard method to the 
covariant d'Alembertian instead of the "flat" d'Alembertian. We state this rigorously as follows. 

Lemma 9.17. Assume that u is essentially supported at frequency 1, and that A^, is essentially supported 
at frequencies <ti 1 . By this we mean that 

(9.58) lim ||P[_;^,fl,]cu[0]||^_i =0 

it.— >oo 

as well as 

(9.59) lim WPy-R-^'^L- = 

n — ^oo ^ 

for any R> 0. If u solves 

= 0, u[0] = {dtU,Vxu) = {uo,ui) e L'^ X L'^ 
then one obtains a global bound (uniformly in the implicit A„J 

ll"lls(K2 + i) < ||w[0]||l2 

with implied constant depending on Ecrit (which controls A^), and we can conclude that 

Wdtuit, oiii^ + ||v,u(t, oiii^ = \\u^{t, oiii^ + \\u^{t, •)|ii2 + 0^2(1) 

as n — > cxD, uniformly in t CzR, provided A„ —>■ oo sufficiently slowly. 

Proof. This follows by the same argument that we used to prove Proposition [5311 D 

In our applications of Lemma I9.17i (|9.58p will hold due to the frequency localization inherent in our 
construction of the atoms; in other words, u will be 1-oscillatory after rescaling. The other condition (|9.59p 
will hold due to (|9.10p . at least at the first stage of the construction (i.e., when adding the first atom as 
we are doing here). For a — 2 etc. we will use the exact same frequency evacuation property which gave 
rise to (|9.10p in the first place. 

9.6.1. Dispersion for the covariant wave equation. In this section we prove a weak form of dispersion for 
the initial value problem 

(9.60) Da-w^O, u[0]:=if,g) 

where D^" is as in Definition 19.161 For simplicity, we first consider the case where A" is defined as 
in (|9.57p but with free waves ^l- We shall assume that (/, g), whence also u by Lemma r9.151 are essentially 
supported at frequency 1, see Lemma 19.171 Generally speaking, u depends on n away from the time to = 0, 
but the above limit is uniform in n and holds on any time-slice. We assume that the free waves ipL satisfy 

(9.61) lim ||P>_hV'l||l2 -0 
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for any R > 0. We now claim the following main result of this subsection for the covariant wave equa- 
tion ()9.60p . For simplicity, we drop n as a superscript. 

Proposition 9.18. Let u be a solution of (j9.60p . Given 7 > 0, there exists a decomposition 

U — Ui + U2 

with the following properties: 

• ui^2 satisfy the same apriori estimates which were proved for u in Lemma \9.15\ 

• \\u2\\s < 7 

• there exists tQ — tQ{"f,f,g,Ecrit ) (but tQ does not depend otherwise on tpi^) such that for \t\ > tg 
one has that 

(9.62) ||^.i(t,.)|lL^^ <7, 

uniformly for large enough n. 

The proof of this result will be split into several pieces. The idea is to first obtain a "parametrix" for 
u, which is established by restricting to suitable time intervals (this is done via "fungibility" ) . Once we 
have such a parametrix (more precisely, a representation of u as a sum of Volterra iterates starting with 
the free wave), we can use the dispersion of the wave equation to prove the desired result. First, we follow 
Tao to establish the following fungibility lemma. 

Lemma 9.19. For any ei > there exist a partition o/M into intervals {Ij}jLi where M < {EcritSi^)'^ 
for some absolute constant C with the property that for any u 

_^max^ \\d°-u Aa\\N{ijxs?) < £i\\u\\s 

Note that the intervals depend on ipj^ (but not on u), but their number does not (other than through the 
energy). 

Proof. According to the trilinear estimates of Section [5l we may assume that there is angular separation 
between ii and the waves in Otherwise there is the desired gain. The amount of angular separation is 
very small and depends on E^rit a-nd £1. We shall now implicitly assume that d'^uA^ respects this type 
of angular separation. Note that we may restrict ourselves to the case of high-low interactions between u 
and Aon since for the other cases, the fungibility follows by using the same argument as in the proof of 
Lemma 19.151 
By (S, 



fei<-C 



(9.63) <C{E,„t,£i)[ '2''''\\PonPkMl2^yUL\\s 

ki<-C 

Next, by Theorem 1.11 of j49j, assuming w to be a free wave, for each /c e Z there exists a collection 7^ 
of tubes tI of size 00 x 2*^ x 2*^ centered along a light-ray and aligned with the Fourier support of u such 
that #7fc < [Ecrit £2^^)'^ and so that, where £ > is small and will be determined, 

(9.64) \\PQuPk^^L\\LlAn,, <£'^'^\\uh\\Pk^^Lh 

where £7^ •=UreT -'^'^ °™ case u is of course not a free wave; however, by Remark 15.111 as well as 
Remark 16.61 in conjunction with Lemma |2.21[ we conclude that we can write 



where 
while 



U = Ui + U2 
\U2\\S < £2\\u\\s 
L = J faUa v{da) 
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is a superposition of free waves Ua with the same frequency support properties as u and 

I WfaUahl <da) < Cie2)\\u\\s, fa e Xr., \\fa\\L^^ < C 

Thus for u in the original sense, choosing e in (|9.64|) of the form C{Ecrit ,£i)^^£2, we get 

\\PQuPk,i'L\\Ll^\n^^ < £22^\\u\\s[o]\\Pk^1pL\\2 

Inserting this bound in (|9.63p yields 

ki<-C 

1 

+ C(i?e„t,ei)( J2 2""' E WXriPouPkMWli^WMs 

< C(£'c„t ,ei)£2||u|U[0]ll^'L||s 

1 

+ C(i?e„t,£l)( J2 2""' E \\P0^\\l?^Ll\\XriPkMh,L^y\\M\s 
ki<-C rl^eT^^ 

Next, by a standard TT* estimate, and for all ki E Z, 

WXr^ PkML^.L^ <2'^\\PkM2 

whence 

(E2"'^ E WXr^ PkMh^L^f < {Ecru e-YULh 

Therefore, the exist intervals {Ij}jLi as claimed. Since the constants C{e2) and C{Ecrit ,£i) depend 
polynomially on the parameters, we are done. □ 

We can now prove Proposition 19. 181 We will assume that the energy of the data (/, g) is also controlled 
by Ecrit although this is only a notational convenience. 

Proof of Provosition \9.1^ For simplicity, we drop the zero order term from Oj^. This is admissible, since 
it only presents a notational inconvenience and is amenable to the exact same arguments that we apply 
to the first order term. With {Ij}i<j<M as in the lemma, we relabel them as follows: with initial time 
e Ij„, we set Jo := Ijg. At the next step, we define Ji = Ij-^ and J_i := Ij^ where Ij-^ is the successor of 
/jg (with respect to positive orientation of time), whereas Ij^ is the predecessor. In this fashion one obtains 
a sequence Ji with < i < M' and M' < {Ecrit as in Lemma [9.191 where ei is small depending only 

on Ecrit ■ Next, let u be the solution of 

au + 2id"uAa,^0, u[0] = (/,5) 

We claim that u^^^ := u\j can be written as an infinite Duhamel expansion in the form 

S{t)u[0], 

Jo 

where S{t) = [U, V){t) is the free wave evolution, and U{t) = V{t) = cos(t|V|). Of course, t e Jo 

in this equation. Due to the energy estimate of Section 12.31 and Lemma 19.191 this series converges with 
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respect to the 5'-norm. In a similar fashion, we can pass to later times: m^'^ := u\j satisfies 



e=o 

ft 



(9.65) u^-^-^' = -2i / U{t - s)9"u(^*'^"i' A„(s) ds 



where t & Ji and tj := max Jj_i ~ minJj for i> 1 and := 0. Observe that 

u<~J-'^t) :=5(t-t,„i)u(^-i)[t,_i] 

(9.66) 

-2i_ 

e=i 

for alH G Ji. If i > 2, we expand further to obtain 

S{t - U-M'-'^ [U-i] := S{t - U-2)u^'-^'> [t._2] 



/ U{t^s)xj,_Js)d"u^''-^'''\s)A^{s)ds 



2»E / U{t-s)xj^_,{s)d^u^-'^-'''\s)A^{s)ds 



This procedure can be continued all the way back to to = and yields 

(9.67) zx(^-0)(i):=5(i)(/,5)-E2*E / C/(t - s)XJ. (s)5V^-^)(s) A„(s) 

fe=0 ^=1 **= 

for all t £ Ji. Inductively, one passes from this term to u^-^*'^) for all £ > by means of (|9.65p . We next 
claim that for each j, the functions u^-^*'^) become small with respect to || • ||s provided £ is large enough. 
This is a direct consequence of applying Lemma [9. 191 to the above iterative definition of -^J as well as 
the basic energy estimate. 

Now fix a number 7 > 0. We will show that there exist to = to (7) a-nd 0.0(7) with the property that if 
|t| > to (7) and n > 710(7), then we can write 

U = Ui + U2 

where 

ll"2||s < 7 

and 

\ui{t,x)\ < 7 

for |t| > to, uniformly in n > 710(7)- We start by reducing ourselves to a double light cone. Indeed, pick a 
large enough disc in the time slice {0} x K.^ with the property that 

\\xd-u[0]\\l2 < 7 

Here xd^ is a smooth cutoff localizing to a large dilate of D^. If we denote the covariant propagation of 
X£)= w[0] by U2, then we can achieve that 

I|w2||s < 7 

by means of Lemma 19.151 We are thus reduced to estimating ui = u — U2, which by construction is 
supported in a (large) double cone whose base depends only on 7. We can then expand ui in terms of 
Volterra iterates just as before, and there exists £.y with the property that 

(9.68) EEll^i"'ll««7 

Furthermore, note that all the iterates u'("^ are supported in the same double light cone with base Dj. 
We now show that ui = ui + U2 where ||m2||s ^ 7 and ui has the desired dispersive property. Setting 
U2 '■= U2 + u\ then concludes the argument. First, in view of (|9.68p and the fact that the total number of 
Ji is controlled by the energy, we may include the contributions oi I > i-^ in u\. 
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By Huyghens principle, ui = x)ui where for the remainder of the proof x) is a smooth cut-off to 
the region |a;| < |i| + p with p being the radius of D-y. Then we can write 



(9.69) 



(t) = -2ix{t,x) U{t - s)Py^ko<-<ko] [a^ur-'"'^ A^{s)\ ds 
2ix{t,x) f U{t- s)P[^k„<.<ka]^[d"u['"'-''> A^{s)]ds 



We now show that the second integral splits into a term of small L^L^-norm, and one of small S norm. 
First, consider Then by Bernstein's inequality, and the energy estimate 



(9.70) 
(9.71) 



Xit, x) J' U{t - s)P[<_,„] [d'^ui'-'-'^ A^is)] ds 
C/(i-5)P[<_fe„] [d'^u['-'"'^ A^is)] ds 



< 2 



whereas for P[>feg] one can essentially (up to tails which are handled by Lemma l7.23( for example) remove 



the exterior x since the interior d°'u{ 



obeys that very localization. In conclusion, the resulting term 



is placed in u\. Now consider the main term (|9.69p . Decompose into caps n of size c{Ecrit ,7) which 
is a small constant. Denote the corresponding decomposition of the double light-cone < |t| -I- p} into 
angular sectors by {Sk}k- Associated with the S'k there is a smooth partition of unity Xk. ~ X- Write 
(|9.69p as the sum 



(9.72) 
(9.73) 



2tY,X.{t,x) f U{t-s)P^_ko<-<ko]P{^<,^2.][d"4'''^' '^A^{s)]ds 
+ 2iJ2x.{t,x) C/(t-s)P[_fe„<.<fe„]P[^-^^2K][^"4^"'"'^^-(-^)] ds 



Here C = ]||' ^^'^ the sign is selected according to the decomposition into incoming and outgoing propagator: 



U{t) = 



2i|V| 



=-»t|V|i 



By Bernstein's inequality the first term (I9.72p satisfies 

imUrL^ <c{E,„t)\^\ 

which can be made small for small k. Also note that 

\t\C\ ±x-^\>\t\ V (t, X, ^) such that xit, x) ^ 0, 2''"' < \^\ < 2^° 

where the choice of ± depends on whether the propagator U is incoming or outgoing. Now we make the 
inductive assumption (relative to t and i) that 



(9.74) 



Wx.Pi- 



l^[||thbll>|t|l'"i"'"^ ^\'t-,x)\\L^ <CN{iJ-,Ec„t,l)\t\ ^ 



where the ± sign is according to whether the function has space-time Fourier support in the upper or lower 
half-spaces, i.e., whether r > or r < 0. Strictly speaking, the cap size here depends on {i,£) with the 
size c{Ecrit 7 7) from above being the size at the end of the induction (recall that there are only finitely 
many choices for these parameters). But for simplicity of notation, we suppress this dependence from 
the notation. Note that we only have finitely many values of i. Now to estimate the second integral 
term ()9.73p . we distinguish between a number of cases: first if \s\ <C |t| (where the implicit small constant 
depends on |k|), due to the apriori support conditions satisfied by u^^"'"^ which forces \y\ < \s\ + p, we 
obtain the desired gain in t by integrating by parts with respect to |^|. Next, assume that \s\ ^ \t\ (where 
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the implicit small constant again depends on \k\ - this will be tacitly understood for the remainder of the 
proof). Then we first reduce to ||s| — |y|| ^ \s\. For this consider the term 

pt 

Since we assume \s\ ^ |t|, the desired gain t^^ here follows by using the induction hypothesis. Hence we 
now reduce to estimating 

2*X1^«(^'^) / ^(*-*)-f[-'=o<-</co]-fKVT2«][^[ll«|-|y|l«l«l]^""l"'"^~^^^"(*)] 

Here we apply a further decomposition 

Xl\\s\-\v\\^\s\]d Ml =X[||«|-|y||«|.|]2^XK'(s,y)9 

+ X[||s|-|y||«|.|]Xl^'='(*'y)^[±ee-(2K')<=l^""i'^"^"^^ 

The contribution of the second term here is again rapidly decaying due to the induction assumption. Hence 
we have now reduced to estimating 

2iY,XK{t,x) I U{t - s)P[_ko<-<ko\P[i<^^2^][X[\\s\-\y\\<S.\sW 

k' 

Now writing out the free wave parametrix, we see that on the support of the resulting integral in the 
variables ^, y, s, we have that 

l±iek + yei«|t|, 

and choosing k' as well as the implied constant in ||s| — |y|| <ti \s\ suitably small, we can ensure that 

\±m+x-C\^\t\:^\±\^\s + y^\ 

on the support of the integrand. Integrations by parts in |^| yield the desired rapid decay with respect 
to \t\. This recovers the first part of the inductive assumption, and the second follows identically, since if 
ll^l ~ kll ^ 1*1: then we necessarily have 

\±m+x-^\>\t\ 

The inductive procedure is now completed by means of (j9.67|) which takes account of the changes in the 
level i. □ 

Recall that we restricted to be a free wave in (|9.57p . In order to treat the general case, we apply the 
usual decomposition (|9.56p . As usual, the smallness of the 'i>NL allows one to iterate these terms away. 
Furthermore, the proof of Proposition 19 . 18l applies to these terms equally well since we do not rely on any 
specific structure of the u['^'^'^ other than the inductive assumption (|9.74|) . and the formalism of the 
Volterra iteration by which we represented these solutions. 

9.6.2. The second stage of Bahouri Gerard, applied to the first large atomic component. Recall that we are 
considering only a — 1. Nevertheless, we keep the parameter "a" in our notation general. We now need to 
quantify the lack of compactness for the functions 0"°, ("■"', ry"", all at time t = 0. We evolve each of 
these using the covariant wave flow from before and select a number of concentration profiles. The method 
for this follows exactly the Bahouri-Gerard template, but using Lemma 19.171 instead of standard energy 
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conservation for the free wave flow. In order to define the temporal flow for each component, we need to 
impose time derivatives at time t — 0. We do this by defining 

9,^"'^(O,-):=0o""(O,-), dMOr)--^0 
Introduce the following terminology: 

Definition 9.20. Given data u[0\ = (wo,ui) at time t = 0, we denote by 

the solution of □^7i(m) — with the given data, evaluated at time t. 

We now describe the important process of extraction of concentration profiles: Consider S A" (C^"" [0]) j 
with C"°[0] — (■(/'o"i C"")- Following [IJ introduce the family Va"(C")j consisting of all functions on 
V({t, x) e Ltjoc^i 1^ C'^L^ such that 

{SAAC''m))it + tn,x + x,,)^Vc{t,x) 

as n ^ 00 for some sequence {{tn, Xn)}'^=i G K x R^. Here, the weak limit is in the sense of L^^^^H^. 
Observe that such a function VQ{t, x) solves OVq = in the sense of distributions. Thus it makes sense to 
introduce the quantity 

tjaAC) sup{i?(Vc), Vc e VaAC)}, 

where 

E{Vc) := I \V^,tVc\''dx 

We can now state the following lemma that is at the core of the second stage of the Bahouri-Gerard process 
for wave maps. Recall that a = 1 here. 

Lemma 9.21. There exists a collection of sequences C M X R2, & > 1, as well as a family 

of concentration profiles V^^[Q] :— {V^^{x),V^^{x)) € L^(R^) x ij^(R^), with the following properties: 
introducing the shifted gauge potentials 

(9.75) A""'' := + X + x^^), 
one has 

• For any B > 1, one can write 

B 

{SAAC''m)){t,x) = {s^„.,{v^''[o])){t - tt.x-xt) + 

6=1 

Eere each function {S j^^^^{y^\G\))(t - t°^ ,x - x°^), a;), solves the equation D^^u = 0, 

and we have 

(9.76) lim [limsup7?A"(Ii:''^)] = 



lim \\tf-tf\ + \xf-xf\]=oo 



One has the divergence relations 
forb^b'. 

There is the asymptotic orthogonality relation 

B 



EiClQ]) = }_^E{V^*'[0\) + EiW^'^^it, ■)) + o(l) 



6=1 



Here E refers to the standard (flat) energy and the o-term satisfies lims^oo hnisup^^o^ o(l) = 0. 
All V^^[Q\, as well as their evolutions S^r,ai,{V^^[0\) and the WJ^"^ are \- oscillatory. 
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Proof. We follow [T]: There is nothing to do provided f?A"(C°) — 0- Hence assume this quantity is > 0. 
Then pick a profile VQ^{t,x) S Lf^^^H^ n C^L^ and associated sequence {{tn^ ,x'^^)}n>i such that 

{Sa^. (C"'^[0]))(t + X + <i) - V^^\t, x) 

with 

Using the notation of the lemma, consider then 

[Sa^ iC^ [0] )) {t + ,x + xi')- [Sa^. (5^„„, iv^^' [0] ){o-c\--x';,'))]{t + t';,\x + x'^^ ) 

= {SAAC^m){t + tl\x + xf)-{S^^.,{V^^\Q])){t,x) 

But by our construction, this expression converges weakly to 0. 
Furthermore, due to Lemma 19.171 we have that 

Now we repeat the preceding step, but replace C""[0] by 

Cm-SA^AVc^'mi.Q-tnr-xf) 
Thus select a sequence {{f^ ,x'^)}n>i and a concentration profile V?'^{t,x) such that 



JR^ 



and furthermore 

[Sa^ {C" - (T^c"'[0])(0 - C • - + if - ^ + ) ^ V^^'it, x) 

We obtain that necessarily 

lim |i-i-tf| + |<i-xf|=oo 

n — *oo 

Furthermore, we claim that 

This follows again just as in the free case, using Lemma [9. 171 We need to show that 

y.,tSA^AVt[QW - •) • V,^,[C"'^[0] - 5^„„,(F^'^i[0])(0 - C •)] dx = oi.(l) 
Due to Lemma [9. 171 up to 0^2(1), the left-hand side equals 

^..tSAr^ (5^„.i (yt [o])[o - {t + , • + .Tf ). 
• v,,,5^. ([(""^[o] - 5^„„, (v-c"Mo])[o - 1:^!]]) it + t^„\- + xt) dx 

But here we can again use that 
provided t € [0, 1], while by construction 

Sa^ iicm - 5^..i(^^c°Mo])[o - C]]) it + tn\ ■ + <') ^ 

The conclusion is that 

^ ^.,tSA^ {SJ„.^ iv^^' [o])[o - f},']) (i + C, • + 
■v^.tSA^iCM - %.<.i(v;fMo])[o-0])(i + C,- + 

from which the asymptotic orthogonality follows. All assertions of the lemma now follow by applying the 
preceding considerations inductively B times. □ 
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Figure 7. The dependence domains of various concentration profiles 



Figure 7 depicts various concentration profiles. More precisely, one should view these profiles as being 
well-localized in physical space centered at their cores in space-time. The figure then show the approximate 
support of the wave evolutions of these profiles. 

Generally speaking, a will always refer to an atom, whereas b refers to the concentration profile generated 
by an atom. We shall now apply Lemma [9. 2 II to the covariant evolution of C"°[0], as well as the remaining 
components 77"°, i/j™, ■0"". 

9.6.3. Selecting geometric concentration profiles. At this stage, we face the same issue as in Step 1 above: 
we have a sequence of component functions V^'^ associated with the essentially singular sequence , but 
in order to apply the "energy induction hypothesis", i.e., the assumption that Ecrit is the minimal energy 
for which uniform control fails, we need to show that the V^'^ can be assembled to form the Coulomb 
components of actual maps from ^ H^. We now address this task. To begin with, we may assume 
that *"^o ^Oi2(l) since otherwise vl/"^o is a perturbative error. 

To summarize our construction of the concentration profiles: we started with the Hodge decomposition 
(all at time t — 0) 

cfil"- = + 92'/'"", 9(0"° := 9(0"° = 

1/;^° = 92 C"" - 9l77"" 

From here it is immediate that 

22 2 22 

E{r'') = E mil = E + E w^Jnik - E ii^-c-iii. + E 

a—O ot—O a— a— a— 
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Now, we evolve each of the etc. in time using the covariant flow, and apply Lemma [9.211 Changing 
the notation from that lemma, one obtains the decompositions (with A as in (|9.75p ) 

B 



rnaB 



b=l 
B 



6=1 
B 



naB 



6=1 

s 

6=1 

where the W errors are small in the 77-sense when B is large, see (|9.76p . Here we use the same sequences 
fnab^ ^nab f^^. decompositions, which of course we can by passing to suitable subsequences. Note that 
we are working with both the and tp components here, which is needed for the following result. 

Proposition 9.22. For any 1 <b < B, and any 62 > 0, there exists an admissible (derivative components 
are Schwartz) map from into M'^ , with derivative components 'Pjs^ , j — 1,2, and a number 'ys2nab S 
such that 

blnwl/n inab \ , A fc /'T/<i6 fnl A1 /'n j-nab \ ^1 f c /'t/cl6 rnRl /'n j-nab 



(9i [5^„..«[o])](o - + d2[SA„.,(yf[0])] (o - a2[5^„..«[o])] (o - t-^\x) 



< S2 

LI 



for large n. 

Proof. Due to the asymptotic orthogonality relation of Lemma [9. 2 11 given 82 there exists Bq so that for all 
b > Bq one can simply take the derivative components to equal zero. In other words, it suffices to consider 
l<b<BQ. 

Fix a b, we shall pick B larger, if necessary, and also pick n large enough later. For simplicity introduce 
the notation 

vr' ai5^„„.«[o]) + d2SA^.,{V2^'[o]) 

and similarly for W^l''. Note that we here introduce dependence on n again. 
Thus at time < = 0, we have the identities 

B 

6=1 
B 



6=1 

where the W's satisfy the smallness property (|9.76p . Then we distinguish between the following two cases: 
(A): V^2^{' ~ i™^, X — 2;""'') is of temporally bounded type. By this we mean that 

liminf |t"''''| < 00 

n — >oo 

By passing to a subsequence, we may then assume that 

limsupir'^''! < 00 

or in fact, that lim^^oo ^"^^ exists. 
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(B): V^2''i' ~ t'^'^^,x — x""''') of temporally unbounded type. By this we mean that 

hm li"''^! =00 

Observe that in this latter case, due to Proposition 19. 181 we can conclude that 
as n — > 00. 



We treat these cases separately, commencing with the temporally bounded Case A. We need to show 
that ( • — t""'' , X — a;""'' ) can be approximated arbitrarily well by the Coulomb components of admissible 
maps. We shall do this by physical localization: Note that for b' ^ b, we have either 



or else 



lim If"'''' I = 00 



lim |x"''''-a:""'''| 



We conclude that if x^"^ is a smooth spatial cutoff localizing to a disc of radius R, R < oo, centered at 
rf-nab^ then we have 

lim \\x7'v;fiO - t'^^'^x- x-'^''')hi = 0, 
using Proposition 19. 181 We also claim 

Lemma 9.23. Choosing B — B{d2,R) large enough, we get (here 62 > can be prescribed arbitrarily) 

limsnp\\x7''W^f\\Ll^62 

n — >-oo 

for alll<b< Bq. 
Proof. Recall that 

where Wi2^ solve the covariant wave equation D^nu = (where as before A" is defined using ^'"^o '). 
But then it is straightforward to check that the space-time Fourier support of u is contained in a small 
neighborhood of the light cone intersected with the set |^| 1, up to arbitrarily small errors. One can 
then reason exactly as in fl], see Lemma 3.8 in that paper. □ 



Therefore, given S2 > 0, we can pick R = R{S2, V12) with the property that 
lim sup 

n — >oo 

- {vfio - 1"''^ X - x'"'''),vfio - x - x'^''')) 

We now need to show that the components 



< (52 

Li 



AO) 



are close to the Coulomb components of an admissible map, up to a constant phase shift. To achieve this, 
we insert the profile decomposition we obtained above for (/'"21 write 

B 

h' = lj = l,2 

B 

XrUT = Xfl 'lE E ("lF+'a,+i(5^„..,(T/"'''[0])(0 - t-'^^'^x- x™^') + W^;"^)] 

6' = lj = l,2 
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where dj+i has to be interpreted modulo 2. Now if we choose B large enough (depending on R, chosen 
further above), and then choose n large enough, we can ensure that 

llxS"Vr - XS"' E (-l)^+'5,-+i(5^„„,(V^«''[0])(0 - ^"»^ar - a;"«^)|U. « 62 

We continue by approximating the truncated components xli^4'i°' by the derivative components of an 
admissible map (x"«b, y'f^f') : IR2 ^ ]fj2_ 
For this purpose we recall the identity 

^ina ^ (yna)-l ^ A-l^.a,- [4"«y"«], j = 1, 2 

fc=l,2 

Inserting the above decomposition for the 0^"", we obtain 

B 

0i"«=(y"«)-i ^ /\-^didj[[Y^ E 9j(Re5^„,,/(tA«^'[0])(0-r"^',a;-a;"«^')+ReWJ"^)]y""] 

fc=l,2 6' = lJ^i2 

B 

k=l,2 &' = lj^i2 

Using the frequency localization of all functions involved, and increasing R if necessary (independently of 
B), we can then achieve that for n large enough 

ll^ina _ (yna)-i ^ E '^^^^i'^^' [^^''''t E (Re5^-i> (^^"''[0]) (0 " a; - x""'') + Rellj"-^)]y"''] 

+ (y"")"' E E^"'^25,•[x^'[E(-l)''^'^5+l(^^e^A-'>(^"'[0])(0-^»^a;-ar"«'') + Re^^^^ « ^2 

From here we infer that 

hmsup llxrV]"" - (y""^)-' E A-iafe5,[xX»Vry""]|li2 « <52 

fe=l,2 

Now modify y to a function y""*" by picking numbers R" , R' with 

R^R" ^ R', 

to be specified shortly, and setting 

ynab _ gE)c=i,2X5/''A-^3fcP[_H//_H"]'^fc"'' 

whence 



E xS'''A-iafeP[_H",fl"]</.r" = xS?Vf"+ error. 



^ k=l,2 

where we can achieve that ||error|| ^2 <^ S2 by choosing R" large enough depending on 62 and the localization 
of (/>"° in frequency space, and then R' large enough in relation to R" . Increasing B if necessary and then 
choosing n large enough, we can then also achieve that 

Xfl' Vr - Xfl'" E (-i)'+'5^+i^A-.(v^"'[o])(o - X - x^'^") 

j=l,2 

and then 

n.nab ina .nab ina\\ ^ c 

llXii' 02 - Xr 92 < 02 

We next show that the expression 

(y"'^)-! E A-i5,a,[xr''<^ry""] 

/c=l,2 



< (^2 
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is well approximated by 

fe=l,2 

To see this, write 

(y™)"' Yl A-iafea,[xrVi"«y"»] = 6-^-^=1.= ^H'"^"'^^^"" A-iafc5,[xS»Vfc""e^^=^'=^«'''^"'^'^^"1+error, 

fc=l,2 fc=l,2 

where we can achieve ||error||2,2 <C S2 by choosing R' large enough in relation to R and the intrinsic Fourier 
localization properties of 0"°. 

Split the phase into the product 

Wc need to show that we can eliminate the factor 6^*==!. 2 Xfl/ "k ^i-r" ,a"]':<Pk Using similar arguments as 
in Step 1, choosing R" large enough in relation to R, it is straightforward to show that, with d^^ :— A^^dk, 

k=l,2 

« 62 

||(e-i:*.=i,2xS'''9."'^'>fl"'^r" _ i)e-i:*.=i,2xS'''9."'^(-oc,R"i<^r" ^ a-i5j[xX°Vfc""e^''=''' '^"'^^-"'''"'^"^'''llU^ 

fe=l,2 

«: (52 

iiwvu oiiv^.. uiiu,^, ^ixiiiiiii*,.^, ^ fc=i,2XH' °k '^<-R"Vk . Indeed, proceeding as in the first 

section, write 

/c=l,2 

i>2 fe=l,2 

*;=1,2 

Here the cutoff X;^*" localizes to a disc of radius IR around a;""''. Then pick a point Pinab in this disc, for 
each I, and write for fixed / > 2 

e-E,=i,2xS'''«'."'^<-B"'^^°(y"«'')-i a^ia^-[x^"Vfc"''y""^e^'^=^'^''«''^^"'^<-""'^'"'""] 

fe=l,2 

/ ^ \-'-/~-nao\ — l\ o— lor ilna - nab ^ 1 



But then we can estimate 

^ (, eT,k=.i,2^R^''^k'P<-R"'t'l"" IR 



and then using the machinery from Step 1 (which yields a i ^ gain), and choosing R" R, we can achieve 
that 

ei:.=i,2xS'''s."'^<-K"'^^° 1 ^ ^ , ^ ^ e^>'=^.-^n''Ok'P<-R"'l>l'"' 

\( ^ _ i](^nab\-l \ fl-la.l^nabilna~nab_^ • 

g2^fc=l,2 X^/ ^<-R"<Pk (Plnab) i~f n gZ^fc=l,2 X^/ ^<-Ri"Pk \Plnab) 



g^fc=l,2 "fc -<-K"f-fc i,j-iriuu/ fc— 1 2 ^ 



«; ^2^ 
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Similarly, one can eliminate the second instance of 



Hence we have now shown that for B and then n large enough, we have that the functions 



72nab 



^3 ' ynafe ' 
fe=l,2 ■' 

which of course are the derivative components of admissible maps, satisfy the inequalities 

\Wi -Xr <Pj < d2, \\(Pj -Xr 4>j < d2 

Our next task is to approximate the Coulomb components. For this consider 

From the preceding, we can arrange that 



We need to show that we can also arrange (i.e., upon choosing B, n large enough) that 
for a suitable constant 7„a6- 

We first get rid of the phase e~'^'==i'2 "''^ : simply pick a point Pnab in the support of Xr^ and 
replace e"' ^'==1.2^^ " by e-'^^=i.2 '"^ ° (^'""''^ 

Next, we need to show that (/,^i"''e-*^fe=i,2 "^fe"" ig close to ^^«''e~'^'==i.2 ^1= , up to a constant phase 
shift. First, pick Ri ^ R such that 

II ^nabg-i Efe=i,2 V^"" _^nab^nabg-i E,=i,2 11^, ^ ^2 

Next, pick R' ^ i?i such that 

for suitable 7i„ob- Next, we claim that picking i?2 S> i?', we can arrange that 
This is a consequence of the fact that 
Finally, we claim that 

^nab^nabp-iT,k=l,2^k^Pl-R'.R'MRf<Pl" 



is very close to (^"°^e '2i;fc=i,2 '9*; 'i'k ^ which is what we need to finish case (A). To see this, note that by 
choosing R2 large enough in relation to i?', we get from Bernstein's inequality 



E 

k=l,2 fe=l,2 



This immediately implies 

^^y,^b^nab^-iJ2k=i,29k^Pl-R',R'][XRl'''l'l"'''] — ■^'^b ^nab^-i'E,k=i.2 P[-R' ,R']<l>k"'' ^^j^^ <^ ^2 

To conclude, picking R' large enough in relation to Ri allows us to find a phase e^'^'^""^ such that 

\\-^i^b^nab^-i'Ek=i,29k^Pl-R',R']'t>l"'' _ -^^ab^^abg-« Efc=i,2 ^fe Vfe'"'gi72no6 ^ 



CONCENTRATION COMPACTNESS FOR CRITICAL WAVE MAPS 



213 



Since we also have, as mentioned before, that 

\\xf4'r''-^T''hi^S2 

Combining aU of the preceding steps, we infer the existence of a phase e''^""' such that 
We then get for suitable "f'^^^ 

This finally concludes case (A), i.e., the temporally bounded case. 

(B): temporally unbounded case. Here we have lini„_>oo = oo, whence using Proposition 19. 18| we 
get that 

3 4 (0-t ,X-X ) = OL^(l) + 0^2(1), 

where we recall the notation 

We now make the following 

Claim: Choosing n large enough, we have 

||v.,t54„..«[o])|U2 «J3 

for any given S3 > 0. 

Thus in Case (B), the components l3"4^(0 — t""'',a; — a;""'') are approximately given by the gradient of 
a suitable (complex valued) function. Once the Claim is established, Case (B) will be straightforward to 
conclude. 

In order to prove the Claim, we shall use the curl equations satisfied by the components 0"° . To begin 
with, pick R large enough such that 

B 
b=\ 

Then using the Littlcwood-Paley trichotomy, and choosing i? larger if necessary, we can arrange that 

B 
b=\ 

Now fix a cutoff y^^''^ which localizes to a large annulus of radius around a;"°^ and thickness i?„ large 

enough, such that 

limsup ||x"°^^m''(0 - X - - Fg^f (0 - t"'^^ X - x"°^)||i2 < 82 

n — *oo 

By removing finitely many 'holes' from this annulus and adjusting correspondingly, we can ensure 
that 

lim ||x"'^V3,4a6'(0 - - x"'^^')|U2 =0, b^b',l<b' <B 

We cannot simply arrange that 

Km ||x"'"'W^3"f Ik? =0 

and it will be more complicated to disentangle W^"^^ , V^f' . From the preceding, choosing R and then n 
large enough, we can arrange that 
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Here R only depends on the frequency concentration of We now analyze the curl expression 

- y-'d2 [x"'^''P[-iofl,iofl] {P[-R,R] i^Ty-'^"-'^' s^'^r)-\ 

We shall show that this expression becomes arbitrarily small when n is sufficiently large. Decompose the 
above expression into 

V-i [aix""''P[-ioflaofl] {P[-RM] i^De-'^"-'-^ ^"*^")] 

+ v-i[x"«''P[_iofl,iofl](^^[-fl,fl](ai0r - as^De-^^'---^'''^'^^")] 

- [x"'^''P[_iofl,iofl] (^'hfl,/?] (07)52 (e-'^-i.^ ^'^'«"))] 
For the first two terms, choosing the cutoff x^''"'^ suitably, it is clear that for n large enough we have 
II [aix"'^''P[-iofl,lOfl] {Pl-R,R] ''"^^")] 

< ^2 

For the third term, we use the schematic curl relation 9i02" ~ 920"° = "(0"'^)^". Note that by including 
a suitable cutoff ^^""^ having similar characteristics as x"'"'^, we get 

II [x"'^''P[-iofl,iofl] (^[-fl,fl](5i0r - a2</>r)e"'^-^'^ ''^"*^-'')] 

- V-i[x"'^''P[_ioflaofl](^[-fl.fl](r'^'"(</'"'^)''Oe-^^''-'^^'^'^''^-°)]||L^ « -52 
Now we insert the decomposition 

B 

VJ!^^ (0 - t"'^'' , x - a;'"^^ ) + W;'_^i , j = f , 2 



6' = 1 



For any chosen i?, by picking n large enough, we can achieve that 

B 

^jT2 (0 - 2^ - a;""'') , < ^2, 

f,'=i, 

and hence we reduce to estimating 
Now recall from Proposition 19 . f 81 that 
Hence we obtain 

\\y~'[x'''''P[-ioRsoR]{Pi-RMr^'[yi:f?>^^^^ 

+ \\V-'[x''^'P[_,oRAOR]{Pl-RMx'''''^^'^lt^^^^ « S2 

for n large enough. Finally, consider the term 

V-i[x"'^^P[_ioi^aoi?](^[-i^,fl,](r'^'[^^3:f 

Here we split 

W,-f = P[-R,,R,]^W,-f + P[-H,,R,]W^f 

Then if B is chosen large enough in relation to Pi, we obtain both 

\\P[-R^,R^]^W^,f\\Ll « h, \\P[-R,,R,]W^X''\\l^ « h 
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Here the first inequality holds of course uniformly ion in n, B due to the frequency localization. From here 
we infer that for B and then n large enough, we get 

The argument for showing 

- V-i[x"'^''P[_iofl,iofl,](i^hfl,i?,](0r)92(e-^2:..,,.a-Vr))]||^, « 
of course proceeds in identical fashion. 

Summarizing what we have achieved thus far in Case (B), we have shown that for n large enough, we 
get 

- V-ia2[x"'^''P[_iofl,iofl](^[-fl,/^](0r)e-^^-^'^^'^'*^°)]||L2 « 52 
In light of the fact pointed out earlier that = 1, 2) 

[x"'^'Phiofl,iofl](^[-ii,i?]('/'r)e"'^'=^^-=^^'^''^^")] 

is well approximated by 

we then infer that (recalling the definition of V3.4, W3, 



4 J 



II V-i^i [x"''''92[((5'^„ab(V^i"''[0]))(0 - X - + Wr'^)] 
- di[{S^„^,iVf[0]))iO - e^^x- a;""'') + M^^^^]] 

< 62 

But then choosing the cutoff x"'^'' as above and picking n large enough, we conclude (noting cancelations 
in the preceding expression) that 

||V~lA[(5^_.(F2"''[0]))(0-^"'^^a;-x""') +x""''M^r'']IU^ « S2 
This inequality, together with the approximate orthogonality of the two summands involved, then gives 
the smallness of either summand separately: recall from Lemma 19.211 and its proof that we have 



V,,t(5^„„.(l/2'^''[0]))(0 - t"'^^ X - x™^) • V^.tWr^'iO, •) dx 



< 62 



Now recall the vanishing condition at time t = 

B 

J2 dtS^^^,> (1^2'''''[0]))(0 - r''^',x~ + dtW^^ = 

b' = l 

which we used to define the linear covariant evolution of 77"". Applying the cutoff ^^""^^ and choosing n 
large enough, we get that 

\\dtS^„^,{V2^'[0])){0 - X - x^"'') + x'""''dtWr''\\Ll « S2 
However, this inequality, together with the two preceding ones, implies that 

||v,,t(^^„„.(y2°'[o]))(o - - x"'^'')|U2 + ||x"'''v,,tM/2""^||Lj « S2 

Summarizing the state of affairs in Case (B), we have shown thus far that the Claim holds. But this 
then says that the 'diluted concentration profile' given by 

^3"'^'' = [9i5^„..(l^i"''[0]) + d2S^„^,(Vf[Q])]{Q - X - x""'') 
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is given, up to an L^-error of size S2, by the pure gradient term 

V^"'' ^ d2S^„^,{Vf[0])]{0 - - a;""'') 

We shall now use this to construct a map from — > whose Coulomb derivative components are close 
to Vi'f. 

Indeed, picking R large enough and then n sufficiently large depending on R, it is straightforward to 
check that 



error, 



where we have ||error||i2 <c 62- Then we define a map (x, y) : ^ (here we abuse notation heavily, 
this map of course depends on n, a, b) via 

X ReP[_fl,^](5^„„.«[0])](0 - ^"°^a; - x"''^)), y ImP[_;^,«] {S^...{Vf[Q])]{Q - - x^^')), 

These then satisfy 



^+^^- d,P[_nM] (5^„„.(l^r [0])](0 - X - x-'^')) 



and the associated Coulomb derivative components are the desired approximations. This concludes the 
proof of Proposition 19.221 □ 

Summary thus far, for both (A), (B): we have shown that we have the "covariant Bahouri Gerard 
decompositions " 

b=l 



AO) 



B 



b=l 

where we have 

vr' ai5^„„.«[o]) + d2S^^.,{V2^'[o]) 

Vr' d2S^„.,{V,^'[0]) - d^S^„.,{V2^'[0]) 

and similarly for W^a- Furthermore, for n large enough and any given 62 > 0, we can find maps 
^^(52 nab ^ y (52 nafc -J . _^ j]_jj2^ with the property that their (spatial) Coulomb derivative components are 
62 close (within the L?' -metric) to constant phase shifts of the V^^'f'iQ — x — a;""''). 

We shall now refine the information we have by proving the following 
Lemma 9.24. Given 62 > 0, we can pick B and then n large enough such that 

\\^x.tWr^\\L2 «<52 

Remark 9.25. Recalling the identities 

We see that this says that W^l^ are essentially pure gradient terms, like in Case (B). 
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Proof. (Lemma 19. 24p The proof is quite similar to the Case (B) above. Given 62 > 0, first choose an index 
Bi such that we have 

B 

hmsup II J2 Kfi^ - ^ - « ^2, 

b=Bi 

for any B > Bi. Further, pick R = R{52) with the property that 

hmsup ||P[_fl^fljc(07'^)e-^2:..i,.9.7M0l""+-r-'" ']||^, « J = 1,2 



Increasing R if necessary, we can then also achieve that (for n large enough) 

iii^[-iofl,iofl] [^^hfl,i^](0r2)e"'^^^^'^'''^''*"°+'""''° - E ^m''(o - ^ - ^""') - w^sT lu?. « ^2 

6=1 

Here we will choose B sufficiently large in relation to Si , (^2 • Now pick a cutoff x which localizes to the 
union of large discs covering most of the support (in the L^-sense) of the atoms V.^f'{0 — t"-°-'',x — x""'') 
of bounded type, i.e., for which hmsup |t""''| < 00, 1 < b < Bi. Of course x then depends on a,Bi,n, 
but we suppress this dependence here. Picking x suitably and then choosing n large enough, we can then 
ensure that 



fc=l b=l 



where z2b=\ indicates that we only sum over the atoms of "unbounded type". Summarizing the above 



11(1 - x)[YlKf(^ - - 2;""'') - E^3"4^(o - ^"'^^a: - x'"''')]\\l2 < S2 

indical 
steps, we now have 

ll(l-x)^[-io«aoH] [P[-H.fl,]('/'r2)e"'^^^^'=^'^'^*"°''""''" '^]-Y,Vi'fiO-e'''',x-x-'^'')-{l-x)Wi\f\\Li « S2 

&=i 

By picking B large enough (recall that we can do so independently of Bi), we may also assume that 

m-x)w^,f-wifh.^s2 

Here we use Lemma 19.231 

Next, we calculate the curl of the Coulomb components, localized as above, and with an extra cutoff 
(1 — x)- Thus we want to estimate the expression 

52 ((1 - x}Pl-ioR.ioR] [P[-fl,/^]('/'r)e-'^— 'l]) 

-9i((l-x)^hiofl,io«][^'[-fl,fl](0r)e-''^'=-'^''^- ° ']) 

This we can estimate as in Case (B): Of course the case when a derivative falls on (1 — x) is negligible. 
Then repeating the arguments in Case (B) above, we need to estimate the schematic expression 

Here we use the Bahouri Gerard decomposition of the 0"", i.e., 

B 
b=l 

It is clear that we then reduce to estimating 

((l-x)i'hioi?.ioi?j[^'[-i?.fl]((l-x)[E ^3,4(0 -^"»^x-x"'''') + W3"f]2)e^ 1*^""+-'= " 1]) 

b=l 

But the contribution of the terms V3.4(0 — t""'',^ — x"'^''), I < b < Bi can be made arbitrarily small by 
choosing n large enough, while the contribution of W^^"^^ is handled by placing one factor into and the 
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other into L"^ . 

Summarizing, wc have now shown that 



naBl 



ab JirnaB 



< S2 

Li 



But then recalhng the defining relations for Kj"! , WJ^f , we can repeat the argument from part (B) in the 
preceding proof to conclude that for B and then n large enough, we have 

as desired. □ 

Proposition l9. 221 together with Lemma [9. 241 are key technical tools we shall use in the next section when 
bounding the wave maps with data 

where a = 1. 

9.7. Step 4: Adding the first large atomic component and invoking the induction hypothesis. 

In Step 3, we constructed a wave map with data corresponding to the lowest frequency "non-atomic" part, 
whose Coulomb components are 

Our next step now is to prove bounds for the wave map whose Coulomb components are given by 
provided we make the following key 

Energy Assumption: All concentration profiles have energy < Ecrit ■ Thus 
(9.77) EiV"') < E,„t V6 

As before, in order to avoid confusion, we shall denote the superscript 1 here instead by a, it being 
understood that a ~ I. Thus we now intend to prove global bounds for the evolution of the Coulomb data 

(0) _ ka'"' 

+^»'^]e-* 5:^=1,2 " +«''l+0i2(l) 

^W^-^" e-*^'' = i^2A-^a.«., « +^nag-zi:. = i,2A-^a.K " +'^rl+ 0^,(1) 

From the preceding section, we obtain a decomposition of the added term 

as a sum of concentration profiles at time t = 0. Note that this time in principle plays no distinguished 
role, other than that we are guaranteed existence of the evolution of the wave maps with above data on 
some small time interval centered at t = 0. Recall the decompositions (for any B > 1) 

b=l 

^na^-iJ2k = l,2 ^ 9fe[u;^ ° +</'g°] _ ynab _ ^nab ^ ^ _ ^nab^ _^ W^°^ 

6=1 



where 
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and similarly for W3,4, while we also have 



_1 r,^(°) 



5=1 



5=1 

These decompositions are understood to hold at time t = 0, of course. Now the fact that for B large enough 
(and then n large enough) we can arrange that ||Va;,fW^''^||i2 <C 62 implies that 



5=1 

by increasing n if necessary, due to the approximate orthogonality of these functions. 

Recall that we have temporally bounded concentration profiles, as well as temporally unbounded ones. 
Then it is intuitively clear that the evolution of ■0"" (this is not well-defined strictly speaking, we can only 
evolve Coulomb components of actual maps; however, we can think of V;"" as the difference between the 
components of maps) will be dominated for a large time interval around f = by the evolution of the 
temporally bounded concentration profiles, which will exhibit nonlinear behavior, while the temporally 
unbounded ones will behave like; free waves for a long time. In order to make things prec;ise, we introduce 
a hierarchy of temporal scales, which means we order the times t""'' according to whether they are positive 
or negative and then whether 

lim (r°''-r"''') = ±00 

n— >oo 

Assume that this way, we arrive at the list of representative time scales, M = M{B), 
where we have f""^* > 0, say, and 

lim (r"''^ -r'^^^-i) = 00, 

n — *oo 

and furthermore for each b £ {1,2, ... ,B}, we have f""*" = t"'"'^' for some j as above. Note that we 
have chosen to equate those times here that do not diverge from each other. This can of course be done 
by passing to a subsequence such that the difference of these times converges, and the redefining the 

concentration profiles accordingly. 

We then implement an inductive procedure, controlling the evolution of i/)^*'*^"'' on the interval [0, t"'"'''^ — 
C] for some huge C (such that we are guaranteed that all the concentration profiles focussing at times 
^nabj ^ J > 2, will not display any nonlinear behavior there yet), while the temporally bounded ones start to 
disperse and behave linearly around time i""''^ _ C, for sufficiently large n. This then guarantees that there 
is essentially no nonlinear interactions going on between evolutions of concentration profiles at different 
time scales. 



9.7.1. Proving apriori bounds for the evolution of ij/a ^'^\' the lowest time scale. Here we prove apriori 
bounds on the (wave m£ 
have the decomposition 



bounds on the (wave map) evolution of the Coulomb components ip^^^"'^ ■ Recall that at time t = 0, we 

lu; _ nA<-°'' ^ 



5=1 

.(0) B 



(0) nA^ _ 

V>^«")(0,.) =«;o^'' e-*^^=i.= ^"'^'=-'= ° +^at5^„<.,(Fl"''[0])(0-^""^a:-a;""^) + 5tPFf 



6=1 



The "tail ends" Wg'^t^, dtW]"''^ here satisfy the smallness condition 
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where o(-) here is meant in case B,n oo. Observe from Lemma 19.241 that we actually have 

W^-f = 5i,2W^r'' + error, ||crror|U2 « ,52, 

provided we choose B and then n large enough. Furthermore, the proof of Proposition 19.221 case (B), 
reveals that for concentration profiles which are temporally unbounded, we have 

We shall now build the evolution of ipa^^'^^ as the sum of well-known pieces, namely the evolutions of the 
atomic profiles, plus an error term, which we will show will remain small. To make things precise, we now 
use the following construction: We shall use 52 > as a smallness parameter which will ultimately hinge 
on intrinsic properties of the concentration profiles as well as the S-bound on the already constructed low 

nA^ 0) 

frequency part ° , and be specified at the end of the construction. Thinking of ^2 > as fixed for 
now, we first pick a large cutoff Bi with the property that 

hmsupll ^ Vrfhl + W J2 dtS^^AVfm)\\Ll + \\da.Wr''\\L^^^S2 

n^cc B>b>Bi B>b>Bi 

for any B > Bi. Then we evolve the concentration profiles corresponding to a 6 e {1, 2, . . . , Si} as follows: 
(I): Evolution of temporally bounded concentration profile. 

Here, by passing to a subsequence, we may assume that i""^ converges as n ^ oo, and we may then set 
^nab — Q |-,y time translation. Also, it is apparent that then 

Vr" = diV,-\0, •)) + 92 ^,""(0, •) + 0^2(1) 

^dtV,^\o,-) + OL2ii) 

are all essentially independent of n. Now according to Proposition 19.221 we can find, for each ^2 > 0, a 
constant phase 7^206 and an admissible map from whose Coulomb components V'q''*^ satisfy 

For the sake of simplicity, we now refer to the Coulomb components of such a map, which we choose for 
62 extremely small (depending on Bi etc. and to be specified later), simply as tp^. 

First, we evolve the components of on a large time interval centered at i = 0, using the wave maps 
flow for the Coulomb components. This yields an apriori bound 

Wr'Ws < Cab 

due to our energy assumption (|9.77p . Furthermore, due to Corollary 17.271 as well as Remark I7.28|, given 
S2 > 0, one can then choose time intervals 

h,l2, ■ ■ ■ jM^t(S^), 
where the final one is of the form [i"'"^^, 00), say, such that 

witiH 

Here of course □V'^i = 0. Note that the intervals Ij here only depend on a, 6 as well as the smallness 
parameter 82- By the Huyghen's principle, one may assume that the support of ■0"^ is contained in the 
set \x\ < |t| + Dab{52) for some (possibly very large number Dab{52))- But then by choosing a much larger 
time T"''*^ , we can arrange that 

Ut^^LilT'-''^^). ■)\\Lr:^+LTLi « S2 



'The implied constant in the second inequahty here is universal, independent of 62- 
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These considerations reveal that pursuing the wave maps evolution of the components '0°'' long enough, 
we eventually find that 

r\t,-) = OL2{l) + OL^{l), 

where o(-) is in the sense as \t\ — s- oo. 

This is conclusion is of critical importance: note that thus far we have not taken the low frequency contri- 
bution from w^^a (from Step 3) into account, which starts to play an important role for extremely large 
times. The above asymptotic description allows us to incorporate this low-frequency effect by adjusting 
the linear evolution of '0m„(,l from flat to covariant. In more precise terms, we now make the following 
choice of an extension 4''^ of the data if^'^: 

• On the interval [0, T"^^^], we let = ip"''. 

• On the interval [T'^'"'^, oo), we let tp"'^ be the covariant extension of 'ifj°-''[T"-^^^], i.e., we have 

DA^tP"'' = 

on [T"-''^^ , oo) , where A" is defined with inputs w"^» e~'^'==i-2^ ^i' . More precisely, we 
apply a Hodge decomposition to the data ■0°'' as in (|9.54p . (|9.55p . and evolve these components as 
in Step 3. In order to avoid a "kink" at the juncture of these two regimes, we define 

(9.78) r" = X(-o.,T^^s,+w)it)r' + (1 - X(-oo.T-2+io))(i)^A"0"'[T"''l 

where the notation for the second term is schematic, and X{-oci T"'"'2+io)(^) smoothly localizes to 
the indicated interval and satisfies 

X(-oo,T»'"'2+l0)l[0,T»'«52] = 1 

With these definitions, one can prove the following bound. 
Proposition 9.26. We have a bound of the form 

Wr'Ws < C{Cab), 

where we recall the assumption ||'0'^''||s < Cab from above. Furthermore, denoting by Ck, k ^ Z,, a frequency 
envelope controlling the data at time t ~ 0, i.e., 

for sufficiently small apriori constant cr > 0, one has 

\\Pkr''\\s[k]<C{Cab)ck 

Proof. The proof of this follows from Proposition 19. 14) as well as Lemma [7.231 and its proof. □ 

The idea now in Case (I) is to use ip'^''^ as approximate evolution of the data i/j"'' globally in time, for 
n large enough. Thus '0"''|[o^t"'"'2] is the actual wave maps flow, while beyond time T°-^^^ ^ we use the 
covariant linear evolution. 

(II): Evolution of temporally unbounded concentration profile. 

Here we have lim„_>oo ji""^] = oo, and as before, 1 < 6 < i?i, where we have chosen Bi above. In this 
case, using the argument from Case (B) in the proof of Proposition 19 . 221 and arguing as at the beginning 
of the preceding Case (I) (we again write -0"°^ instead of ip'^°-b^2)^ 

^l^b ^ d^S^^^,{V^\Q\){Q - t""^ X - x"-^') + error, a = 0, 1, 2, 

with ||crror||i2 <C (52- In this case we set 

C"' = do.s^„,^,{y^\o\){t - 1^-\ X - x"'^^), 

the covariant linear evolution. Of course this becomes inaccurate when t — > t""'' and the nonlinear effects 
start to become relevant, but we recall that we are on the lowest time scale in this subsection, i.e., t ^ ^"162 _ 
Then we have the following bound. 
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Proposition 9.27. There is a bound of the form 

\\r'''\\s<CiE,ru), 

Furthermore, denoting by Ck, k Cz a frequency envelope controlling the data at time t = 0, i.e., 

Cfe = (^2-'^l'-'=l|lP,V"'^^(0,.)|li.)^ 

for sufficiently small apriori constant a > 0, 

(III): Evolution of the weakly small error. 

These are the components W^l^ ,dtW{'''^ . From Lemma we know that 

Wg^^s = di^2Wr^ + error, 

where we can force |lerror||/^2 -C 62 by choosing B and then n large enough. We then evolve W^""^ using 
the covariant linear evolution, i.e., 

□ A"T^r^(i, x) = 0, M/^r^^p] = (W^r^, (9tM^r^), 

and then define W^^^^{t, x) = di^2W^''^{t, x). 

We have now defined the evolutions of all the ingredients of V'S"- We claim that by choosing 62 small 
enough and then B and n large enough, the sum of all these constituents gives the correct evolution of 
tp^"" up to a small error. This is clarified the following Core Proposition for Bahouri Gerard II which ties 
it all together. 

Proposition 9.28. There is a cutoff 82 > sufficiently small, depending on the profiles Vi2[^]! ^ 1^ b < Bi, 

as well as the apriori bound we have established for vf'^o ' , such that the following holds: picking Bi and 
then n large enough, we can write (with Bi chosen as above) on [0, t"""^^ — C] x for C sufficiently large 
and depending on the V'""'' of unbounded type, b = 1,2, . . . , Bi, 

(0) _ ^aC' 

i;^^<^\t,x)^<i>l''° 6-^^'=-!.^^"^'=*'= " {t,x) +J2^r\t,x) + dc.Wr'''{t,x) + e^{t,x), a = 0,1,2 

6=1 

where the components i''2f'^ {t , x) , ^^VF""^^ (t, a;), are constructed as in (I) -(III) above, and with 

l|e|ls([0,t""''2-C]xR2) < ^2 

Moreover, ||-Pfce||5([o t"''''2-c]xR2) is exponentially decaying for frequencies k > — log(A5^) Thus the inequal- 
ity above implies uniform smallness of €{t,x) fort G [0,f"'^''^ — C]. 

Remark 9.29. There appears to be circular reasoning in the statement of this result: we need to choose 
^2,3 > extremely small depending on the profiles T4'^2[0]; ^ ^ b < Bi, but here Bi itself was defined based 
on $2. This is clarified by noting that all the profiles VY^2[0] are small (more precisely, the square sum of 
their energies is small) for b sufficiently large, and this implies that enlarging Bi past a certain cutoff will 
not affect the condition on 62] for more clarification see the "important technical observation" below. 

Proof. (Proposition 19.28]) We will prove the inequality for P^e using a bootstrap argument. The challenge 
consists in careful book-keeping of all the possible interactions. The idea is to essentially replicate the 
proof of Proposition l9 . 1 21 with e = 62. The main novel feature here is that we now have to deal with a large 
number of additional source terms stemming from the nonlinear interactions of the various constituents in 
the decomposition of ^a^'"°'\ To begin with, we split the (large) time interval [0,t""''^ — C] into finitely 
many intervals 

where we have a decomposition (with " — ° e ^^k=i,2 "fc k ) 
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with, see Corollarv l7.27l 

ll^-J^flUa^xM^) < £2, W^.^ti^jf^h^H-^ < ef' El,, 

We then run a bootstrap argument inductively on each of these intervals, where of course Mi = Mi [Ecrit ) 
is not too large. We shall now work on the interval /i, say. This enables us to use the covariant energy 
estimate from Step 3. 

Clearly, the evolved concentration profiles also interact with e; we then further subdivide the intervals 
Ij into smaller ones, which by abuse of notation we again label as Ij, such that 

/ \ ^ 7nab\ i \ ^ Jnab , \ ^ Jnab 

6e{l,2,...Bi} be{l,2,...Bi} 6e{l,2,...Bi} 

Note that now the number of intervals is of the form Mi — Mi{Ecrit , {^i'2[0]}hg{i,2,...,Bi})- Furthermore, 
one has 

IK E '^""''),wJlsa.xM^)<£2 

be{l,2,...Bi} 

while also 

6G{l,2,...Bi} 

where £2 is a universal constant depending only on Ecrit ■ The fact that we get the last inequality with 
universal implied constant hinges on the approximate orthogonality of the -0"'^'' for n large enough. One 
may object at this point that the choice of Bi was dictated by S2, and hence may be extremely large, 
which in turn means that the number Mi of intervals above depends on 62 and may also become extremely 
large. The following observation, however, shows that Mi only depends on a, fixed number of concentration 
profiles independent of 62'- 

Important technical observation: 

Here we note that Mi really only depends on {V^i°2[0]}be{i,2,....Bo}' some Bq with the property that 

E IIK2[0]|li. <eo 

b>Ba 

where cq is the small-energy global well-posedness cutoff. Thus we can make 82 small without increasing 
Ml concurrently. To see this, write 

{Vitm}be{Bo.Bo+i.....B,} - {K2[0]}6eAi U {Vi%0]}beA,, Ai U A2 = {Bo- Bo + 1, . . . ,i?i}, 

so that {<S'^nab(T^i°2[0])(0 — — x^°-'')}b^\^ is the collection of temporally bounded concentration 

profiles with b £ {Bq, Bq + 1, . . . , Bi}. Then the argument that was used for Case (A) in the proof of 
Proposition 19 . 22l reveals that we can approximate 

E ^3"f (0-t""^a;-x"'''') 
fceA2 

up to a constant phase shift arbitrarily well by the Coulomb components of an admissible map, and then 
Proposition 19.141 allows us to evolve the data 

Errnab/r\ inab _ ^nab\ , /^ \ 

[O-t ,x- X ) + 0^2(1) 

6GA2 

using the covariant linear flow on [0, This leads to bounds that are uniform in BQ,n only involving 

Co- Handling the contribution of 

^^3,4 (0 - I ,X- X ) + Ol2(1J 

beAi 

i.e., the "tail" of bounded concentration profiles, is more complicated since we may no longer necessarily 
approximate this sum by Coulomb components of admissible maps, but only the individual summands 
V^!l''{0 — t"°''',x — a;""''). Thus the correct evolution of this term has to consist of the evolution of the 
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individual ingredients, and one then needs to bound the 5'-norm of this (very large) sum in terms of an 
apriori bound, provided n is large enough. In this regard we have the following result. 

Lemma 9.30. For each b & Ai andte [0,1'"'''^], denote by ^/3"|''(^-^"°^ a;-a;""'')+oi,2(l) the (nonlinear) 
wave maps evolution of the Coulomb components of an admissible sufficiently good approximation to the 
data V^2''{^ ~ t'^°'^^x — a;""''), as in the preceding discussion. Then for n large enough, we have 

6eAi 

for a suitable universal implied constant. 

Proof (LemmaiJOl) For each V^f{t - x - x""'') + 0^2 (1), pick an interval [0, with the property 
that we can write 

[¥^^4 [t~t ,X~X j + 0L2(l)J|j(, = [^3 4 (t-t ,X-X j+OL^[l)\^+[V3^4 [t-t ,X-X )+Oi2(l)J 

where we impose the condition 

II v.,t [v;fit - X ~ x-'^") + 0^2 < ii^"f (0 - x - x"^'')hi 

||[F3"f 0^2(1)] « ^ 

where the implied constant in the first inequality is universal. That this is possible follows from Corol- 
lary [72ZI and Remark l7.28l Choosing n large enough and exploiting essential disjointness of the supports 
at time t"'^^^ , we can arrange that 

( J2 l|V.,t[K,"4''(^""''' -i""':^-a;""'') + 0L2(l)]^|||_i)^ <eo 
faeAi 

which then implies 

II E [^M''(t-t""',^-^"'^'') + OL^(l)]Jls([0j-]cxE^)<^0 
heAi 

In order to complete the proof of the lemma, we need to also control 

II E [^3':f(^-i""'>^-a^"''') + OL2(l)]||5([0.t-]xM^) 

fceAi 

Here we exploit the fact that for n large, the functions [V^2'^(t — t""'', x — a;""'') + 01,2(1)] are supported 
on disjoint light cones up to small errors with respect to S. One then concludes by means of a simple 
orthogonality type argument that for n large enough 

II E [^M''(i-t"'^',^-^""'') + OL^(l)]lls([0.t-lxK^) <^0 

&eAi 

where the implied constant is universal. □ 
Now assume the bound 

\\Pkei\\s<C5S2 

We show that provided we choose C5 = C^{Ecrit ) large enough, we can bootstrap C5 to whence we 
get the bound on all of Ii. Then we continue the argument to I2 etc. Note that by choosing §2 small 
enough in relation to Mi as well as the other apriori data Ecrit , yi2[^], b = 1,2, . . . , Bq, the error term 
will then remain small. 

By scaling invariance, it sufhces to bootstrap the estimate for Pqe. We now bootstrap the bound for 
Poe. Here we essentially proceed as in step (3), the apriori bound for the first non-atomic component 

(0) (0) -1 "■^o"' 

^nAg _ ^n^o g-^^k=i,2 ^ 9kw^ ^ Thus wc distinguish as there between the small time case, when 
the div-curl system suffices, and the large time case, when the wave equations are important: we shall 
work here on the interval Ii containing the initial time slice t = 0. 
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(i): small time case < Ti. Here Ti is a sufficiently small absolute constant. Write the equation for 
e, using the div-curl system, schematically as follows: 

-Bo 
b=l 

B() Bq 

b=l b=l 

Bq Bq 

f)=i f)=i 
+ Po[eV^"'^(e^)] + interactions terms 

"Interactions terms" here refers to all possible expressions which do not involve the radiation term e such 
as 

Fo[V'"^°°'v-M(V'"'''')^]] 

Indeed, the complete list of the error terms included under this heading is complicated, due to our con- 
struction of the evolutions ip""-'' in (I)-(III) above. Recall that for the temporally bounded type components, 
we use the nonlinear wave maps flow on a large time interval T"^"^^ , but we then use the covariant lin- 
ear evolution past that time. This means that on [0,T°'"'^], we generate error interaction terms like the 

.(0) . 

preceding one coming from the interactions with the low frequency part ip^^o ^ while on the interval 
^rpabS2^ j-nab2 _ (j^ generate errors due to the nonlinear self-interactions of ■(/'"''''■ 

On the other hand, for the temporally unbounded type components, we use the linear covariant evolution 
on [0, — C], which means that we generate errors due to the nonlinear self-interactions. 

In addition to all these, we generate errors due to different concentration profiles interacting with each 
other, as well with the small frequency component w'^^o ^ or the weakly small error, and the latter also 
generates nonlinear errors due to interactions with itself. We will deal with this rather large collection of 
errors later, showing that we can make its A'^[0]-norm arbitrarily small by choosing Bi large enough, and 
then n large enough. 

We also use the notation ^°-'^>^o) ^j^g evolution of 

Y V^3"f (0"t""',a;-:^""')+OL2(l), Y dtS^„^,{V,^''[0]){Q-t"^'',x-x'"''')+OL2{l), 

faeAiUAg 6eAiUA2 

as explained in the "important technical observation" above. 

We first deal with the terms involving e. Our task is to gain a smallness constant that allows us to 
improve the apriori bound we are assuming about e. 

(1.1) : Terms involving e. These can be handled exactly as Case 1 in the proof of Proposition 19. 121 in 
light of the bound 

Bq 

Thus for example paralleling Case 1 (a) in the proof of Proposition 19. 121 one obtains a bound 

keZ 6=1 * 

provided we choose the time cutoffs suitably (such that the number Mi of such time intervals is as above). 

(1.2) Errors due to nonlinear (self ) interactions of the t/)""^, ijj'^^a ' ^ w^""^ . Note that these errors serve 
as source terms for e, and hence we need to show that they are extremely small (of order controlled by 
52)- The mechanism for this is first choosing Bi sufficiently large (for the contributions involving W^""^), 
and then choosing n large enough. 
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(i.2.a) Errors generated by the temporally bounded type ■)/'"'"''• If is the evolution of a temporally 
bounded concentration profile, then recall that we let tjj"°-^ be the wave maps evolution on the interval 
[0, r*^^"^^], provided ■0""'' is supported at frequency scale ~ 1. Now we want to track the evolution of an 
arbitrary frequency mode PfcC, which we have scaled to fc = 0. But then we have also re-scaled all the 
source terms. Now the source terms generated by ■0"°'' itself come from a number of sources: first, the 
"gluing definition" of (|9.78p implies that we generate errors of the form (before frequency localization) 

— ck;,T"^^2 +10) 

The only way for this term to contribute in the Case (i) for a fixed frequency (which we assume equals 
one after scaling) is when the original frequency (which gets scaled to one) is extremely large. But this 
contribution is then easily seen to be very small in L^L^, say, due to the frequency localization of 0"^. 
Next, the self-interaction errors generated from the usual div-curl system are (schematically) 

which vanishes provided the Ii fits into the re-scaled interval [0,T"''*^]. Otherwise, one obtains a contri- 
bution of the above form on the complement of the re-scaled interval [0,T'*'"^^] inside /i, and which is of 
the above form. We need to show that picking n large enough, this can be made arbitrarily small. For 
this purpose we use the following observation. 

Lemma 9.31. Let -0"°^ be the evolved Coulomb components of a temporally bounded type concentration 
profile, concentrated at frequency ^ 1 . Then letting T'^^^^ be the time indicating transition from nonlinear 
to linear evolution (as explained in the preceding discussion), we have 

^nab^j.abS2^,^ = 9„ 0""'' (T"'"^% • ) + error, 

where 

II error\\i^2 —t 

as S2 0, and furthermore 

k=l,2 

The proof of this lemma follows exactly as in the proof of Case (B) of Proposition l9.22l It then follows 
that in case we are on the complement of the re-scaled interval [Q,T"-^^^\ inside /i, we generate errors of 
the form 

Po[^""''V^H(V^""'')^]] + error 
with error as in the preceding lemma, in addition to errors stemming from interactions of ■0""'' with the 
other components 0""^o etc. to be considered later. But then, using the L^-dispersion for the 0'"°^(t, •) 
as |t| ^00, it is seen that 

||Po[V;""''V-i[(Vi"'^')']]||L,o=i.(/,n[o,T-2]exM2) « 5^ 

if we choose T"'"^^ large enough in relation to 82- Next, we need to analyze the errors generated by 0"°'' 
through interaction with the other ingredients 0"^o ^ -0a(>_Bo)^ g^nd W""""^ . We begin with the interactions 
between two distinct terms 0""'', b = 1, 2, . . . , Bi. Thus we are considering 

where bi ^ bj for some i,j. By the frequency localization of all these factors, we may assume that, up to 
negligible errors, each of them satisfies 0"°^j — P^^^Q^ Ce]^^"'"'''^ where Cq is a potentially extremely large 
constant depending on the frequency localizations (i.e., how well- localized the factors are in frequency 
space), as well as 62 and Bi, and that log [(AJ^)"^] G [—CqjCq]. Now assume first that h C [Q,T''^^^^] for 
all j, i.e., our time interval is such that we are in the "nonlinear regime" for each of these factors. But 
then choosing n large enough, we can force 

\\Po[r'"''y-\r'"''r''''mLrLi « S2^ 
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by the essential disjointness of the supports of the factors, and this suffices to handle Case 1, see the proof 
of Proposition [97T2I Indeed, the expression 

is essentially supported in a frequency interval [— lOCg, lOCg], and repeating the above estimate for each 
of these frequencies and square summing easily yields the bound 

k ' 

If, on the other hand, at least one of the factors ip^'-'^^'i is in the "linear regime" (i.e., satisfies the covariant 
wave equation), then smallness follows from the L°°-decay. 
Next we consider the term 

Po[V'"''''v-M(V'"'^«"')^]] 

Here of course it is essential that we are in Case (i) and so it suffices to estimate the Lf^L^ or also L^^ 
norm of this term, see Case 1 of the proof of Proposition 19.121 Due to the essential disjointness of the 
Fourier supports of 7/1"°^ and ip^^^o ^ see Proposition 19. 9[ we may assume that the first input ■0"'*^ has 
frequency of size one, while the second input has extremely small frequency (controlled by picking n large 
enough). But then we may estimate this contribution by placing W^^Ktp^^o '')^] into L^^, and re-scaling 
and square-summing over the output frequencies results in the desired small bound. 

Finally, the interactions of temporally bounded 7/;"'*'' with the remaining weakly small errors W^"^^^ are 
handled similarly by exploiting the smallness of the latter with respect to L"^^. Here the "Important 
Technical Observation" from before becomes important again. 

(i.2.h) Errors generated by temporally unbounded ip""'''. Again the errors generated are of the form 

as well as terms involving interactions of -0""'' with -0""^o 'tjj°-i>^o)^ as well as W"""^ . From Part (B) of 
the proof of Proposition 19.221 we know that 0'"^ is of gradient form up to an error which can be made 
arbitrarily small. Hence the above simplifies, up to a negligible error, to the nonlinear term 

-Po[V''"'''V-M(V^""'')^]], 
To estimate this, we can first reduce this to 

-Po[^"'"'V-iP[_c„c.][(^hc„cdV>'')']], 
arguing as in Case 1 of the proof of Proposition l9 . 121 and then by using the L^^-dispersion, i.e., Lemma [9.181 
to write 

P[_C„Ce]V;"'^'(0,-)=Oi»(l) 

from which the desired smallness follows easily. The interaction terms of temporally unbounded ip"^"-^ with 
the remaining components ip^^o , ijj°-i>^o)^ are handled as before and are omitted. 

(i.2.c) Errors generated by the weakly small remainder W""'^ . Again recalling Part (B) of the proof of 
Proposition 19.221 and Lemma [9.241 we know that W^""^ is of pure gradient form up to a negligible error 
(provided B and n are large enough) . The conclusion is that the error of the form 

reduces up to a negligible error to the nonlinear self-interaction term 

which can be estimated as in the preceding case, using the smallness of 

(ii) > Ti, Ti as in Case 1. Proceeding as in Case 2 of the proof of Proposition 19. 121 we decompose 
Pqe into 

Poe = PoQ<De + PoQ>De, 
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where D = D{Ecrit ) is a sufficiently large constant. Then arguing as in the proof of Proposition l9.121 we 
obtain two equations 

OPoQ>De = Fl 

Here the magnetic potential A in the first equation is defined as in the proof of Proposition lD. 121 but with 
ijiL replaced by 

Bo 
b=l 

The source terms F^ are obtained as in Section [31 and here we of course linearize around the above 
expression. Then we re-iterate the estimates in the proof of Proposition 19.121 with e replacing €2 and 
ei = 0. As in Case 1 above, the only new feature are the source terms coming from nonlinear interactions 
between the various i/)""^, . Fortunately, the fact that each of these functions is essentially frequency 

localized to the same interval, the mechanisms that force smallness reduce as before to either physical 
separation or dispersive decay. We explain here how to obtain smallness for the trilinear null-form source 
terms, which we write schematically in the form ^x.t[Pi^~^Qiyj{P2, Pa)], were p represents one of the 
functions ^/;"^o \ J2b=i i'lf'', W™''^ . We consider the following cases: 

(11.0) Errors due to the gluing construction (|9.78p . These errors are of the form 

To show the smallness of these, note that ip"-^ solves the schematic div-curl system 

Now since we have ■0°^ = 0^00(1) -f 0^2(1), choosing T°-^^^ large enough, we see that (with o(l) in case 
00) 

X[T,T+io] [VtV'"' - V,V"1 = 
Similarly, by construction, the extensions Sa^'^^'^^F"'^^'^] also satisfy the (schematic) relations 

X[T,T+10] [dt{SA^.r''[T'^''']) ~ ^.^{SA^r'iF'''''^ = 0^0,^.(1), 

see Lemma 19.311 But then it easily follows that 

IIX(_oo,T"-2+io) WV''^" - X'l^^^T^.s.+,^){t)SA-r\F^''mN « S2 

(11.1) Self-interactions of temporally bounded tp"''^^ . These only occur provided h D [0, T^'^^-^Y + ^- Thus 
assume the latter is the case, and consider 

v,,4v^""''v-iQ,j(v;""',^""')] 

Now the estimates of Section 15.31 imply that we obtain 

||V,,^[^"'^''V-lQ,,(V;"'^^^"'^'')]||^^(7,xM2) « h 

provided at least two of the inputs have Fourier support with very close angular alignment, depending 
on II "0""'' lis J '^2- Thus we may assume that these inputs have Fourier supports with some amount (albeit 
very small) of angular separation. Similarly, localizing the Fourier support to frequency ^ 1, say, we may 
reduce to the expression 

E v,,iPo[Pfc,^"'^''v-lQ.,(p,,7^™^Pfc3v;""'')], 

'i-'l,2,3=0(l) 

where the implied constant 0(1) is of course potentially extremely large, depending on ||V'""''||s', '^2. We 
may similarly assume that all the modulations present are of size 0(1) at most (which may again be quite 
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large, depending on ||'(/'"°''||s, ^2)- But then the assumed angular separation between all factors allows us 
to bound this expression (for fixed frequencies) by 

But then the desired smallness follows by interpolating the improved bilinear Strichartz type bound 

\\y-'QuAPk.r''\PHr''')\\Li^< n m^r'^'Uk,} 

for some p < 2 following from a result due to Bourg j as well as Lemma 12.211 and the smallness 

bound 

\\y-'Q.j{Pk,r^\Pk,r''')\\L^^ « 1 

which we obtain by letting T"''^^- be large enough in relation to 62 ■ Replacing by fc and square summing 
over the output frequencies, the desired bound follows easily. 

(11.2) : Interactions of two different temporally bounded ip^'^^. Here the mechanism at work is the 
physical separation of the centers of mass for n large. Thus consider 

y.,tPo [Pk, r"""' V- 1 Q,, (Pfc, r""'' , Pks ^"""^ )] 

where we have bi 7^ bj for at least one pair i,j. Now if we have Ii C [0, y^i'^^j fQj. both i,j, then ^p^'^^'-i 
are essentially supported in disjoint light cones for n large enough. Specifically, due to Lemma[7?22]as well 
as Lemma |7.23[ given ^2 > 0, we may write 

Jnab, _ Jnab, , Jnabi 

Jjuab, ^ Inabj _^ Tna&j 
T rconc ^ Vconc'^ 

where we have 

while the functions V'cono'^ are supported in disjoint double cones while still satisfying 

IICo„Vlls<c(v>'') 

It is then straightforward to conclude that by choosing n large enough, we may force 

(11.3) Interactions of temporally bounded ^p^"-^ and ip^^o ' . We distinguish between Ii C [0, r"***^] and 
h n [0,T'^'"'2]= ^ 0. In the former case, where -0""'' is given by the actual wave map propagation, we 
generate error terms of the form 

V,,t [Vi""' (^"^0"' , ^r.Ai"^ )] 

As in case (i.2.a) above, localizing the output to frequency ~ 1, we may reduce to the case when 
V^^Qi/j('0"'^° ',-0""^o ') has extremely small frequency. But then one obtains 



LI 



and re-scaling and square summing over the output frequencies, we can force an upper bound <C 62 by 
choosing n large enough. We further generate interaction terms of the form 

However, the trilincar estimates in Section[5]in addition to the frequency support properties of these inputs 
reveal that choosing n large enough, we can force 



2 



19of 

course one also has the endpoint result due to Wolff and Tao, but this is not really needed here. 
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Note that in the second situation above, i.e., /i n [0, T°-^^^Y 0; no longer generate errors of the form 

within Ii n [0,T°'"^^]'^ since now ■0""'' is given by the hnear covariant evolution. 

(ii.4) The remaining interactions the of hounded or unbounded type, ?/;"'^o as well as daW"'"'^^ . 

These offer nothing new: note that both the components ■f/i'"^'' of unbounded type as well as the covariant 
linear waves W"°'^^ have extremely small L^-norm, but enjoy the same frequency localization properties 
as ■0""''; indeed, for unbounded type tildeip"'"''', this follows by choosing the C in the interval we work on 
[0, ^""''2 _ (^j sufficiently large. Thus any trilinear interactions involving them can be handled as in case 

(ii.l) in the asymptotic regime. Also, not that interactions of daW^""^^ with i/)"'^o are of schematic type 

and hence can be made arbitrarily small with respect to || ■ \\n by choosing n large enough. 

We omit the treatment of the higher order interactions between the ■i/;""'' as this offers nothing quali- 
tatively new. Applying the arguments from the proof of Proposition 19.121 we now conclude the proof of 
Proposition 1251 □ 

Proposition 19.281 allows us to extend the Coulomb components -0"^^"-* to the interval [0,t"°-^^ — C]. 
But now the profiles tp"-"-'' which were temporally bounded with respect to t = become temporally 
unbounded with respect to the new starting time i"''^2 _ a,s n ^ oo. Now by repeating the arguments in 
Section [9. 6. 31 we see that for those concentration profiles 0""'' for which (see the discussion in Section [9.6.3p 
Hmsup„^^ - t""''! < oo, i.e., they concentrate at time i"''^^ or alternatively time t""''^ - C , the 

exact same arguments as in that subsection imply that they can be approximated arbitrarily well in the 
L^-sense by Coulomb components of admissible maps (but for this we have to know that the Components 
■(/'q'"^"^ and the associated wave maps actually extend to time t""-''^ — C). But then we have an exact 
analogue for Proposition 19.281 on the interval [i""''^ _ (j^ ^nab^ _ Repeating this process finitely many 
times, we extend ipa^^°''^ to R^+^, and obtain an apriori bound 

as well as exponential decay of the H^fei/'a^^"'' ||5[fe] for k 3> log[(A° )^-^]. 

9.8. Completion of the proof of Proposition [7715] as well as of Corollary 17.161 Both of these can 
be deduced by a simpler version of the proof of Proposition 19.281 For Proposition 17.151 one makes the 
ansatz 

V'a = a„(^(o-to)(aty,y)) 

and performs a bootstrap argument for ||eQ||5((-oo.o]xR2) for t^ large enough. This is as in the proof of 
Proposition 19.281 where the free linear evolution of da{S{Q — to){dtV,Vy) replaces one of the temporally 

unbounded 0"°^, say, while all the other components 0""'', ^"^^o ' ^ daW^"^^^ vanish. If we pick to large 
enough, all the error terms due to nonfinear self-interactions of da{S{t — to){dtV,V)) become arbitrarily 
small due to the reasoning in case (ii.l) of the proof of Proposition 19.281 As there, one then obtains the 
estimates for e via the technique used in the proof of Proposition l9.121 We conclude that for given ^3 > 0, 
if to is chosen large enough, we obtain the apriori bound 

lka||s((-oo,0]xR2) < S3 

and from here the smoothness of the solution follows, see Proposition 17.31 
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Next, we prove Corollary 17.161 from Proposition 17.151 we know that we can construct admissible 
Coulomb components of the form 

C ■.^d4S{t-tr.){dtV,V))+ec. 
for t e (— oo, tn — C] for some large enough absolute constant C, with 

limsup ||ea||5((-oo,t„-c]xR2) < 1. 

n — *oo 

Now we claim that the functions ip2{tn ~ IOC, •) form a Cauchy sequence in the L^-sense. To see this, 
note that for n > m 

C(i«-t™,-)=V'a(0,-)+OL^(l) 

as n,m ^ OO, whence by Proposition 17. 1 II one has 

C(in - IOC, •) = - IOC, •) + OL2 (1) 

But then also 

C(i + tn,-) = V'a(i + ^m,-)+OL2(l), i G (-OO,-10C) 

again by Proposition 1 7 . 1 1] , and furthermore, due to the uniform bounds 

limsup||'0;'||5((_oo,t„-c]xR2) < M < oo 

n — *cxD 

for suitable A/ G M, we conclude upon denoting 

vI'-(i,.):=limC(i + in,-) 

n 

that 



for any C < IOC, as desired. 



liminf ||u;"'^o"'||^2 > 



9.9. Step 5 of the Bahouri Gerard process; adding all atoms. In the preceding subsection we 
derived apriori bounds for the wave maps evolution of the (admissible) Coulomb components 

(^^^r +^»i)e-.2:..,,.A-a.(»ro'"+^.i) ^^^^^^^ 
under the assumption that either 

1 1 '(J 

n — >oo 

or else, applying the second stage Bahouri Gerard decomposition to the large atom 0"^, that at all the 
concentration profiles have energy < E^rit ■ We shall henceforth make this assumption. Now we continue 
the process by extending the data at time t — Q for the Coulomb components to 

+ + «;r»'')e-^^— A-a.(.r^%0-+.r^^ ^ ^^^^^^^ 

where we recall that the error term 0/^2(1) is necessary in order to ensure that the data correspond to 
exact Coulomb components of an admissible map. Denote the wave maps evolution of 

{wl<" + <t>Z' + u^r-'V-^^— A-a.(»ro\,..+^-^^') ^ ^^^^^^^ 

which is defined at time t — 0, hy the same symbol. We state the result: 

Proposition 9.32. Under the preceding assumptions, the evolution of the preceding Coulomb components 
exists globally in time. For n large enough, we have an apriori bound 

\\{w2^''^\r^'+w2^"')e-^^^^^^^^-''^^^^^^^^^^ 

The bound here depends on Ecrit cis well as the apriori bounds for the evolution of the concentration 
profiles extracted by adding (/)"^. Furthermore, we have the same bounds as in Proposition \9.11\ (applied 
to the union of all Jj), where the implied constants depend on Ecrit as well as the apriori bounds for the 
evolution of the concentration profiles extracted by adding . 
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The proof of this is a precise repUca of the one given in Step 3. The difference consists in the fact that 
in the decomposition (see Step 2) 

3 

we now need to ensure that ' IIbo is small enough depending on both Ecrit as well as the apriori 

bounds for the concentration profiles from Step 4. 
Next, one extends the data at time t = to 

Repeating the procedure of Step 4 but with magnetic potential defined in terms of the V'-evolution of 

one again derives the same types of bounds as in Proposition 19.281 and the process continues Aq many 
times, as we recall from the discussion at the beginning of Step 2. We have finally arrived at the following 
grand conclusion to this section. 

Theorem 9.33. Let -0" be a sequence of gauged derivative components of admissible wave maps u" : 
[-T^\T^] X M2 ^ H^. The hypothesis 

(9.79) lim ||V'"lls([-T".T"]xR2) = oo 

implies that two possible cases occur: up to rescaling and spatial translations, either we have 

for some fixed -profile Va, or else we have for some sequence t" —> oo (or t" — > ~oo) and suitable 
{dtV,V) G X H\ 

C(0, ■)^d^{SiO~t-)[dtV,V])+ol{l), 
where S{t) refers to the standard free wave propagator. In the former case 

2 

a=0 

while in the latter case, one has 



(9.80) Ell^"^lli^=^' 



crit 

0=0 



Note that due to Lemma FT-lOi in the first case, there exist Tq > 0, Ti > with the property that 

SUp||V'"||s([-To,Ti]xR2) < OO, 
n 

and we can then define 

(9.81) lim C(i,a:) =:vl/-(t,x) 



n — *oo 

'2m2^ 



where the limit is in the sense oi L^^{[—Tq, Ti]; L^(M^)). Similarly, in the second case, due to Corollarv l7.161 
we have the corresponding statements on some semi-infinite interval / = (— oo,To) respectively {Tq,oo). 
We call the maximal such open interval (— To,Ti) (respectively (— oo,To) or (ro,oo)) the lifespan of the 
asymptotic object ^'^(t,a;). Finally, in order to apply the Kenig-Merle type argument, we need the 
following essential compactness property: 

Corollary 9.34. There exist continuous functions x : I —^ and X : I —> so that the family of 
functions {X{t)^^ '^'^{t, (' — 2;(t))A(i)^^)}tg/ C is pre-compact. 
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Proof. We may assume that 

(9.82) sup ||VI/-||5([0,T.)XR^) =00 

0<T2<Ti 

see Lemma [7.1 71 The proof foUows [l^, [M] and amounts to an argument by contradiction. More precisely, 
we begin by showing that one can find functions A(t), x{t) not necessarily continuous with the desired 
compactness property. Suppose this fails. Then there exists e > and a sequence of times {tn} G I so 
that 

(9.83) inf ||A-ivl/-(t„,(._i)A-i)-vI/-(i„,.)||2>£ 

for any n ^ m. Necessarily i„ — > Ti. Now apply Theorem 19.331 to the sequence {'^'^{tn, ■)}^=i, which 
satisfies (|9.79p . but on a shifted time-interval. Note that \I'^(i„, •) are not admissible in the sense that 
they are not necessarily given as the Coulomb derivative components of admissible wave maps. However, 
by approximation by the original sequence -02 (^P to symmetries) one concludes that either for some 

(9.84) = X-'Vaiix - Xn)K') + 4(1) 
for some sequence A„, a;„, or that for some —f 00 ov Sn — > —00, 

(9.85) '^^itn,x) = X-'d4Si~s")[dtV,V]){{x - x„)A-i) + 0^(1), 

where V is as in ^W^i. Clearly, (PTM)) contradicts For we first show that {s„}^^i has to be 

bounded. Assume that s„ —00. Then Proposition l7. 151 imphes for large n that 'I'^^ exists on [0, 00) x 
and 

li*^lls([0,oo)xR^) <00 

which contradicts our assumption (|9.82p . If on the other hand s„ — > 00, then this implies by the same 
proposition that 

sup ||^'^|U((-oo,t„])xR2) < 00 
n 

This again contradicts our assumption (|9.82p and we are done. As in [T3] one proves by approximation 
that A and x can be taken to be continuous. □ 

10. The proof of the main theorem 

For the purposes of this section, it is sometimes preferable pass to the extrinsic point of view. Specifically, 
let iS be a compact Riemann surface of the hyperbolic type, i.e., it is uniformized by the hyperbolic plane. 
Given a covering map tt : ^ 5, we obtain a Riemannian structure on S which makes tt a local isometry. 
By Nash's theorem, we may isometrically embed S ^ M.^ into an ambient Euclidean space. Now denote 
the compositions 

t/" := TT o u" : / X ^ 5 

defined on / x , see the above discussion. We can express these maps in terms of the ambient coordinates. 
Our first task is to identify an actual map U from / x into S which in some sense corresponds to 

the limiting object ^'^(t, x). The fact that this can be done follows again from the compactness property 
of the 4*2^ (t, x). We have the following 

Proposition 10.1. Under the above assumptions, there exists a subsequence of {U"' , 0", ip"'} which we 
denote in the same fashion as well as a function U{t, ■) € C''\I] H^) C] C^{I] L"^) , such that 

lim C/"(t, x) =: U{t, x), lim V^; tC/"(i, x) = tU{t, x) 

where the former limit is the a.e. pointwise sense and the latter limit is in the L^-sense on fixed time 
intervals. The map U is a weak wave map (in the distributional sense). Also, the second limit is uniform 
on compact intervals J G I . Finally, the family of functions 

{V,,ti7(i, ■)}tei C Ll 

is compact up to rescaling and translational symmetries (which may depend on time). 
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Proof. We may assume that for times < e / we have 

■) = ^^{t, ■) + 0^.(1) 

But then it follows that for each such t G I, there is a subsequence (depending on t) such that also ipaitj ') 
converges in the L^-sense. To see this, note that 

inherits both the physical L^-localization coming from •) as well as the Fourier localization of this 

profilS whence it is compact and a subsequence converges as claimed. Picking a dense subset of times 
C / and using the Cantor diagonal argument, one obtains a subsequence which we again denote 
by V'" etc. such that •) converges for each i in the sense. By Corollarv l9.34[ it then follows that 

4>"{t, ■) converges in the sense, uniformly on compact sub- intervals of /. In particular, the limit 
satisfies G C°(/; L^(M^)). We now use this to infer the existence of U{t,x). First, introduce a global 
frame {61^2} on the pull-back bundle of TS under the wave map [/" by projecting down the standard 
frame {ei, 62}, i.e., ej{t,x) := 7r*(ej)(u"(t, x)). Thus 

(10.1) d^U"{t,x)^ eUt,x)(bt^{t,x) 

k=l,2 

Fix some I' <Z I which is compactly contained in /. We now use that the pull-back frame is bounded. By 
the preceding, given e > there exists R so large that 

limsup ||Vt,,C/"x[|=.|>fl]|L-(^,.i2(|,|>«)) < e 

On the other hand, it is clear that 

limsup ||Vf,j;C/"||L="(/';L2) < 00 

n—^oo 

By Rellich's theorem we now conclude that up to passing to a subsequence, daU" in L°°{I'\L^) 

(in the weak-* sense), as well as [/" U in L^^{I;L'^) strongly. Necessarily then U G i°°(/', ij^(]R^)), 
see (|10.1I) as well as Xa — daU ■ One immediately obtains the stronger statement that U E C'^{I,L'^) by 
integrating in time. One in fact has stronger convergence: first note that 

dael{t,x) = d(7r,)(dej)(u"(t,a;))5„u"(t,x) 

which implies that {e)!}^]^ is compact in i/^(M^). It now follows from (jlO.ip and Rellich's theorem as 
before that up to a subsequence one has 

strongly in L^. By compactness, one therefore also has strongly in 

a„t/"(i,-)->5„{/(t,-) 

uniformly on compact subsets of /. This implies all the convergence and regularity statements of the 
proposition. The fact that ?7 is a weak wave map follows from this, as well as from [S] . □ 

Note that we do not claim that we have uniqueness for the limiting object U , and indeed we only have 
a well-posedness theory at the level of the ipa ■ Thus we cannot purely work at the level of wave maps with 
compact target S. Nevertheless, the latter will play an important role when ruling out certain pathological 
behaviors, or also to formulate the conservation laws. 

For example, we have the following 

Corollary 10.2. Let U be the weak wave map as in Provosition \10.I[ Then one has the following conser- 
vation laws: with | • P = (•, •) being the metric on S, 

• iELoL^\do.U{t,x)\'dx = 

• iJR2{dtUit,x),d,Uit,x))dx^0 1 = 1,2 

• i ELi Ir2 x,cj){x/R){dtU{t,x),d,U(t,x)) dx = - 4, \dtU{t,x)\-' dx 0(r{R)) 



This follows as usual from a Littlewood-Paley trichotomy argument and the energy conservation of the <j>" . 
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• Tt ELo /r2 x,^{x/R)^\do.U{t, dx = - 4, {d,U, dtU) dx + 0{r{R)) 
where <f> is a fixed bump function which is equal to one on \x\ < 1 and 

2 



r{R) := [ V \daU{t,x)\^dx 

J\\x\>R] 



Proof. These are standard calculations for smooth wave maps. By Proposition II . l] one can then pass to 
the limit. □ 

Note that one could alternatively express these in terms of "if^ . We will now closely follow the arguments 
in [ig. 

10.0.1. Some preliminary properties of the limiting profiles. We begin with the following consequence of 
finite propagation speed. Let /+ := I D [0,oo) where / is the life span of ^f^. 

Lemma 10.3. Let M > have the property that 



[ ^|*-(0,a:)pdx<e 



(x^,y2")(0,.) := X[|.|>A/] 



(10.2) 

Then 

(10.3) / ^|*-(i,a;)pdx<Ce 

J\x\>2M+t 

for all t Cz ■ Here C is an absolute constant. 

Proof. By definition, there exist u" = (x", y" ) : /+ ^ H-^ which are admissible wave maps such that (|9.8ip 
holds. Now define 

n ' 

yo 

where X[|3:|>Af] is a smooth cutoff to the set {\x\ > M} which equals one on > |M}, say, and 
Xq := 4 x"(a;) dxidx2, Yq := cxp ( 4 logy"(a;) dxidx2) 

J[M<\x\<^M] J[M<|a;|<|A/] 

The construction here is such that y2 = ^ on the set {'^ X[\x\> m] 7^ 0}. Let u" be the wave map evolution 
of the data 

^ Yo yo ^ 

By construction, the energy of u" does not exceed Ce. This requires the use of Poincare's inequality as 
in the proof of Lemma 17.221 One now concludes by means of finite propagation speed for classical wave 
maps, and by passing to the limit n — > oo. □ 

Next, one has the following lower bound on X{t) in CoroUarv 19.341 

Lemma 10.4. Assume is finite. After rescaling, we may assume that = [0,1). There exists a 
constant Co (K) depending on the compact set K in Corollary \9.34[ such that 

(10.4) < ^ ^(^) 

for alio <t <1. 

Proof. Take any sequence tj 1. Consider the limiting profile {'1'^j}q=o with data X{tj)~^^'^{tj, (• — 
x{tj))X{tj)^^)}'^^Q. By the well posedness theory of the limiting profiles in Section [7^ one infers that 
the {'^'^j}a=o have a fixed life span independent of j which depends only on the compact set K. By the 
uniqueness property of the solutions and rescahng, (1 — tj)\{tj) > Co{K) as claimed. □ 
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Next, combining this with Lemma [10.31 one concludes the following support property of the v]/^ with 
finite life span. 

Lemma 10.5. Let be as in the previous lemma. Then there exists xq G such that 

supp(*^(t,.)) cB(xo,l-i) 

for allQ<t<l, a^O, 1,2. 

Proof. This follows the exact same reasoning as in Lemma 4.8 of One uses Lemma [10.31 instead of 
their Lemma 2.17 and Lemma [10.41 instead of their Lemma 4.7. □ 

Next, we turn to the vanishing moment condition of Propositions 4.10 and 4.11 in |13j . 
Proposition 10.6. Let be as above and assume that is finite. Then for i = 1,2, 

[ {diU,dtU)dx = Re [ rfx = 

for all times in /+. 
Proof. Assume that 

Re / ■^'^^^ > 7 > 
This implies that the approximating sequence u" satisfies 



/ 



(5iu",9tu")dx > 7 > 



for large n. Following [13j we apply a Lorentz transformation 

, , / t ^ dxi xi — dt 

to the u". Note that for any e > one has from Lemma [10.51 that 

2 

V / |9au"(i,x)|2da; < £ 

for all t e /+ = [0, 1) and sufficiently large n. Then the argument in [13] implies that there exists d small 
with the property that 

limsup£;(u" o Ld) < Ec-it 

n — ^oo 

By our induction hypothesis, ||'!/'"''''IIs(/+xk2) < M < oo for all sufficiently large n. Here ■0"''* are the 
Coulomb components of the admissible wave maps u" o Ld. Note that the Coulomb components ■0"''^ do 
not obey a simple transformation law relative to the Coulomb components i/j" of u". Nonetheless, it is 
possible to conclude from this that 

limsup||V'"|ls(/+xB2) < Ml < oo 

n — >oo 

via Remark 17.81 which gives us the desired contradiction. Thus, we need to prove that for each ki > k2 
(10.5) Yl 2-'=^P,„,,^"Pfe,,,,V" = fk^M + 9k,.M 

dist(Ki, K2)>2"™0 

where mp is a large depending on Ec, where we have the bounds (|7.19p for fkiM and guiM- Furthermore, 
we need to show that 

PkQ>ki^'^ = hk+ ik 
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with the bounds stated in Remark 17.81 We establish this for the bihnear expression, the corresponding 
computations for PkQyktp"' being similar. First, we claim the following bound for ■0"''^: 

(10.6) Yl E 2-'=^||Pfc,,«,0-'^Ffc,,,,V^"''^||i.^ <A' 

dist(Ki, K2)>2"™0 

This, however, is immediate from the angular separation and (j2.30p with a constant A' which depends 
on M and Ecrit ■ In fact, we need something slightly stronger due to the usual tail issues: 



(10.7) sup 5^ '2-^^\\Pk,..,r'\Pk.,..r^''\\\^<k' 

^ fcl>fc2 Ki,2GC„(, 

dist(Ki, K2)>2"'"0 

where Ty is a translation hy y £M? . Next, we claim the following estimate: 

(10.8) E 2-'=^||P,.,,«,0-'^Pfc,,,,0"''^||i2^ <A' 

/Ci>fe2 ti_2€CmQ 

dist(Ki, K2)>2"™0 

where 0"''^ are the derivative components of the u" o Ld- This is the same as 

k-L>k2 A^l,2£Cmp 

dist(Ki, K2)>2"'"0 

where we wrote the phase —id^^cj)^''^ = — iRe^^^j^(— A)^^9j0"''' schematically. This follows from (|10.6p 
and the Strichartz estimate 

(10.9) fy2-i'=SUp y 2-(l-2eb||p^^n,d||2^^^\5 <^ 

To prove (|10.9p . one uses the corresponding bound on ■0"''^ (which is part of the iS-norm), energy conser- 
vation, and a simple Littlewood-Paley trichotomy. To prove (110. 8|) . one argues as follows. Split 

Y Y 2-^^||P,,,.,(^-'^e-^-^*"'^) .P,,..,(^-^e-^-^^"'^)||i2^ 

(10.10) <Y Y 2~''\\Pk.,..{r-'p<k.^n.oe-''''^"-')-Pk2^.2{r-'^ 

ki>k2 t^l,2^CmQ 

dist(/ti, K2)>2""^n 

(10.11) +Y Y 2-'^'\\Pk,...{r^'P<k,^rnoe'''"''"^')-Pk2,.2{r^'P>k2^,n^^^^ 

dist(Ki, K.2)>2~"^0 

(10.12) +Y E '^-HPku^.{r'''p>k,-rn,e-'^~"''"-")-Pk2,.2{r'''p<k2^^^^ 

k\ >k2 l^l,2^CmQ 

dist(Ki, K2)>2~"^0 



(10.13) +Y Y 2-'^'\\Pku^.{r''P>k,-rnoe-''~ ) ■Pk.Mr-'Pyk.-rnoe-^^^ 

fel>fe2 ftl,26Cm„ 

dist(K;i, K2)>2"'"" 

In pO.lOp one reduces matters to (|10.7p by placing the exponential in L'^L^. Next, to bound (jlO.lip one 
notes that 

II -^1—1 J.^^<i II ^2 
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where the impUcit constant depends on Ecrit ■ Therefore, 

fel>fc2 Kl,2£CmQ 

dist(Ki, K2)>2"'"'' 

_fSr II P P,W,".rf|l IIP,P.,„. ,c^-»9"'<*"'' _ nil \^ 



^ E E '^^'''WP^.r^'wirLiiYl E \\PcPir''\\LiL^\\Pc-p,+oi^m,.){e-^'' -i 

dist(Ki, K2)>2"'"0 dist(c,c')<2'"2 

< m6 

using the Strichartz estimate from above. The remaining terms are the same. This conchides the proof 
of pO.Sp . By the same logic, one also obtains 

fei+C20"' Pk2,H2Q<k2+C2'f' IIl?^ < ^' 

ki>k2 Kl,2£CmQ 

dist(K;i, k;2)>2"™0 

where C2 is a large constant depending only on the energy which will be determined later. This then 
implies the following version without the Lorentz transforms 

E E 2-'=^||F,,,„,Q<fe,+c,0"Pfe„K,Q<fc,+C2'/'"lli?^ < A' 

fci>fe2 ti 2ec,„/ 


dist(K;i, k;2)>2^'"0 

provided d is chosen small enough, but depending only on Ecrit (so that mg is close to mo). Finally we 
claim that 

(10.14) Pk,Q>k,+c2rPk2r 

(10.15) Pk,rPk2Q>k2+C2r 
can both be included in gkiM- To see this, one first expands 

Pk,Q>k,+C2<P'' = Pk,Q>k,+C2[re-'''"^^] 

(10.16) = E ^feiQ>fei+C2[P^V'"Ae-'^"'^"] 

f>fcl+C2-10 

(10.17) + E Pk,Q>k,+C2[PirPie-'''"^''] 

kx<l<kx+C2-W 

(10.18) + Pk,Q>k^+C2 [P<k^-^rPk,e-'^"*'^] 

(10.19) + Pk,Q>k^+C2 [PfciV^"P<fci-5e-^^"^"] 

and then inserts these decompositions into p0.14p . For (|10.16p one places Pfej 0" intoi^L!^, and Pfc^(3>fe^+ioo'/ 
into ifi^ followed by an application of (|10.9p with caps of size 2'^^; more precisely, Pie"^^ goes 
into LfL'^ as before, and P^i/'" gets placed into L'^L^ (see Lemma [2. 181 for the issue of square-summing 
the L^L^-norm of -0" over caps of size 2'^^). Note that one gains a smallness factor of the form 2^t^ due 
to the improved Strichartz bounds. Next, we consider pO.lOp and the remaining terms pO.lTp and (|10.19p 
will follow similar arguments. Now we decompose further: 

Pk,Q>k,+C2[Pk,rP<k,-5e-'''"^"] 

(10.20) = Pfc,Q>fe,+c2[Q>fei+C2-ioPfciV'"P<fei-5e"''^"*1 

(10.21) + Pk,Q>k,+C2 [Q<k,+C2-wPk,^''P<k,-5Q>k,+C2-we-'^~'*"] 
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For (|10.20|) one estimates 

< 2''^\\Q^k,+c,^ioPk,r\\LiJ\Pk,r\\LrLi < 2''^2-^\\Pk,r\\sik,]\\Pk.,r\\L^Li 

which is sufficient since it gains the smallness 2~~^ . Finally, we use p.6p for the case when we substitute 
(|10.2ip for Pk^Qykx+C2'l^^'j 0116 can then write 

Pk,Q>k,+c,rPk,r 

^Pk,Q>k,+c, [Q<fc,+c.-ioPfc,^"5r^P<fe,-5g>;.i+c.-io((</'" + V-i(<^"0"))e-^^"'^")]Pfe,</." 
where we have written (ll.6[) schematically in the form 

9*3- V" = 0" + V-i((/)"</.") 
The contribution of is easy, it is placed again in LfL^ (of course after applying the usual trichotomy 
to (/()"e~*^ ). On the other hand, due to the determinant structure of V~^((/>"0") we have 

By using a further Hodge decomposition of the inputs on the right, we have for each A; G Z 

\\PkV-\rr)\\^,^^i < wrwi 

and from here we get 

(10.22) ||ar'P<fe,-5Q>fe,+C.-io(V-i(V'"^")e-^^"'*")L.i^» « 2^^11^-111 
and from here we get 

\\Pk,Q>k,+c. [Q<fe,+c.-ioPfcir ar'P<fe,-5Q>fci+c.-io(V-i(0>")e-*^"^")]Pfc,0"L2^ 

«2'^^-'^^\\p,,r\\LrLiMl 

This concludes the proof of (|10.14[) . For (|10.15p one argues similary. By following the same Littlewood- 
Paley trichotomies, one is eventually lead to the most difficult case 

Pk,rPk,Q>k,+c,r 

= Pk,rPk,Q>k,+c, [Q<k,+c,-ioPk,rdr'p<k,-5Q>k,+c,-Mir + y-\rr))e-'''"^'')] 

where we again used the curl equation p.6p . The 0" term is again easier, whereas for the nonlinear term 
we again use 

(<?!>" 0") =V-i(V'"V") 
Then as before we use (|10.22p . in order to infer that 

\\Pk,rPk,Q>k,+c, [O<fe,+c.-ioP/c.V"ar^P<fe.-5Q>fe.+c.-io(V-i(0>"))e-^^"'^")]L.^ 

< \\Pk,r\\LrLl\\Q<k.+C,-10Pk,r\\L^J\dr'P<k,-5Q>k,+C,-l^^^^ 

«2^IIV|||||Pfe,0"lU,-L^ 

which justifies us in gki.k2- I^i conclusion, we have now shown that we can write 

(10.23) Yl Pk^..^rPk,..,r^fk^M + ~9k^.M 

with bounds as in (|7.19p . The goal is now to deduce (|10.5p from this estimate. For this purpose, fix 
ki > k2 + Ci and caps ki, K2 G Cmj, ^ above. We now describe how to break up 

Pk,,.,r ■ Pk.,..r = Pk.Mre'^^"'^") ■ Pfe„«,(^"e-^^"^") 
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into various pieces which then constitute /fei.fca and Qki^k^i respectively when summed over the caps. First, 
write 

3 

(10.24) = ^'/c,.«,(0"^.,e-'^"*").Pfe„«,(^"i3.,e-'^"'^") 

where 

^1 — P<ki-m'g-10, ^2 = P/ci-m;,-10<-<fei+C2) ^3 = P>ki+C2 

and similarly for Bi. Here C is large depending on Ecrit ■ If 12 = 3, then one estimates 

dist(ci,C2)<2'=2 
m f>fc2 

with an implicit constant which is allowed to depend on the energy. Therefore, this is placed in gkiM- The 
case where ii = 3 is similar. Next, suppose that ii — \ and 12 = 1. Then the cap localization passes on 
to the and due to (|10.23p one places the resulting expression into fkiM- We are left with three cases: 
ii = 1, 12 = 2, and ii = 2, 12 = 1, and ii = 12 = 2. Next, observe that we may assume that 

Pfc„«,(0'M,,e-^^"'^") - Pfe„„,(P>fe,_c20"A^ie-'^^"*") 

and 

Pfe„«,(0"P,,e-^^"^") = Pfc„«,(P>fe,_c20"S,,e-*^"^") 

for otherwise one obtains smallness from Bernstein's inequality. For example, consider now ii = 1, 22 = 2 
which is 

P/ci,Ki(P>fci-C20"-P</£l-m;,-lOe~*^ ) ■ Pk2,K2{P>k2-C24>"'Pk2-m'„~10<-<k2+C2^~^^ ) 

= Pfel,Ki(P>fei-C20"-P<A;i-mi-lOe"'^ ) ■ Pk2,K2{P>k2-C2(t>'' Pk2-m'„-lQ<-<k2+C29~^[4''^e~'^ ]) 

Now we distinguish two more cases: either the exponential in the second factor has frequency < 2'^2-mo-20 
or not. In the former case, one obtains 

Pfei,Ki(P>/c,-C20"P<;c,-K-ioe"''''"*")-^fc2,.2(^'>fe2-C2'^"^fe2-m;,-io<.<fe2+C25-M'/'"e-^^"^"]) 

= Pfei,Ki(P>fei-C20"P<fci-mi-loe^*^ ) • Pfc2,K2(-P>fc2-C20"Pfc2-m^-lO<-<fc2+C2f^^^[0"-P<fe2-m^-2Oe"'^ * ]) 

Now perform a cap decomposition of the first and second 0" factors inside the Pk2,K2 term. Observe that 
due to the fact that the frequencies of these factors are approximately 2*^^ at least one of them has to 
have angular separation with the cap ki from the first factor by an amount comparable to 2~™o. We may 
therefore place this expression into fki,k2 +9ki,k2 in view of (jl0.23p . If, on the other hand, the exponential 
in the second factor has frequency > 2'^2-nio-20^ then one writes 

= Pfei,Kl(-P>fcl-C2'/'"-P<fei-m^-10e~'^ ) • Pfe2,K2(-P>fe2-C2'/'"-Pfe2-mo-10<-<fe2+C2^~"^['/'"-F'>fc2-mo-20e~'^ ]) 

= Pfei,Ki(P>fei-C20"^<fci-mi-ioe-^^"^")- 

■Pk2,n2{P>k2^C2rPk2-rn',-10<■<k2+C2^-'[rP>k2-n^',-20^-'[re-'''"'^"]]) 

The idea here is to place the entire expression into ^ by putting the first factor into i^L^, i.e., estimating 

||Pfe,.«,(P>fe,_C20"P<fc,-K-ioe'^''"^")IUri^ ^ WP^.^Wltli 
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followed by the estimate 
(10.25) 

<2'^^\\Pk,^,,iP^,,^c.^"P,^_^,_,o<.<k,+c.d-'[^^^^ 
(10.26) 

+ 2'=^ ll^fe.,..(i^>fe.-c.<^"Pfc.-™^-c.<.<;o.+c.a-Mn-</>"Pfe'a-M0"e-'^"'*"]])|L.i. 

\k-k'\<m'g+C4 

Note that we may reduce (|10.26p to (with possibly very large 0(1) but only depending on the energy) 
(10.27) 2'=^||Pfe,,«,(P,,+o(i)</."9-iPfe,+o(i)[Pfe,+o(i)</."Pfe,+o(i)a-MPfc,+o(i)0"e-''^"'*"]])L.i. 

since the extremely large frequencies give a gain of a smallness factor whence that case can be place entirely 
into the bootstrap term gkiM- We chose C4 here so large that the entire expression (|10.25p is placed in 
the bootstrap term gkiM- To see this, one estimates 

< 2-'^^||P,,+O(l)'^'NlL?.JI^<fe.-rni-250"llL?L«Jl^fe.+O(l)r 

< 2-'^^||P,,+o(i)0"IIl?., E ll^^-^'NlLfL^lln.+owre-^^'^lllLjLg 

< 2-'^^|1P,,+o(i)0"IIl?., E 2i||P,V^"||5Ml|Pfe,+o(i)['/'"e-'^"^*"]L.ia 

l<k2—m'g — C4 

<2-^2^(E2-^I^-^-^I||P.V"I|5m)' 

e 

Second, with each Sq := J^j PjQ<j+C3 a-nd Si :— J^j PjQ>j+C3 where C3 is a large constant depending 
only on the energy, 

E 2-'=ll^'c.+0(l)5n'^"llL?.JI^fe.+0(l)^..'^"llL?Le|| -Pfe2+O(l)'5'-i30"|lL6L6 

il:«2.«3=0,l 

Now note the following: 

Y,2-''\\PkQ<k+C2<l>^%_^<Y.^-'\\PkQ<k+c^^^^^^^ 

keZ ' k£Z ' keZ 

see above. On the other hand, the elliptic piece satisfies 

eel, 

via the same arguments we used in the elliptic case earlier in this proof. The remaining cases ii = 2, 12 = 1, 
ii.2 =, are treated similarly. This now concludes the proof of (jlO.Sp . and therefore of the proposition. □ 

Next, we formulate the analogue of Proposition 4.11 in our context. 

Proposition 10.7. Let = [0, 00) and assume that X{t) > Aq > for all t > 0. Then for i = 1,2, 

[ {diU, dtU) da; = Re / dx = 

for all times in 
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Proof. In view of Proposition 110.61 we may also assume that / = (— cx),0]. For a contradiction, assume 
that 



Re / ■^'^^^ dx ^ J > 

■/R2 

As in [13] one now obtains the following statements, cf. (4.10) and (4.11) in [T5] : 
• Given e > there exists Rq{s) > so that for alH > one has 

(10.28) / , \do.'^^{t,x)\^dx<e 



There exists M > so that for alH > 0, one has 



m 
m 



<t + M 



These are a consequence of the compactness in Corollary 19.341 and Lemma 110.31 Recall from the proof 
of Proposition 110. II that upon passing to a suitable subsequence of the approximating maps u", we may 
extract an L^-liniit for the standard derivative components denote this by (which, in contrast to 
VP^, we do not claim to be canonical). Now define for each d > 0, R > 0, 

where 

$-'«(s,y) :=i?$^(i?s,i?y) 

These rescaled limiting profiles again have energy Ecrit ■ Now define 6* to be a smooth cutoff function 
supported on \x\ < 2 and 6' = 1 on |a;| < 1. The main calculation in the proof of Proposition 4.11 of [TB] 
now reveals that, see (4.20) there, uniformly in to £ [1,2], 



2 



(10.29) > / e^ix)\Z^-'\to,x)\'dx = E^„t -ld + dri{R,d)+fi{R,d) + Oid') 

with ri{R,d) and fj{R,d) — s- as i? — > oo, uniformly in < d < do ^md with 0{d^) uniform in R. 
Furthermore, the argument in [13] yields that for fixed e > 0, i? > 0, d > as above, one may find 
to e [1, 2] such that 

|Z^'^(to,a;)|2da;<e 

i<|a;|<2 

We shall later pick e, R depending on 7, d and d depending on 7, Ecrit ■ Now for fixed choices of these 
parameters, pick n large enough such that for u" = (x",y") an element of the approximating sequence of 
wave maps from K^+-'^ H^, denoting by ip'^^'^-^ the Coulomb components of u"oLd dilated by factor R as 
above, and similarly by cj)^''^'^ the standard derivative components, an averaging argument over different 
timelike foliations yields that we may also assume 

iS''''«(io,2:)-Zf-«(to,a;)pdx<e. 

Note that now may depend on n, but this does not affect the argument. The idea now is to truncate 
the data 

(u" o Ld{Rto, Rx), i?5tu" o Ld{Rto, Rx)) 

solve the Cauchy problem backwards, and undo the Lorentz transform. We thereby obtain a good approx- 
imation to the original essentially singular sequence ipa^ but which satisfies good S'-estimates, which gives 
us the desired contradiction. Thus, write u" o Ld{Rt, Rx) ~ (x"'*^'^, y^^d-'^y To do this, we consider data 

d,R(, x".'^^^(tor)-xr'^ X,M<,log[^fa,-)]N 

h (^0,-) - (^X[|x|<i] -j::dji '6 ^° ), 

^0 
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where X[|a;|>Af] is a smooth cutoff to the set {\x\ > M} which equals one on {|a;| > f-M"}, say, and 
Xl\x\<M] 1 - Xl\x\>M]- Moreover, 



n.d,R 
^0 



/ x"^'^'^(a;)da;idx2, y^'"'^ := exp ( / logy"''^^«(x) dxida;^) 

i[i<|x|<i] J[^<\x\<l\ 



Also, denote by •) the above expressions with replaced by t. As in the proof of Lemma ri0.3[ 

one then checks that for these data we have 



where e is the energy density, provided we choose R large enough, s and d small enough, and then n large 
enough. Now consider the wave maps evolution of the data 

W^'^^'^'ito, ■) := (/^"■'^^^(to, •), dth^'^^'^'ito, •)) 

Our energy induction hypothesis implies that this evolution is defined globally in time, and upon denoting 
the corresponding Coulomb derivative components by 

in,d,R 

we obtain a global bound 

Denote the time evolution of the data H"''^'^{tQ, •) by H"''^'^{t, •), and the corresponding derivative com- 
ponents (not in the Coulomb Gauge) by 

We now undo the Lorentz transformation Ld, i.e., consider 

^n,d,-d.,R(i-^.) •) o L_d 

The argument in the proof of the preceding proposition then yields that we also can conclude that the 
Coulomb derivative components of h"''^'~'^-'^{t, ■), which we denote by i/'x'q ^^^^ satisfy a bound of 
the form 

< A'{E,„t , rf, 7) < oo 

Furthermore, denoting the standard derivative components of h"'''^'~'^'^{t, •) by 0"'^'"'*'^, by finite propa- 
gation speed we have 

(/.;;;f-'''^(0,x) = C«(0,a;), a = 0, 1,2, 

provided |a;| < j^, say, where (p^'^i^r) are the standard derivative components of u"(i?t, Rx) at time 
t — 0. To conclude the proof of the proposition, we note that by the convergence of the tjj^ at time t = 
in the L^-sense, picking R large enough and then also n large enough, we may arrange that (for suitable 
constants 7„m G ^) 

where ei is as in Proposition 17. with A — K'{Ecrit , d, j). But this then yields the contradiction 

limSUp llV'a ||s(R2+l) < oo 

m — >OQ 

and we are done. □ 
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10.0.2. Rigidity I: harmonic maps and reduction to the self-similar case. As in [13' one now has the 
following rigidity theorem. 

Proposition 10.8. With {^'^l^^o '^■^ above, and with life span (—Tq,Ti) one cannot have Ti orT^ finite. 
Moreover, if X{t) > Aq > for all t e M, one necessarily has = for a = 0, 1, 2. 

The proof of it will follow from a sequence of lemmas, and only be completed after Proposition II O.lTl 
We begin with the case where Ti = oo and X{t) > Aq > on [0,oo). Assuming that ^E*^ do not all 
vanish, the logic then is to extract a nonconstant harmonic map of finite energy into the compact Riemann 
surface S, leading to a contradiction. The following lemma is the analogue of Lemma 5.4 in [13] . While 
the statement is identical with that in [13 , its proof is slightly different and invokes in a crucial way the 
geometry of the target. 

Lemma 10.9. There exists ei > 0, C > such that if e £ (0,£i) there exists Ro{e) so that if R > 2Ro{e) 
then there exists to = to{Ri^), < !i CR with the property that for all < t < t^ one has 

x{t) 



<R~Ro{e), ^ =R-Ro{e) 



A(i) A(io) 
Proof. As a preliminary argument, we show that there exists a G M with 

(10.30) / / \-^^f{t,x)dxdt>a>0 



for all intervals / of length one. If not, there exists a sequence of intervals J„ := [t„,t„ + 1] with the 
property that i„ — s- oo and 

(10.31) / / \-9^\'^{t,x)dxdt <- 

Then there exist times s„ G Jn with the property that |j^g°(s„, •)||2 ^ as n oo. By CoroUarv 19.341 
one has that 

A(s„)-^*^(s„,(--x(s„))A(s„)-i)} 

^ ' J n=0 

forms a compact set for a = 0, 1, 2. Passing to a subsequence, we may assume that strongly in 

A(s„)-ivl/-(s„, (. - x(s„))A(5„)-^) ^ Ki-) 
By Lemma 17.101 there exists some nonempty time interval /* around zero such that 

HSny'-^ai^n + tA(s„)"\ (' - i(s„))A(s„)-l) ^ ^^(t, •) 

in L'^^{I*; L^{M.'^)). Distinguish two cases: {A(s„)} is bounded or not. In the former case, note that 
X{t) > Aq > implies that there exists a nonempty C /* such that s„ + X{sn)~^I^ C /* for each n. 
Therefore, (|10.3ip implies that 



/ / \%\^it,x)dxdt = 

Jit JR2 



This imphes that vE'o(t, ■) = for all t £ /'''. On the other hand, if {A(s„)} is unbounded for every sequence 
{s„} with Sn € Jni we invoke the covering argument from [471. Thus write for each n 

J„= U [s-X-\s),s + X-\s)] 
seJn 

By the Vitali covering lemma, we may pick a disjoint subcoUection of intervals {/sjsgyi", Is '■= [s — 
A~"'^(s), s + A~"'^(s)] for some subset C Jn with the property that 

u \^^\^\ 

But then the defining property of the J„ implies that for each J„, we may pick times s„ G J„ with the 
property that 

\\^^{t,-)\\l.dt^o{X-\sn)) 

isnJn 
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Alternatively, this implies that as n — )■ oo 

ll(xJ„*g°)(s«+iA-i(s„), ■)\\hdt^o{l) 

-1 

Now pick a converging subsequence of 

A(s„)-ivl;-(s„ + tX-\s,,), (• - x(s„))A(s„)-i) 
to again obtain a limiting object with the property that 

provided t £ I* , the latter its lifespan interval. 

We now deduce the desired contradiction from this situation: as in Proposition llO.il we can associate a 
weak wave map U* from M^+^ — > S with the limiting object 5** , and this wave map has the property that 

dtU* =0, tel* 

Moreover, we have 

2 

J2\\d^u*\\l.^ E WKWk^o 

a=l Q=l,2 

We have thus obtained a nonvanishing finite energy harmonic map U* : M.^ ^ S, which is impossible, see 

We therefore conclude that (|10.30[) holds. The remainder of the argument is essentially the same as 
that in Lemma 5.4 offW: by Corollary [102 

2 

(10.32) T-T] / x,(j){x/R){dtU{t,x),d,U{t,x))dx ^ ~ [ \dtU{t,x)\^ dx + 0{r{R)) 

where 

2 

r{R) := / V \doXJ{t.x)\^ dx 
h\A>R\ t^o 

Furthermore, by compactness, for every e > there exists Ro{e) > such that for all t > one has 

/ \daU{t,x)\^ dx < e 

J\x + §^\>Ra(e) 

since A(t) > Aq > for all t > 0. Therefore, if the lemma were to fail, then (assuming x{0) = as we may) 
one would have 

|f||<i;-«.w 

for all < t < CR. In view of the preceding, one concludes that r{R) < C^e for some absolute constant C5. 
Now choose e > so small that 

\dtU{t,x)\'^ dx + 0{r{R))^ dt < -| 



for all / of unit length. In view of the apriori bound 



sup 
t 



Xi(j){x/R){dtU{t, x),diU{t, x)) dx 



< Cq REcrit 



one obtains a contradiction by integrating (|10.32p over a sufficiently large time interval. □ 

Next, we obtain a contradiction to Lemma 110.91 by means of Proposition 110.71 This is completely 
analogous to Lemma 5.5 in [13] . 

Lemma 10.10. There exists £1 > 0, Ri{e) > 0, Co > such that if R > Riie), to = to{R,e) are as in 
Lemma \l0.9\ then for < e < £2 one has 

toiR,s)>^ 
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Proof. This follows from Proposition 1 1 . 71 by the same argument as in p^. □ 

Proof of Proposition \10.8\ for Ti — oo. Choosing e small in Lemma [10.91 and Lemma [10.101 leads to a con- 
tradiction. □ 

It remains to prove Proposition llO.Sl in case Ti < oo. This will be lead to a contradiction as in [13], by 
a reduction to the case of a self-similar blow-up scenario. More precisely, recall from Lemma 110.41 above 
that 

X(t)>^^, 0<t<l 
where we assumed that Ti = 1 as we may. Recall also that in this case 

supp{^^{t,-)) C B{0,l-t), 0<t<l 
see Lemma 110.51 Next, we prove an upper bound on X(t) which places us in the self-similar context. 

Lemma 10.11. Assuming that Ti — I there exists a constant Ci{K) such that 

Ci{K) 



1 - t 

Proof. Suppose this fails. Let 



> A(i), < i < 1 



z{t):^Y^ j Xj^f{t,x)^^{t,x)dx, Q<t<l 



3=i ■ 

Note that z{t) ^ as t — > 1. Moreover, by Corollarv l9.34l one has 



'At) = -J \^^it,x)\'dx 



Hence, 

z{t) = j |*ir(s,a;)pdxds 
We now distinguish two cases: either there exists a > such that 

(10.33) ^ J \^^{s,x)\^dxds>a{l-t), 0<t<l 
or not, i.e., there exists a sequence J„ = 1) with tn 1 such that 

(10.34) l^«r^y J \^^{s,x)\'^ dxds asn^oo 

If the first alternative (jl0.33p holds, then one is lead to a contradiction as in [13]. On the other hand, we 
will now reduce the second alternative (|10.34p to the existence of a nontrivial harmonic map into 5 by a 
similar argument as in the proof of Lemma ll0.91 see also Struwe 1471 . By the Vitali argument from above, 
one selects intervals :— (s„ — A(s„)^^, s„ -|- A(s„)^^) with s„ G J„ such that 



|j;r^y" J \^'^is,x)\^ dxds ^ asn^oo 



Now one uses compactness as in the proof of Lemma 110.91 to conclude that there exists a limiting wave 
map 5** on some nonempty interval /* with = on /*. Therefore, leads to a a harmonic map U* 
of energy Ecrit into S, which gives the desired contradiction. □ 

This now allows us to reduce to the exactly self-similar case. 

Corollary 10.12. IfTi = 1, then the set 

|(1 - t)'^^{t, (1 - t)x) : < i < 1, a = 0, 1, 2| 

is compact in L^. 

Proof. This is as in Proposition 5.7 of [13]. □ 
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10.0.3. Rigidity II: the self-similar case. We now turn to the last step in the Kenig-Merle program (modulo 
the issue of removing the assumption X{t) > Aq for infinite times) which consists of excluding the possibility 
of self-similar blow-up. As in [29], [30] we set 

y = Y37' s = -iog(i-i), o<t<i 

and 

W{y, s, 0) := U{x, t) = {/(e"^?/, 1 - e"'*), < s < oo 
where J7 is a weak wave map as constructed in Proposition llO.il By construction, Vs.yW is supported in 
{\y\ ^ !}■ Next, for S > 0, introduce 

y = —^—, s = -\og{l-t + S), 0<t<l 
1 — I + 



(10.35) W{y, s, S) := U{e-'y, 1 + 6- e'") 
Then we have that W{y, s, 6) is defined for < s < — log (5 and 

snpp{da.W{;S))cz{\y\<l-S} 
The W solve the equation in the distributional sense 

(10.36) d^,W = ^div{pVW - p{y ■ VW)y) - A{W){{ds + y ■ Vy)W, VyW) 

where the nonlinearity stands for the second fundamental form on the Riemann surface S relative to its 
embedding into K.^. 

We now state the following properties of W. Henceforth, | • | when applied to derivatives of W will 
denote the metric on S and W — W{-, S). 

Lemma 10.13. For 6 > fixed, 

• supp(a„W^(-, S)) C {|y| <l-6} a = 0, 1, 2 

• I{\yyW\^ + \dsW\^)dy<C 

• ELo / \dcW{s,y)\^ I log(l - \yndy < C\ \ogS\ 

• ELo / \dc.W{s,yr (1 - \y\'r'^ dy < Cd'^ 

Proof. By direct calculation. □ 
As in [13j one now introduces a Lyapunov functional 

E{W{s)) ■.= \[ [\dsW\^ + \VyW\^ - \y ■ VyW\'] (1 - \y\')-'^ dy 

This quantity satisfies 

Proposition 10.14. For < si < S2 < log(|-), the following identities hold: 

(1) EiWis2)) EiWis^)) = /„ ^^L^ff3,, dyds 

(2) lim E{W{s)) < E,„t ■ 

Proof. This is proved as in |29], see Lemma 2.1 there. The difference is of course that we have a different 
equation, namely (|10.36p . However, the point is that the second fundamental form is perpendicular to 
dgW and ^yW whence it drops out of the calculation needed for the first identity. 

The second property is verified as in [13| . □ 

As a corollary, one now has the following: 

Lemma 10.15. For each 6 > there exists ss G (1, | log(S|) such that 

' ■ dyds < 



(.sa + i log o| ^ p 
Jss Jo 



(l~|yP)i - llogJI^ 
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Proof. By Proposition 110.141 



-dyds < Ec„t 

\y\2)2 

whence the claim. □ 

The goal is now to obtain a Hmit W* as (5 and to show that W* is a stationary solution of (|10.36p . 
To this end, select Sj such that for each a = 0, 1, 2, 

strongly in L^, see Corollarv llO.121 In fact, we may arrange also that 
(10.37) (1 + S, ~ ts^ {ts^ ,{l + Sj- ts^ )x) ^ n (^) 

in L^. Now consider the evolution on the level of the 'i' with data given by the left-hand side of p0.37p . 
see Section [7?2] By our perturbation theory of Section [7?2l we conclude from (|10.37p that these evolutions 
VP^* {t, x) exist on some fixed lifespan, and moreover, 

it, x)^il + - + (1 + - ts, )t, (1 + - ts, )x) 

on that lifespan [0, T*) where we may assume that T* < 1. Note that on account of this identity. 



supp(*i* (i, •)) C { |y| < ^^g^^^^^ < 1 - t 



for each a — 0, 1, 2 and < t < T* . Now note that by the construction in the proof of Proposition llO.il 
we may arrange that the weak wave maps U^* associated with ^f^* and U associated with '^/'^ satisfy 

W* (t, x) = U{ts, +{1 + 6,- ts^ )t,{l + Sj - ts^ )x) 

Note that for fixed times t e (0,r*) one has that {daU^* {t, ■)} form a compact set in whence the 
argument in the proof of Proposition 110. 1] implies that up to passing to a subsequence 

strongly in uniformly on compact subintervals of time. Moreover, U* is a weak wave map and satisfies 
the conservation laws. Next, we switch to the {s,y) variables. Define 

W* (y, s) := UiU, + (1 + - )i, (1 + 5, - )x) 

with the same relation between (s, y) and (t, x) as above. Similarly, define 

W*{y,s)^U*{y,s) 

Then by the preceding, uniformly in < s < — log(l — T* /2) —: T and for a = 0, 1, 2, 

do,W*{-,s)~^do,W*{-,s) 
in the strong LP' sense. Moreover, with W as in (|10.35p . one has with sg^ = — log(l + Sj — ts-), 

W*{s,y)^W{y,s&^+s,5j) 

and therefore also 

(10.38) dJV{yrs5,+ s,Sj) ^ doW*{-,s) 

strongly in imiformly vaQ < s <T. Moreover, W* is a solution of (|10.36p and 

supp(9„M/*(5,-))c{|2;|<l} 

as well as 

trace(VF*(s, •)) = const 

where trace is the L^-trace. 

Lemma 10.16. Let W* he as above. Then, 

W*{y,.s) = W*{y) and W* ^ const. 
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Proof. With S = — log(l — T) and j large one has 

Jo Lii-\vVY'^ ''''-la.h L ii-\y?f'^ '''' 

by (|10.38|) . The right-hand side is bounded by 



(l_|y|2)3/2 



by Lemma [10.15I This shows that W*{y,s) = W*{y) as claimed. The fact that W* ^ const follows as 

in [ig. □ 

In other words, we have now obtained a stationary, nonconstant, distributional solution to (|10.36p with 
finite energy (relative to the y variable) (as well as finite E{W*)). The following proposition now leads to 
the desired contradiction. 

Proposition 10.17. Let W* be a distributional stationary solution to (|10.36p of finite energy 

f \VW*iy)\''dy <^ 
Jo 

Then W* = const. This thus contradicts the preceding construction of W* and completes the proof of 
Proposition \10.^ 

Proof. We follow the argument of Shatah-Struwe, see jlD]: first, W* is a weakly harmonic map from D ^ 5 
where D is equipped with the hyperbolic metric 



(l-p2)2 l„p2 

where (p, u) are polar coordinates on D. This means that 



Note that by Helein's theorem, this holds in the classical sense in the interior. Integrating by parts against 
Pv^l - p2 implies that 

and thus 

/ p\l-p')\W;fdcj- f \W:fdu;^Co 
Setting p — one concludes that Cq = and sending p ^ 1 along a suitable subsequence pj implies that 

hm / \W:{p,u;)\' du; ^ 

On the other hand, by the trace theorem, supi^p^;^ ll^^('°'^)llij^(si) — C*]! VF* ||ifi(D) • Since clearly also 
supi^^^]^ II VF* (pti')||i2(5i') < CXI, one concludes via interpolation that trace(VF*) = const as the trace 
on 5^. The change of variables 

cr(p) = exp f - / 

Jo 



provides a conformal equivalence between the hyperbolic disk and the disk D with the Euclidean metric. 
In fact, 



da^ + cTW=(^)'(l-p^)(- 



(l-p2)2 + l_p2 



du 



By the conformal invariancc of the Dirichlet energy in two dimensions, it follows that v{<t,uj) :— W*{p,uj) 
is a weakly harmonic map D ^ 5 with the Euclidean disk D. Moreover, one checks that v has finite 
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energy relative to the (cr, ijj)-coordinates and that trace(w) = const in this setting as well. By a result of 
Qing [35], it follows that v is C°° on B. And then the result of Lemaire [26] gives the desired conclusion 
that W* = const. □ 

The only remaining case is to show that X{t) does not approach zero along some subsequence. This 
case is handled as in jT3] or [28]. We follow the argument |13j essential verbatim. 

Lemma 10.18. Let be the limiting object as above and suppose that Ti = oo. Then X{t) > Aq > for 
all t > 0. 



Proof. Suppose this fails. Then there exist t„ — > oo so that A(t„) — > 0; in fact, one may assume even that 
From CoroUarv 19 . 341 one has 



A(t„) < inf X{t). 

te[o,t„] 



:= X{t,r'^^{tn, (• " x(t„))A(t„)-i) ^ ¥^ 

strongly in L^. Then E{^>'^) — Ecrit and we may assume that the lifespan (— Tq,t|) of ^'J^, has the 
property that Tq < oo. Otherwise one obtains a contradiction from Proposition llO.81 Now define ^^(t, x) 
and (r, x) to be the evolutions of and 5*^^ . By the perturbation theory of Section 17.21 we conclude 
that liminf „^oo 7o(^a) — oo and 

in LJ^^((— 00,0] X L'^). By uniqueness of the ^'-evolutions 

^^(r, x) = A(i„)-i*^(i„ + TX{t,,)-\ {x - x(i„))A(t„)-i) 
for all < tn + ^ J . We claim that t„ := — i„A(t„) satisfies 

lim(— r„) = oo 

n 

so that for all r e (— oo, 0], for n large, < t„ + j^-^ ^ ^n- In fact, if — r„ — tq < oo, then 

vI/S(x,-r„) = A(r„)-ivl.-(^_^,0) 

would converge to ^'^(x, — tq) in L^, with A(t„) ^ 0, which contradicts 'i'l^ ^ 0. 

We now make the further claim that ||^'|j|l5(_oo.o) — +oo. Otherwise, by the perturbation theory 
of Section [721 for n large, ro(^'2) = oo and ||^'q||s'(^oo,o) ^ -^'^i uniformly in n, which contradicts our 
assumption that ||4'^|!5'(o,+oo) = +oo. This is on account of CoroUarv 17. 14[ since for every interval [0,f], 
one may find [— fi,0] with the property that the map r — > i„ + ^ takes the latter interval into the 
former. 

Now fix T G (—00,0]. Then for n sufficiently large, tn + a(F7 — ^ ^^'^ ^{tn + ^{t ) ) defined. Let 
with 

(10.39) A„(r) = ^^\tT^^ > 1' 5?„(r) = x(t„ + - "^^^"^ 



A(t„) - ' ^ ^ " A(t„)^ A„(t)' 
Now, since A^^/ ( ^T"^" ) > / strongly in with either A„ or +oo, or \xn\ — ^ oo implies that 



/ = 0, we see that we can assume, after passing to a subsequence, that A„(r) A(r), 1 < A(t) < oo and 
Xn{T) x{t) £ M^. This imphes that 



e K. 

Hence, by Proposition II . 71 and II . 8l ^'Jj = 0, which is a contradiction. □ 
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Proof of Theorem \1.1[ We first address global existence and regularity and the global control of the 5- 
norms. In fact, instead of (II. 2p we of course require the stronger 

li^-alls < K{E,„t ) 

from which p.2p then follows by standard Littlewood-Paley calculus and the Strichartz component of the 5- 
norm. Assume that this strengthened assertion of the theorem fails. Recall that Ecrit was defined as the 
smallest energy with the property that there exists an essentially singular sequence of admissible maps at 
energy Ecrit ■ In other words, there exists a sequence {u"}J^]^ of admissible wave maps {—Tq, T") x — » 
H'^ with associated gauged derivative components {i/'alJ^Li a-nd such that 

• S(u") ^ Ec„t 

• maXa=0,l,2 ||V'2lls((-To",Ti")xK2) ^ OO 

as n — > oo. The Bahouri-Gerard decomposition of Section [5] together with the Kenig-Merle argument of 
this section now lead to a contradiction whence such an essentially singular sequence cannot exist. This 
now gives the result, at least up to the scattering statement. As for the latter, we argue as follows. It 
suffices to carry this out for H^. Then by applying Lemma [7.61 we may represent the gauged derivative 
components ip for any 5 > in the form 

on a time interval of the form (To,oo) where HV'^illir^^ ^ ^ ^^'^ ''^'l^ ^ ^''^^ wave. The scattering for 
the free wave is automatic, and the V'/^l srror can be iterated away. □ 

11. Appendix 

11.1. Completing the proof of Lemma l7.6l We need to show, see (|7.13p . that there exist time intervals 
Ij, i — 1,2, ... , Ml, with Ml only depending on HV'lls, ^o, with the property that 

(11-1) ^ max \\PtFo.m\lmi^y.v,-) < eo^o 

^ lei 

Here we need to verify this for of at least quintic degree. In fact, the verification of this is more or less 
the same for all the higher order terms, and we explain it in detail for a quintic term of first type. From 
the discussion at the end of Section [6] we see that we may assume the expression to be reduced. Thus 
consider for example the expression 

V,,t[Pfco^oV-^P,,(Pfe,VlV-lp,.,(Pfc,1^2V-lp,3Q,fe(Pfe3l/.3,J'fc4V'4)))] 

From Lemma l6.ll we infer that 

It then follows upon square summing over all A: S Z that the contribution from those expressions with 
fco ^ fc in the sense that — k > C(||'i/'||s,eo) niay be bounded by <C eollV'olls- In fact, similar reasoning 
allows us to reduce to the case when ri < kQ-\- 0{1), k — A;o + O(l), where the implied constant 0(1) may 
of course be quite large depending on WipWs £^nd Eq, and furthermore we may assume that fc^ = + 0(1), 
i = 1,2,3,4, j — 1,2,3. The proof of Lemma 16.11 also implies that we may assume all inputs other 
than the ones of the null-form QukiPka^'ST Pk^^i) to be essentially in the hyperbolic regime, i.e., we may 
replace Pkj4'j by PkjQ<kj+o(i)'4'3i 3 = Ij 2, 3, with 0(1) as before. Now assume at least one of the inputs of 
Qi/fc(P*:3'03i Pkiipi) is of elliptic type, in the sense that the difference between its modulation and frequency 
is large enough. W. 1. o. g. write this as 

V,,tPfe[Pfe„i^oV-ip.,(Pfe,i^iV-ip,,(Pfc,V2V-ip.3Q.fc(Pfe3Q>fc3+cV'3,Pfc4^4)))] 
where the implied constant C is large enough, depending on ||'0||5,eo- Then if we write 

Pk^Qyki+C'ipZ = Pfc3'3[fc3+C,fco + 10]V'3 + Pfc3Q>fco-l-ioV'3, 

the contribution of the first term on the right is seen to be very small, by placing the output into either 
• —1 — - 1 

-^ko ' ^' '^^ L\H^^. On the other hand, consider now the contribution of the second term on the right. 
Here one places the output into Aj,^^^"^' ^ provided the output is in the elliptic regime, or else into 
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L\H~^. In either case, one verifies that provided ri < —C is sufiiciently negative, the contribution is 
small in the above sense. Hence assume now that ri = 0(1) (which again means an interval depending on 
IIV'lls as well as eo), and as before Pksi^a = Pk^Qyka+wipz- Then we may replace Pkiipi, by PkiQ<^ki+§'4'4:, 
as otherwise it is again straightforward to see that we gain smallness. Hence we have now reduced to 
estimating 

V,,tPfc[Pfe„V^0V-lP.,(Pfe,V'lV-lP.,(Pfc,V'2V-lP,3g,fc(Pfe3Q>fc3+cV'3,i'fe4'5<fe, + fV'4)))], 

but where now kj = ri + 0{l) for all and the output inherits the modulation from the large modulation 
term Pk,^Qyk3+c'4'3, provided we dyadically localize the latter. But then a straightforward argument using 
the "fungibility" of L^^^ reveals that we may pick intervals {Ij}f^i with Mi = Mi(||^||5,eo) such that 



fcoez 



|V,,tX/,(^fe[Pfc„^oV-ip.,(Pfc,V^iV-ip,,(Pfe,V^2V-ip,3Q,fe(Pfc3Q>fe3+cV'3,Pfe4Q<fe,+fV'4)))])|| 



Hence we have now reduced to establishing "fungibility" for the space-time frequency reduced expression 
(with kj — ri + 0(1) for all 

V,,iPfe[Pfc„V0V-lP.,(Pfc,VlV-lp,,(Pfe,^2V-lp,3g,fc(Pfc3Q<fc3+C^3,Pfc4Q<fe4 + cV'4)))] 

But since we may estimate this by 

llV,,tPfe[Pfc„i^oV-ip.,(Pfc,7AiV-ip,,(Pfc,V'2V-ip,3Q,fe(Pfc3Q<fe3+cV'3,/'fe4Q<fe4+cV'4)))]|k[feo] 

< \\Pk„i^o\\s[k„]\\PkM\LiL^\\Pk2i^2\\LlL^\\^^^Pr:,Q,.k{Pk3Q<ks+ci^3,PkiQ<ki+C-llM)\\^ 

Then use the bound 

\\^^^Pr3Qi^k{Pk3Q<ks+Clp3,PkiQ<ki+Clp4)\\L^^L^ 
< \\Pr3Quk{Pk3Q<k3+C^'i,PkiQ<ki+C^i)\\LlLl 

j=3A 

which follows from Lemma 4. 16, as well as Bernstein's inequality and our assumptions on the frequen- 
cies/modulations. But then again using the "fungibility" of the space Lj^., we may pick time intervals 
{Ij} as before such that 

J2 l|V.,tX/,Pfe[PfcoV'oV-ip,,(Pfe,ViV-ip.,(Pfc,V^2V-ip,3Q,fe(Pfc3Q<fe3+cV^3,Pfe4Q<fe4+c^4)))]|| 

for all Ij . This furnishes the proof of claim (jll.ip for the first type of quintilinear null-form. The remaining 
short error terms of either first or second type are treated similarly. For the higher order errors of long 
type (see the discussion at the end of Section[S]for the terminology), the claim follows from Proposition [S3] 
as well as the fungibility of Lf ^. 

11.2. Completing the proof of Lemma 17.91 Recall the setup in the proof of Lemma [7.91 we have a 
frequency envelope Ck controlling the data ip at time tj . We then make the bootstrapping assumption 

l|-PfeV'lls[fc](/,xK2) < A{Co)ck 

The time intervals Ij have been chosen such that we have a clean separation 
where we 

\\Pk'tpNL\\sik]{IjXR-2) < Eo 

fcGZ 

for large M, say M ~ 100. We need to check that by refining each Ij if necessary into finitely many 



subintervals Jji such that we have 



-Pfe^a'+'(V')IU[fel(J,.xR2) <Cfc 
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where now I = 2,3,4,5. We outline the argument for the quintic errors of first type, the remaining ones 
following a similar pattern. Thus consider the expression 

kj ,ri 

By picking M large enough, it is clear that the only contribution that matters is when we replace each 
factor Pkjtp, j = 1, 2, 3, 4, by PkjipL- However, we note here in passing that one can also handle interactions 
of 4'L and TpNp terms with at least factors tJjl present by means of the type of "fungibility" argument to 
follow. Hence consider now 

5Z ^.,tPk[Pkoi^^''PrAPk,^Ly''Pr2iPk2^Ly''PrsQ.kiPksi>L,Pk,ijLm 
kj ,ri 

Due to Proposition l6.ll it is clear that we obtain the desired bound 

II ^x.tPk[Pkoi^'^'^Pr^{Pk^i'L'^'^PrAPk,i'L'^'^Pr,Q.k{Pk,i'L.Pk,i^L)))]\\ N[k\ ^ Cfc 

kj ,ri 

provided either |A:o — fc| ^ 1, and similarly we may assume that kj = + 0(1) for j = 1, 2, 3, 4, i = 1, 2, 3. 
Thus we now reduce to estimating the expression where the summation is reduced to ko = k + 0{1), kj = 
r-i + 0(1) for j = 1, 2, 3, 4, i = 1, 2, 3. But in this case, the same type of fungibility argument used in the 
immediately preceding proof reveals that we may pick intervals Jji whose number depends only on Ecru 
and which are independent of k such that 

J2 \\PrsQ,^kiPk,i'L,PkM\\l,^_i «1 

r3=fe3+0(l) = /C4+0(l) * 

and then the same estimates as in the preceding proof reveal that 

II ^^,tPk[Pko4'y''Pr^{Pk,^bLy-'PrAPk2^LV-'PrsQuk{Pks4'L,Pk,^^L)m\N[k] « Cfc, 

kj ,ri 

as desired. The argument for the remaining error terms is similar. 

11.3. Completion of the proof of Lemma 17.261 To complete the proof, we need to show that the 
contributions of the x-factors when implementing the Hodge decomposition for the factors of |V|^^('(/'^) in 

feez ' 
is also controllable in terms of HV'lls- Using the schematic relation 

x = \v\-'[m-Hi'')], 

we need to bound 

^||p,(V'|V|-i(|V|-M^|v|-i(V'^)]V.))||J^^_. 

fcez ' 

5]iiPfe(v.ivri(ivri[^ivri(v')]ivri[v;|vri(^2)]))ii^^^_. 

We deal with the first expression, the second being treated along similar lines. Thus consider 

^fc(V'ivri(ivri[V'iv|-i(V'^)]V'))=p.(F[fc-io,fc+io]V'ivri(ivri[^ivri(V'2)]^)) 

+ Pk{p>k+ioM^\-\M-^m\-\yj^m) 
+Pk{p<k-io^A^r\N\-'m-Hi^')m 
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Start with the first term on the right, the high-low interactions, which we further express as 



r<fe+15 



Now assume the most delicate case, in which we have a high-high-low scenario inside the expression 

\y\-'Pri\yr'[m-\i^'m 

with respect to the factors |V|~^['0|V|~^(V'^)], ip- Thus in this case we can write 

\v\-'Pr{\v\-'[m-H^'m 

|v|-ip,(|v|-ip„[V'|v|-i(V^)]p.,V) 

ri=r2+0(l)>r+0(l) 

J2 \V\-'Pr{\V\-'PrAm~'P<r{i'')]Pr.^) 
ri=r2+0{l)>r+0{l) 

+ \V\-'Pr{\V\-'PrAm~'P>r{i'^)]Pr.^) 
ri=r2+0{l)>r+0(l) 

Now observe that for the first factor on the right wc have the estimate 

II Y \V\-'Pr{M-'PrAm-'P<r{^^)]PrM\LUr 

ri=r2+0{l)>r+0{l) 

= 11 E E V\-'Pr{\V\-'P.Am-'P<rii^')]PcM\L^,Lr 

ri=r2+0{l)>r+0{l) Ci,2eI'ri,r-ridist(ci,-C2)<2'- 

< 2-.2(i-e)(r-n)2^ IIP., VIIsM ll^r^V-IIsM \\P<r{^')]\\L^^ 
Hence we obtain the bound 



;[r2]IIV^Ill 



\\Pk{P[k-io,k+io]^ E |V|-^P.(|V|-ip.J^|V|-ip<.(^2)]P.2V))ll^2^-i 

ri=r2+0{l)>r+0il) 

< E 2^ 2(l-)('^-'-^)2^ \\P[k-10,k+10]M\LrLi \\PrM\sM \\Pr2i^\\s[r2] Ml 

ri=r2+0(l)>r+0(l) 

If we now square this expression and sum over G Z, it is straightforward to check that we get the upper 
bound 

< IIV'IIIIIV'lll 

Next, consider the contribution of the expression 

E |v|-ip.(|v|-ip.j^|v|-ip>.(t^2)]p.2V) 

ri=r2+0{l)>r+0{l) 

E Y\^\~'Pr{M-'PrAm-'Pr{i'')]Pr2i') 

ri=r2+0{l)>r+0{l) f>r 

= J2 H E |V|-lp.(|V|-lPe,[^|Vr^P.(V')]Pe2V) 

ri=r2+0{l)>r+0{l) f>r ci,2eI'ri,r-ridist(ci,-C2)<2'- 
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Now for fixed r, f,ri^2, we can estimate, using as before the improved Strichartz estimates as well as 
Bernstein's inequality 

II J2 \v\-'Pr{\v\-'PcAm-'Pr{i^')]Pc.n\^Lr 

ci,2e'Dr^,f-_ridist(ci,-C2)<2'- 

Cl,2e'Dri.f-ridist(ci,-C2)<2'- 

<2^2(i-)(^-'-^)2-(i-)^ n ll^'.,^lls[.,]ll^lll<252(i-)(-'=) n WPrMsir.ml^ 

j=ia j=i,2 

and from here the estimate continues as before. The remaining frequency interactions inside 

are handled similarly and omitted. 

Next, consider the case of high-high interactions, i.e., 

PkiP>k+wi'M-\M-'m\-\i^^m) 

p,iP,,m-'Pri\yr'{m-\i^'m) 

ki=r+Oil)>k+lQ 

We shall again consider the most delicate case when there are high-high interactions within 

w\-'Prm-Am~H^^m 

J2 v\-'PA\v\-'PrAm-\^')]Pr.i^) 

ri=r2+0{l)>r+0{l) 

But then arguing just as above one obtains the bound 

iivriF.(|vrip.j^ivri(^^)]p.,^)ii^2^2+ <2-(^-)'-2(^-)(^-'-^) n iif^.^iumIi^iii, 

J = l,2 

and from here one obtains 

II J2 P'^iP'^.m-'PriM-Am-'ii^'Mm^.^-i 

ki=r+O(l)>k+10 * 

< j2 2(^-)('=-)2(^-)('^-'-^)|iPfc,^ii5[fe,] n ii^^,^ii5[.,]iivii 

fei=r+O(l)>fe+10 J = l,2 

Squaring and summing over k again results in the same bound as before. 
The case of low-high interactions, i.e., 

Pk{p<k^io^\wr\M'Amr\i'')Wh 

is more of the same and omitted. 

11.4. Completion of the proof of Proposition 19.121 part I. Here we show how to deal with the 
higher order terms encountered in the decomposition (j9.37p . i.e., the fifth term there. We shall again 
explain the method for the quintilinear terms of first type, the remaining higher order terms being treated 
similarly. Thus consider the expression 

y.,tPk[PkoPO^~^PrAPk^Pl'^~^PrAPk2P2^~^Pr,Q.k{Pk,P3,Pk,P4m 

We use the letter p here to imply either a i/j-factor or one of ei_2, the the setup in the proof of Proposi- 
tion [§321 Now we distinguish between a number of cases: 
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(1) At least one factor of both ei and 62 is present. In this case, the entire expression contributes to £2, 
as foUows from Proposition 16.11 Indeed, we can sum over all kj, rj and then square sum over k € Z and 
bound the entire expression by 

^ I|e2||s||ei||s 

where the implied constant only depends on Ecrit ■ By choosing Eq, which controls IjeiUs, small enough, 
we can bootstrap. 

(2) Only ci factors in addition to ^/^-factors. First, assume that there are at least two ei factors. If one 
of them is po: then the output inherits the frequency envelope of ei from Proposition l6.ll and the smallness 
follows from the presence of the extra factor ei. If the first factor po is a then we need to show that the 
expression contributes to €2- But this again follows from Proposition [Ol essentially as in Case (1) (d) of 
the proof of Proposition 19. 121 

Next, assume that there is only one ei factor present. If this factor is not po, then the expression contributes 
to £2, following the same reasoning as in Case (1), (b). Thus assume now that we have po — ^ii which is 
the expression 

Recall from the proof of Proposition 16.11 that here -0 really stands for or iPnL, but we suppress 
this here. What matters is that HV'lls depends on E^rit in a universal way independent of the stage of 
the iteration in the proof. As usual we may reduce to kj ^ n + 0(1), j — 1,2,3,4, i — 1,2,3, and 
ko = k + 0(1) > ri + 0(1). Furthermore, all inputs may be assumed to be in the hyperbolic regime (up to 
large constants only depending on Ecrit ) . But then the smallness can be forced by shrinking Ij suitably 
and forcing that 

see the proof of Proposition l6.1l For the higher order errors of long type (recall the discussion in Section[6]), 
the smallness is achieved by exploiting the "fungibility" of the norms . 

(3) Only £2 factors present in addition to factors ip- AH of these terms contribute to €2- If at least two 
factors £2 are present, we clearly obtain the desired smallness from Proposition 16. II Hence now assume 
that only one such factor is present. If this factor is in the position of pQ, then we obtain smallness via 
"fungibility" or ^ as in Case (2). If this factor is in the position of some pj with j = 1,2,3,4, one 
obtains smallness via a slightly different fungibility argument: first, reduce to the case when po and one of 
the Pj which represents a ip have angular separation between their Fourier supports: to do this, consider 
for example 

V,,tPfe[Pfe„^V-ip,, (Pfci^/'V-ip,,(Pfc,£2V-ip,3Q,fe(Pfc3V,Pfe4V'))] 
Again we may assume that kj = + 0(1) for j — 1, 2, 3, 4, i = 1, 2, 3, and ko = k + 0(1) > ri + 0(1). 
Here we can use the fungibility of L^^ by placing Pr^QvkiPkstp^Pkii^) into L^H^i, see the proof of 
Proposition [Ol On the other hand, for the expression 

V,,tPfe[Pfc„VV-ip,,(Pfe,^V-ip,,(Pfe,VV-ip,.3Q.fe(Pfc3e2,i'fc4'/'))], 
one obtains smallness from the fungibility of LfL^, more precisely, that of 

feez 

11.5. Completion of the proof of Proposition 19. 12^ part II. . Here we show how to obtain the 
bootstrap for the elliptic part of e, i.e., Q>d^- Recall that we solve for Q>d^ via the equation 

5 5 

i=l i=l 

where the P^'^^ are obtained as described in Section [31 In particular, Pq(V') constitutes the trilinear null- 
forms. Of course the proper interpretation of the right-hand side is that we substitute suitable Schwartz 
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extensions for ip and e but which agree with the actual dynamic variables on the time interval that we 
work on. We start by considering the trilinear null-forms, which with the appropriate localizations we 
schematically write as 

'^x.,tPoQ>D [(V + e)V-iQ,j(V' + e, + e)] - V,,tPoO>i5[V^V-iQ,j(^, ^)] 

We need to show that we can write the above expression as the sum of two terms, which, when evaluated 
with respect to || • ||jv[o]i improve the bootstrap assumption (|9.19p . Now we distinguish between various 
cases: 

(1) Here we consider the trilinear terms which are schematically of the form 

V,,tPoQ>D[eV-iQ,j(^,^)] 
We decompose this into two further terms according to the type of e: 

(la): This is the expression '^x.tPoQ>D[£i'^~^Qi^j{'4',ilj)]- Recalling the fine structure of the trilinear 
terms described in Section [3l we see that this can be decomposed into two types of terms 

(11.2) = V,,tFog>D[eiV-iQ,,r(^,^)] 

(11.3) +V,,tPoQ>i3[(i?,JeiV-iQ,j/(V,V')] 

where in the last term an operator may be present or not. Start with the first term on the right, which 
we write as 

V,,tPoO>i?[eiV-iQ,,r(V',^)] 

fcl,2,3 ,r 

Now the fundamental trilinear estimates in Section [51 see in particular (|5.34p . imply that under the 
bootstrap assumption 

||-Pfcei||s[fc] < Cidk 

with some C4 = C^iEcrit ), we have 

II J2 ^x,tPoQ>D[Pk^^lV-^PrQujP{Pk^i^,Pkjm\N[0]^Cido, 
|fcl|>l,fe2,3,r 

which is as desired. In fact, the proof of (|5.34p cited above implies that one also obtains 

II ^x,tP^Q>D[Pk^^iy-^PrQ.,P{Pk,i',PkM\\N[0]<^CidQ, 

fel,2,3,kl>l 

and finally, again the trilinear estimates from SectionOimply that we may also assume ^2.3 = 0(1) (implied 
constant depending on Ecru )• Hence we may assume for the present term that all frequencies are 0{1). 
Thus we may now reduce to considering 

^..tPoQ>D[Pk,eiV-^PrQ.jr{PkJj,PkM 

fcl,2.3+0(l)=r=0(l) 

Now if one of the inputs of the null-form QvjI'^{Pk24'^ Pksi') is of elliptic type, either at least one of ei and 
the other input has at least comparable modulation, or else the output inherits the modulation from the 
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large modulation input. In the former case, it is straightforward to obtain smallness: indeed, consider for 
example 

-lO^lV PrQiy]I'^{Pk2Ql'4', Pk3Ql+0{l)'>P)] 

fcl,2,3+0(l)=r=0(l) i>l 

We can estimate this by (using Bernstein's inequality) 

= \\^x,tPoQ[D,l + 0{l)][PkiQ<l-Wfl^^^PrQi^jI''{Pk2Ql1p,Pk3Ql+0{l)->P)]\\N[a] 

< 2-^^2i||i?,Pfe,g,V^||^2j|Ffc3g,+o(i)V'llL?,J|ftiQ<i-ioei||LrL^ 

D<j<l+0{1) 

<C Cido 

The case when ei has comparable modulation is of course similar. Hence we may assume that if one of the 
inputs Pfe2 3'0 is of elliptic type, the output inherits its modulation. In order to obtain smallness in this 
case, we can form example use fungibility of ^ by applying suitable cutoffs xij for which 

J2 Wxi.RuPk^Q^kM^^ < 1 

fcaez 

Next, assume that both inputs -Pfca.sV' of the null- form are of hyperbolic type. Then using the bilinear 
estimates of Section 21 we can estimate 

II ^ ^x,tPaQ>D[Pkiei^^^ PrQ,yjI''{Pk2Q<k2+0{l)1p, Pk3Q<k3+Oii)-ip)]\\Nlo] 

fci,2,3+0(l)=r=0(l) 

< II ^x,tPoQ>D[Pk^ei\/-^PrQujI'{Pk2Q<k2+0{l)^.Pk,Q<k3+0(l)m\j^-^^..~i~..2 
fcl.2,3+0(l)=r=0(l) ° 

^ \\Pki^l\\LT'Ll\\QujP{Pk2Q<k2+0(l)i^-,Pk3Q<k3+0{l)i^)\\Ll^ 

In this case, smallness is again forced by subdividing into suitable time intervals Ij with the property that 

\\Xl,Q^3l''iPk2Q<k2+0{l)'4>,Pk3Q<k3+0{l)'^P)\\Ll^ < 1 

This completes treatment of (|11.2p . Next we turn to (|11.3p . The same reasoning as for (|11.2p shows that 
we may assume all frequencies fci,2.3,f (which we introduce in the same fashion as before) to be of size 
0(1). Now a technical issue arises when the operator Ri, — Rq. Indeed, in this case, it may happen that 
the output inherits the modulation of the first input Pk^Rf^ei, and the remaining inputs necessarily need 
to be placed into the energy space which is "not fungible" . However, this problem is somewhat artificial, 
since of course the Hodge decomposition for the temporal components becomes counterproductive for in 
the large modulation (elliptic) case. Thus for the expression 

Y ^xAPoQ>D[Rf)Pk^Q»ieiV-^PrQu,I{Pk2^^PkM, 
fcl,2,3+0(l)=r=0(l) 

it is best to re-combine it with the term 

Y ^x,tPoQ>D[RoPk^Q»ie2y-^PrQ.ji{Pk2i^,PkM, 

fel.2.3+0(l)=r=0(l) 

as well as the "elliptic" error xo coming from 

eo = Roe + xo 

and replace it by PkiQ^i^ ~ PkiQ:$>iei + PkiQ:s>i^2- Unfortunately, we encounter here the technical issue 
that the inputs ei.2, "0 on the right-hand side are really Schwartz extensions of the actual components 
beyond the time interval / we work on, and hence do not exactly satisfy the div-curl system. The way 
around this is to work on a slightly smaller time interval / obtained by removing small intervals /i_2 from 
the endpoints of / with /i_2 of length ^ Ti with Ti as in case 1 of the roof of Proposition 19. 121 When we 
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restrict the source terms to /, we may invoke the div-curl system for extremely ehiptic (i.e., difference of 
modulation and frequency very large) terms up to negligible errors. This allows us to obtain bootstrapped 
bounds for ei.2 on /, and at the endpoints, we can re-iterate the argument of Case 1. Then the ei^2 on the 
full interval / can be re-assembled from these pieces via partition of unity with respect to time. 
The preceding discussion reveals that we may as well suppress the operator i?^. But once this is done, the 
fungibility argument used for (|11.2p may be repeated to give the desired smallness upon suitably restricting 
the time intervals. 

(lb): The argument for V x,tPoQ>D[^i'^^^ Qujii^ji^)] is exactly the same, one square sums over the 
output frequencies instead. 

(2) : Next we consider the schematically written terms of type '^x,tPoQ>D[il'^^^ Qi^ji^, V')]- Again these 
split into two sub- types: 

(2a): Terms of type ^ x,tPoQ>D['4''^^^ Qi^j{^i,ip)]- These contribute to £2, and indeed apart from the 
fact that one uses trilinear estimates from Section[5]for elliptic outputs, the smallness follows formally just 
as in Case 1 (b) (of the proof of Proposition 19 . 1 2|) . 

(2b): Terms of type V2;,tPoQ>D[V'V~^Qi/j(e2, V')]- Here one encounters again the issue with the terms 
containing i?oe2 and of extremely large modulation. As in (la) above this is handled by undoing the Hodge 
decomposition for these terms by restricting to a smaller time interval, up to negligible errors. This, as 
well as arguments as in (1) above, allow one to reduce to an expression of the form 

^x,tPoQ>D[Pk^ V- 1 {Pk, £2 , Pks ^)] 

where all inputs are of hyperbolic type (up to large constants depending on the energy alone) . But then the 
smallness can be forced by reducing to frequency-separated inputs Pk^ .^ip (via the estimates of Section [5. 31 
But then fungibility is obtained by grouping the inputs P^-^ .^ip together and placing their product into 

(3) The remaining trilinear null-forms with elliptic output are easier to handle, since they contain at 
least two factors of type ei^2, and hence the smallness follows simply by the smallness assumptions on these 
factors (bootstrap assumptions), as well as the trilinear estimates of Section [5l We omit the details. 

The higher order contributions from the 

5 5 

i=2 i=2 

are estimated in a similar vein and omitted. 
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